
Stable numerical solution of the Cauchy problem for
the Laplace equation in irregular annular regions

Abstract
This article is mainly concerned with the numerical study of the Cauchy problem for the

Laplace equation in a bounded annular region. To solve this ill–posed problem we follow a
variational approach based on its reformulation as a boundary control problem, for which the
cost function incorporates a penalized term with the input data. The cost function is mini-
mized by a conjugate gradient method in combination with a finite element discretization. In
the case where the input data is noisy, some preliminary error estimates, show that the penal-
ization parameter may be chosen like the inverse of the level of noise. Numerical solutions in
simple and complex domains show that this methodology produces stable and accurate solutions.

Keywords: Cauchy problem, inverse problem, optimal control, conjugate gradient, finite
element approximation.

1 Introduction
The problem of determining a harmonic function defined in a bounded annular region from mea-
surements on part of the boundary (Cauchy data), is called the Cauchy problem for the Laplace
equation. It is well known that this problem is ‘ill-posed’ in the Hadamard’s sense, since small vari-
ations of the Cauchy data can produce large variations of the solution, i.e. the problem presents a
numerical instability, implying that regularization techniques must be employed to solve it. Also, in
order to guarantee the existence of a solution to the Cauchy problem, some conditions of smoothness
need to be imposed to the Cauchy data.

The Cauchy problem is important in many applications like estimating the deterioration of a
pipeline, calculating a solution or ‘potential ’ in some regions or on boundaries where there is no
direct access, and finding cracks on plates, ([1], [2], [3], [4]). It is also important for applications in
some areas such as Geophysics, tomography of processes, inverse electroencephalography and inverse
electrocardiography ([5], [6], [7]).

At the present, there are different approaches and algorithms to solve the Cauchy problem. For
instance, in [8] a singular value decomposition was employed to find solutions in a circular annular
region, and the spectral cut-off of the pseudo-inverse method was used as regularization technique.
However, this method is limited to simple geometries. In [9] simple and double layer potentials, with
densities defined on the boundary of the annular region, were used to obtain an equivalent system
of integral equations. This method can be applied to more general annular regions. When the dis-
cretization is applied to the system of integral equations, the collocation matrix is ill–conditioned,
and regularization methods are necessary as shown in [1], [5],[9], [10], [11] and [12].

1



Our approach is more related to the one employed in reference [13], where a variational formu-
lation of the problem was introduced, and the cost functional was minimized by conjugate gradient
iterations, in combination with a boundary element discretization of the state and adjoint equations.
In this work we consider a related formulation of the problem: the potential on the interior bound-
ary of the annular region is considered as a control function, which must be determined in order
that the potential on the exterior boundary matches the Cauchy input data. We add to the cost
function a penalized term that incorporates the Cauchy data, which allows the determination of the
optimal solution by a conjugate gradient algorithm. The computational cost of this algorithm is the
solution of two elliptic problems per iteration, the state and adjoint equations, which are solved by a
finite element method. Numerical results for simple and complex annular regions, with and without
noise in the input data, show that this methodology computes solutions in a stable way. A similar
technique has been employed to solve other control problems, see for instance [14], [15] and [16].

This paper is organized as follows: In Section 2, we introduce the Cauchy problem and its
operational and variational formulations. In Section 3, we compute the derivative of the cost function
and the conjugate gradient algorithm is formulated. In Section 4, we describe the finite element
approximation of the elliptic subproblems. In Section 5, we present some estimates and we show
that the numerical method produces stable and convergent solutions with respect to input noisy
data. In Section 6, we present numerical results for some synthetic examples, which include three
types of bounded annular regions: circular regions, elliptical regions and irregular complex regions.
In all cases, the numerical results are compared with the ‘exact solutions’ of the Cauchy problem.
Finally, the conclusions are given in Section 7.

2 The mathematical model: operational and variational for-
mulation

2.1 The Cauchy problem in an annular region
Let Ω be a bounded annular region in R2 with sufficiently smooth interior boundary S1 and exterior
boundary S2, as shown in Figure 1.

Figure 1: Schematic representation of an irregular annular region Ω.
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We consider the following boundary value problem: Find w, such that

−σ∆w = 0, in Ω,

w = Ṽ , on S2,

σ
∂w

∂n
= h̃, on S2,

(1)

where Ṽ , h̃ are known functions, and σ is a positive constant. For instance, for electrostatic problems
these functions represent the measurement of potential and electric current on the exterior boundary
S2, respectively. In problem (1), σ is the conductivity of medium Ω, n is the outward unitary vector
defined on the boundary of Ω, so ∂w/∂n denotes the outward normal derivative of w on S2. Observe
that both boundary conditions are imposed on S2, and no information is provided on S1. For
simplicity, we take h̃ = 0; this assumption is not a restriction, since the above problem can always
be reduced to this case: let w1 be the unique harmonic function that satisfies σ ∂w1/∂n = h̃ on
S2, and w1 = 0 on S1. Then w = w1 + v, where v is the solution of the following boundary value
problem:

−σ∆v = 0, in Ω,

v = V, on S2,

σ
∂v

∂n
= 0, on S2,

(2)

with V = Ṽ − w1 on S2.

2.2 Operational formulation of the Cauchy problem
For the analysis of the Cauchy problem (2) the following problem is employed (see [1], [9]):

Given a function ϕ defined on S1, find u such that

−σ∆u = 0, in Ω,

u = ϕ, on S1,

σ
∂u

∂n
= 0, on S2.

(3)

This problem is well-posed and hereafter we will call it the state equation . Then, the inverse
problem that we shall study in this work can be formulated in the following way:

Recover the potential u = ϕ on S1 from the measurements u = V on S2, where u is the solution
of the state equation (3).

Definition 1. A function u ∈ Vϕ is a weak solution of the state equation (3) if

∫
Ω

∇u · ∇v dΩ = 0, for all v ∈ V0, (4)

where
Vϕ = {v ∈ H1(Ω) : v = ϕ on S1}, (5)
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V0 = {v ∈ H1(Ω) : v = 0 on S1}. (6)

We shall consider the following variant of a trace theorem demonstrated in [17], assuming that
the boundary of Ω is smooth enough:

Theorem 1. Given ϕ ∈ Hm−1/2(S1) with m ≥ 1, the weak solution u of the state equation (3) exists
and it is unique. Moreover, ‖u‖Hm(Ω) ≤ C ‖ϕ‖Hm−1/2(S1), where the constant C does not depend on
ϕ.

From Theorem 1, we define the linear, injective and compact operatorK : Hm−1/2(S1)→ L2(S2),
which associates with each ϕ ∈ Hm−1/2(S1) the trace over S2 of the (weak) solution of (3). Operator
K is compact because it is the composition of the continuous operator T : Hm−1/2(S1) → H1(Ω),
where u = Tϕ is the weak solution of the state equation (3), with the trace operator from Hm(Ω)
into L2(∂Ω), which is compact. The relationship between problems (2) and (3) can be described by
the operator K as follows:

A solution of the problem (3), is also a solution of the problem (2) if we choose ϕ on S1, such
that

K ϕ := u(ϕ)|S2 = V, (7)

where u(ϕ) denotes the solution of the state equation (3), and V is the known measurement in prob-
lem (2), so we have ϕ = K−1(V ).

The following result is very important for the statement of the minimization problem presented
in section 2.3 and its demonstration can be found in [13].

Theorem 2. Im(K) is dense in L2(S2).

Equation (7) does not have solution for all V ∈ L2(S2). However, if we impose some conditions
of smoothness on V , we are able to find global conditions of existence of the solution, like in [18].
Operator K is injective and well defined ([1]), thus the solution is unique when it exists. Since
the operator K is linear , injective and compact, its inverse K−1 is not continuous. Therefore, the
inverse problem is an ill–posed problem.

2.3 Variational formulation of the Cauchy problem
To find a solution of (7), the minimization of the following cost function is proposed in [13]:

J(ϕ) :=
1

2
‖K ϕ− V ‖2L2(S2) , ∀ϕ ∈ L2(S1). (8)

It is proved that J is strictly convex and twice Fréchet differentiable, so it has a unique minimum
in L2(S1). Thus, the Cauchy problem is solvable for almost all V ∈ L2(S2) (by Theorem 2, above).
However, this least squares procedure is ill–posed, since it is equivalent to solve the normal equation
K∗K ϕ = K∗V , where K∗K is compact. A conjugate gradient method with an stopping rule
is employed in [13] as a regularization strategy, where the number of iterations plays the role of
regularization parameter.

We prefer to penalize the defect by a regularized variant of (8). First, we reformulate the problem
as an exact controllability problem, where the control acts on the interior boundary S1:
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Find ϕ ∈ L2(S1), that minimizes the following cost functional

J(ϕ) =
1

2
‖ϕ‖2L2(S1) , (9)

and it satisfies the constraint K ϕ = V .

Again, it is possible that this constraint cannot be satisfied exactly. However, from the compu-
tational point of view, it is enough obtaining good approximate solutions. Taking advantage of the
density result (Theorem 2), we can achieve one of this approximate solutions by adding to (9) a
penalized norm of the difference K ϕ− V , obtaining the new quadratic functional:

Jk(ϕ) =
1

2
‖ϕ‖2L2(S1) +

k

2
‖K ϕ− V ‖2L2(S2) , (10)

where k is the penalty parameter. Therefore, we can approximate the exact controllability problem
(9) by the following one (of the approximation by penalty type):{

ϕk ∈ L2(S1),

Jk(ϕk) ≤ Jk(ϕ), ∀ ϕ ∈ L2(S1).
(11)

Standard continuity and strong convexity arguments guaranty that (11) has a unique minimum (see
for instance [14]), characterized by

DJk(ϕk) = 0.

One can observe, from Theorem 2, that for each V ∈ L2(S2) and any ε > 0, there exists
ϕε ∈ L2(S1) such that ‖Kϕε − V ‖L2(S2) ≤ ε. Since Jk(ϕk) ≤ Jk(ϕε), it follows that

‖Kϕk − V ‖2L2(S2) ≤
1

k
‖ϕε‖2L2(S1) + k ε2.

Choosing ε = 1/k we obtain
lim

k−→∞
K ϕk = V in L2(S2). (12)

We can say more when V = Kϕ ∈ Im(K), since in this case

‖ϕk‖2L2(S1) + k ‖Kϕk − V ‖2L2(S2) ≤ ‖ϕ‖
2
L2(S1).

i.e.,

‖ϕk‖L2(S1) ≤ ‖ϕ‖L2(S1) and ‖Kϕk − V ‖L2(S2) ≤
1√
k
‖ϕ‖L2(S1), (13)

and by an argument, similar to the one in [15], it can be proved that

lim
k−→∞

ϕk = ϕ in L2(S1). (14)

Properties (12), (13) and (14), justify taking (11) as approximate problem of the minimization of
(8).

The variational formulation of the problem allows to obtain stable convergent solutions, when
used appropriately, since the penalization procedure can be considered as a Tikhonov’s regulariza-
tion, where α = 1/k takes the role of the regularization parameter. In Section 6 we shall mention
more about the penalization (respectively, regularization) parameter k (respectively, α = 1/k).

5



3 The conjugate gradient method
The minimum of the convex quadratic functional (10) can be achieved by an iterative descent
method where the first derivative (variation) of Jk is needed. The following adjoint problem helps
to compute the derivative of the functional Jk: Let K∗ : L2(S2) → L2(S1) be the adjoint operator
of K defined by K∗v = (σ ∂p/∂n) |S1 , where p is the solution of

−σ∆p = 0, in Ω,

p = 0, on S1,

σ
∂p

∂n
= v, on S2.

(15)

3.1 Functional derivative of the cost function Jk

Preposition 1. The derivative of the cost functional Jk is given by

DJk(ϕ) = ϕ+ σ
∂p

∂n

∣∣∣∣
S1

, (16)

where p is the solution of the adjoint problem (15) with v = k (u(ϕ)−V ) |S2 and u(ϕ) is the solution
of the state equation (3).

Proof.

Jk(ϕ+ δϕ) = Jk(ϕ) +

∫
S1

ϕ δϕds+

∫
S2

k (u(ϕ)− V ) δu ds+O(‖δϕ‖2L2(S1)), (17)

where u(ϕ) is the solution of problem (3), and δu is the solution of the following perturbed problem:

−σ∆δu = 0, in Ω,

δu = δϕ, on S1,

σ
∂δu

∂n
= 0, on S2.

(18)

The second Green’s identity implies that

0 =

∫
∂Ω

σ

(
p
∂δu

∂n
− ∂p

∂n
δu

)
ds = −

∫
S1∪S2

σ
∂p

∂n
δu ds =

∫
S1

σ
∂p

∂n
δu ds−

∫
S2

σ
∂p

∂n
δu ds,

since p = 0 in S1 and σ ∂δu/∂n = 0 on S2. Now, taking into account that p = k (u(ϕ)|S2 − V ) on
S2 and δu = δϕ on S1, we obtain∫

S2

k (u(ϕ)|S2
− V ) δu ds =

∫
S1

σ
∂p

∂n
δϕ ds. (19)

Finally, from (19) equation (17) becomes:

Jk(ϕ+ δϕ) = J(ϕ) +

∫
S1

(
ϕ+ σ

∂p

∂n

)
δϕ ds+O

(
‖δϕ‖2L2(S1)

)
.

Therefore, (16) holds.

Remark. The derivative of Jk can be expressed in the following way DJk(ϕ) = ϕ+kK∗(Kϕ−V ) =
ϕ+K∗(k (u(ϕ)− V )).
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3.2 Optimality conditions
Let ϕk be the unique solution of the control problem (11), and denote by uk and pk the associated
solution of (3) and (15), respectively. It follows from the previous subsection that ϕk is characterized
by the following relations (the optimality system):

ϕk + σ
∂pk
∂n

= 0, on S1.

with
−σ∆uk = 0, in Ω,

uk = ϕk, on S1,

σ
∂uk
∂n

= 0, on S2,

and
−σ∆pk = 0, in Ω,

pk = 0, on S1,

σ
∂pk
∂n

= k (uk(ϕk)|S2
− V ) , on S2,

(20)

The above relations clearly suggest an iterative fixed–point approach to solve the control problem
(11). In the next subsection we show that this program can be achieved using a conjugate gradient
algorithm operating in space L2(S1).

3.3 Conjugate gradient algorithm to solve the Cauchy problem
Problem (11) is a well–posed minimization problem in the control space L2(S1), a real Hilbert space
for the inner product 〈u, v〉 =

∫
L2(S1)

u v ds. It is therefore a particular case of those minimization
problems in Hilbert space whose conjugate gradient solution is discussed in, e.g., the Part I of [14]
(see also the many references therein). Therefore, the solution of (11) can be achieved by the fol-
lowing conjugate gradient algorithm:

Step 1. Initialization: Given ϕ0 ∈ L2(S1), solve for u0 the following problem

−σ∆u0 = 0 in Ω, u0 = ϕ0 on S1, σ
∂u0

∂n
= 0 on S2, (21)

and then solve for p0

−σ∆p0 = 0 in Ω, p0 = 0 on S1, σ
∂p0

∂n
= k(u0(ϕ0)− V ) on S2. (22)

Set g0 = ϕ0 + σ
∂p0

∂n
on S1.

If 〈g0, g0〉L2(S1)/max
{

1, 〈ϕ0, ϕ0〉L2(S1)

}
< ε, take ϕk = ϕ0. Otherwise, set d0 = −g0 on S1.

Step 2. Descent: For n ≥ 0, assuming that ϕn, gn and dn are known, compute ϕn+1, gn+1 and,
if necessary, dn+1, as follows:
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Solve for un the following problem

−σ∆un = 0 in Ω, un = dn on S1, σ
∂un

∂n
= 0 on S2, (23)

and then solve for pn

−σ∆pn = 0 in Ω, pn = 0 on S1, σ
∂pn

∂n
= kun on S2. (24)

Set gn = dn + σ
∂pn

∂n
on S1.

Compute the step size αn = −
〈gn, dn〉L2(S1)

〈gn, dn〉L2(S1)
, and then update

ϕn+1 = ϕn + αnd
n on S1,

gn+1 = gn + αng
n on S1.

Step 3. Testing the convergence. Construction of the new descent direction

If 〈gn+1, gn+1〉L2(S1)/max
{

1, 〈g0, g0〉L2(S1)

}
≤ ε, stop and take ϕk = ϕn+1. Otherwise, compute

βn =
〈gn+1, gn+1〉L2(S1)

〈gn, gn〉L2(S1)
,

and the new descent direction

dn+1 = −gn+1 + βnd
n.

Do n+ 1 −→ n and return to Step 4.

Remark 1. In this algorithm, the expresion for αn (in Step 2) is the exact solution of the one-
dimensional minimization problem

argminαj(α) = Jk(ϕn + αdn)

at each iteration. It is also possible to solve this one–dimensional program numerically, but the
resulting scheme will most likely be less efficient.

4 Discretization of the elliptic subproblems
The computer implementation of the conjugate gradient algorithm requires the solution of two
elliptic problems at the initialization step, namely problems (21) and (22), and two other at each
iteration, i.e. problems (23) and (24). The numerical solution of these problems is standard and
can be achieved by any approximation method. In this article we advocate using a finite element
approximation, since it is well–suited to the fact that we are dealing with a variational formulation
of the Cauchy problem. Then, we consider the following elliptic model problem:

−σ∆u = f, in Ω,

u = g0, on S1,

σ
∂u

∂n
= g1, on S2. (25)
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whose variational formulation is the following:

Find u ∈ Vg0 such that

σ

∫
Ω

∇u · ∇v dΩ =

∫
Ω

f v dΩ +

∫
S2

g1 v ds, ∀ v ∈ V0, (26)

where V0 is defined in (6), and Vg0 is defined like in (5) with g0 instead of ϕ. In order to approximate
V0 and Vg0 we consider a finite element triangulation Th of Ω with the following classical properties:
(i) Th is a finite collection of closed triangles T contained in Ω, with h denoting the length of the
largest edge(s) of Th , and where (ii) Ωh =

⋃
T∈Th T is an approximation of the annular region Ω; (iii)

If T, T ′ ∈ Th with T 6= T ′, we have either T ∩ T ′ = ∅, or T and T ′ have only one vertex in common,
or one full edge in common. Figure 1 shows an annular region and its corresponding triangulations.

The linear space V0 is approximated by the discrete space

V0h = {vh ∈ C0(Ωh) : vh|T ∈ P1, ∀ T ∈ Th and vh = 0 on S1h}, (27)

where C0(Ωh) denotes the space of the continuous functions defined on Ωh; P1 is the set of two
variable polynomials of degree ≤ 1; S1h denotes the interior boundary of the polyhedral annular
region Ωh. In the same way, the affine space Vg0 is approximated by a discrete set Vg0h , similar to
(27) except that its functions satisfy vh = g0h on S1h, where g0h is a piecewise linear approximation
to g0 on S1h. For more details, see reference [19].

Then, the variational problem (26) can be approximated by the following discrete variational
formulation.

Find uh ∈ Vg0h , such that

σ

∫
Ωh

∇uh · ∇vh dΩ =

∫
Ωh

fh vh dΩ +

∫
S2h

g1h vh ds, ∀uh ∈ V0h, (28)

where fh is a piecewise linear approximation to f in Ωh. Similarly g1h is a piecewise linear approx-
imation to g1 on S2h, the exterior boundary of Ωh.

The integral in (28) may be calculated observing that
∫

Ωh
=
∑
T∈Th

∫
T
, and then using the

trapezoidal rule. The various discrete linear elliptic problems occurring in (21), (22), (23) and (24)
are all associated with the same matrix, differing only by their right hand sides. Since the above
matrix is symmetric, positive definite and sparse, the associated linear systems can be solved by a
sparse Cholesky solver, like the one available in MATLAB.

5 An analysis of the solution method
Concerning the selection of the parameter of penalization k in (10), we observe that, as we stated
at the end of Section 2, choosing this parameter is equivalent to find a regularization parameter
α = 1/k for the minimization of ‖K ϕ− V ‖2L2(S2), obtaining the related functional

Jα(ϕ) =
α

2
‖ϕ‖L2(S1) +

1

2
‖K ϕ− V ‖2L2(S2). (29)

where we assume, without loss of generality, that V ∈ Im(K).
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In practice we are given perturbed data Vδ, where δ is the amount of perturbation, i.e., ‖V −Vδ‖ ≤
δ. For every Vδ ∈ L2(S2) we define the corresponding cost function

Jα(δ)(ϕ) =
α(δ)

2
‖ϕ‖L2(S1) +

1

2
‖K ϕ− Vδ‖2L2(S2), (30)

where α depends on δ. Let ϕα,δ = RαVδ be an approximation of ϕ in K ϕ = V , where Rα is the
operator associated to the (Tikhonov) regularization strategy. Rα has the following properties (see
[20]):

T1. Rα = (αI + K∗K)−1K∗ : L2(S2) → L2(S1) is boundedly invertible, and ϕα,δ = RαVδ is the
unique solution of the normal equation (αI+K∗K)ϕ = K∗Vδ. Furthermore, ‖Rα‖ ≤ 1/(2

√
α).

T2. Any choice α(δ) such that lim
δ→0

α(δ) = 0 and lim
δ→0

δ2 /α(δ) = 0 ensures that

sup
{
‖RαVδ −K−1V ‖L2(S1) : Vδ ∈ L2(S2), ‖V − Vδ‖L2(S2) ≤ δ

}
→ 0

when δ → 0. In this case Rα is called ‘admisible’ and obviously

lim
δ→0

ϕα(δ),δ = ϕ in L2(S1). (31)

T3. In particular, under the a priori information ϕ = K∗υ ∈ Im(K∗) with ‖υ‖L2(S2) ≤ E, the
choice α(δ) = C δ/E for some C > 0 ensures

‖ϕα(δ),δ − ϕ‖L2(S1) ≤
[
(1 + C)/(2

√
C)
]√

δ E = C1

√
δ E.

Notation. From now on we will write ϕα(δ) instead of ϕα(δ),δ.

From T3, we choose α(δ) of the order of the perturbation δ, i.e. the penalization parameter k in
(11) may be of the order of 1/δ. Next, we obtain some preliminary error estimates for the problem,
which show that the numerical solution converges to the exact solution when the input noise δ and
discretization parameter h vanish.

First, we observe that ϕα(δ) is the solution of the normal equations

α(δ)ϕ+K∗(Kϕ− Vδ) = 0. (32)

We introduce the following notation:

• ϕα(δ),h is the associated solution of the discrete normal equations

α(δ)ϕ+K∗h(Khϕ− Vδ) = 0, (33)

where Khϕ = uh(ϕ)|S2
, uh(ϕ) being the finite element solution of the state equation (3). The

discrete adjoint K∗h is defined similarly. Thus, ϕα(δ),h minimizes the discrete cost functional

Jα(δ),h(ϕ) =
α(δ)

2
‖ϕ‖L2(S1) +

1

2
‖Kh ϕ− Vδ‖2L2(S2). (34)

• ϕnα(δ) is the solution value at iteration n in the conjugate gradient algorithm to approximate
the solution of inf

ϕ
Jα(δ)(ϕ).
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• ϕnα(δ),h is the solution value at iteration n in the conjugate gradient algorithm to approximate
the solution of inf

ϕ
Jα(δ),h(ϕ).

Let us consider the following inequality∥∥∥ϕ− ϕnα(δ),h

∥∥∥
L2(S1)

≤
∥∥ϕ− ϕα(δ)

∥∥
L2(S1)

+
∥∥∥ϕα(δ) − ϕnα(δ)

∥∥∥
L2(S1)

+
∥∥∥ϕnα(δ) − ϕα(δ)

∥∥∥
L2(S1)

+
∥∥ϕα(δ) − ϕα(δ),h

∥∥
L2(S1)

+
∥∥∥ϕα(δ),h − ϕnα(δ),h

∥∥∥
L2(S1)

,

i.e.,∥∥∥ϕ− ϕnα(δ),h

∥∥∥
L2(S1)

≤
∥∥ϕ− ϕα(δ)

∥∥
L2(S1)

+ 2
∥∥∥ϕα(δ) − ϕnα(δ)

∥∥∥
L2(S1)

+
∥∥ϕα(δ) − ϕα(δ),h

∥∥
L2(S1)

+
∥∥∥ϕα(δ),h − ϕnα(δ),h

∥∥∥
L2(S1)

(35)

We shall find bounds, depending on h and δ, for the terms on right hand side of (35).

According to T3, the first term can be bounded by∥∥ϕα(δ) − ϕ
∥∥
L2(S1)

≤ C1

√
Eδ (36)

For the second term on the right hand side of (35), we consider the convergence rate of the
conjugate gradient algorithm, see [19] (we drop for the moment the sub–index α(δ)):

‖ϕn − ϕ‖a ≤ Λna‖ϕ0 − ϕ‖a, (37)

where n is the number of conjugate gradient iterations, ϕ0 is the initial guess, ϕn is the value at
iteration n, the natural norm ‖ · ‖a is defined by

‖ϕ‖2a = aδ (ϕ,ϕ) , (38)

aδ (·, ·) being the bilinear form defined by

aδ (ϕ,ψ) = α(δ)〈ϕ,ψ〉L2(S1) + 〈Kϕ,Kψ〉L2(S2) = 〈Aδϕ,ψ〉L2(S1), (39)

where Aδ = α(δ)I+K∗K. In (37), Λa =
(√
λa − 1

)
/
(√
λa + 1

)
with λa = ‖Aδ‖ ‖A−1

δ ‖ the condition
number of Aδ. From (38) and (39) we obtain

α(δ)‖ϕ‖2L2(S1) ≤ ‖ϕ‖
2
a ≤

(
α(δ) + ‖K‖2

)
‖ϕ‖2L2(S1), (40)

and from (37) and (40), the following inequality holds

‖ϕn − ϕ‖L2(S1) ≤ Λna

√
α(δ) + ‖K‖2

α(δ)
‖ϕ0 − ϕ‖L2(S1), (41)

Replacing ϕ by ϕα(δ) and choosing ϕ0
α(δ) = ϕ0 = 0, we obtain

‖ϕnα(δ) − ϕα(δ)‖L2(S1) ≤ Λna

√
α(δ) + ‖K‖2

α(δ)
‖ϕα(δ)‖L2(S1).
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Since 0 ≤ Λa < 1, we pick n such that Λna ≤ δ, and taking into account that α(δ) = (C/E)δ, we get

‖ϕnα(δ) − ϕα(δ)‖L2(S1) ≤
√
δ
√
δ + (E/C)‖K‖2 ‖ϕα(δ)‖L2(S1). (42)

According to (36), ‖ϕα(δ)‖L2(S1) is bounded by C1

√
Eδ + ‖ϕ‖. A sharper bound can be derived

with an analogous argument to the one used to derive (13), obtaining in this case ‖ϕα(δ)‖L2(S1) ≤
‖ϕ‖L2(S1). Therefore

‖ϕnα(δ) − ϕα(δ)‖L2(S1) ≤
√
δ
√
δ + (E/C)‖K‖2 ‖ϕ‖L2(S1). (43)

The derivation of an estimate for the third term on the right hand side of (35) is harder, since
the discretization involves the finite element solution of elliptic problems with non homogeneous
boundary conditions in complex domains. To simplify the discussion (and avoid highly technical
details) we make some assumptions: we consider that Ωh = Ω, and consequently, S1h = S1 and
S2h = S2; in addition, we assume Vδ = Vδ,h, since for real applications, the input data are obtained
from point measurements, and they must be interpolated before solving numerically. Deriving error
bounds for problems with non homogeneous boundary conditions, like (3) and (11), requires a non-
conforming analysis and is technical. However, the following estimates for (3) still hold (see [21]):

‖u− uh‖H1(Ω) ≤ C2 h
m−1 |u|Hm(Ω) and ‖u− uh‖L2(Ω) ≤ C3 h

m |u|Hm(Ω). (44)

Now, in order to get a bound for the third term in (35) we consider the normal equations (32)
and (33). Substituting the corresponding solutions ϕα(δ) and ϕα(δ),h and taking the difference, we
obtain: (

α(δ)I +K∗hKh

) (
ϕα(δ) − ϕα(δ),h

)
= (K∗ −K∗h)Vδ + (K∗hKh −K∗K)ϕα(δ).

The scalar product of this equation with ϕα(δ)−ϕα(δ),h, and the Cauchy-Schwartz inequality, results
in

α(δ)‖ϕα(δ) − ϕα(δ),h‖L2(S1) ≤ ‖(K∗ −K∗h)Vδ‖L2(S1) + ‖(K∗hKh −K∗K)ϕα(δ)‖L2(S1). (45)

We employ a trace theorem in [21], (44) and Theorem 1, to get the following estimates (where we
take into account that K∗ and K∗h are continuous from L2(S2) to L2(S1)):

‖(K −Kh)ϕ‖L2(S2) =‖(u− uh)|
S2
‖L2(S2) ≤ C ′4‖u− uh‖

1/2
L2(Ω)‖u− uh‖

1/2
H1(Ω)

≤C ′′4 hm−1/2|u|Hm(Ω) ≤ C4 h
m−1/2‖ϕ‖Hm−1/2(S1).

(46)

As ‖(K∗ −K∗h)‖ = ‖(K −Kh)‖ and from (46), we obtain

‖(K∗ −K∗h)V ‖L2(S1) ≤ C ′5‖(K∗ −K∗h)V ‖L2(S2) ≤ C5 h
m−1/2‖V ‖L2(S2). (47)

From (46) and (47),

‖ (K∗K −K∗hKh)ϕ‖L2(S1) ≤ ‖K∗h (K −Kh)ϕ‖L2(S1) + ‖ (K∗ −K∗h)Kϕ‖L2(S1)

≤ (C4‖K∗h‖+ C5) hm−1/2 ‖ϕ‖Hm−1/2(S1).
(48)

Coming back to (45), with (47) and (48), we obtain

α(δ) ‖ϕα(δ) − ϕα(δ),h‖L2(S1) ≤ C4 h
m−1/2‖Vδ‖L2(S2) + C6 h

m−1/2‖ϕα(δ)‖Hm−1/2(S1),
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where C6 = C4 ‖K∗h‖+C5. Taking into account that ‖Vδ‖L2(S2) ≤ ‖V ‖L2(S2) +δ and ‖ϕα(δ)‖L2(S1) ≤
‖ϕ‖L2(S1) + C1

√
Eδ, together with the density property of Hm−1/2(S1) in L2(S1), we obtain

‖ϕα(δ) − ϕα(δ),h‖L2(S1) ≤
[
C4

(
‖V ‖L2(S2) + δ

)
+ C6

(
‖ϕ‖L2(S1) + C1

√
Eδ
)] E hm−1/2

C δ
. (49)

Finally, in order to get an estimate of the fourth term on the right hand side of (35) we may
proceed like before, i.e. when we obtained (42). Particularly, properties T1, T2, T3 still hold for
the discrete functional (34), but now with Kh, K

∗
h, Vh, Ch, Eh instead of the corresponding values

associated to (30). Also, similar relations to those from (37) to (43) can be derived, thus obtaining

‖ϕnα(δ),h − ϕα(δ),h‖L2(S1) ≤
√
δ
√
δ + (Eh/Ch)‖Kh‖2 ‖ϕα(δ),h‖L2(S1), (50)

where n is a positive integer that satisfies both: Λnah ≤ δ and Λna ≤ δ. In (50), we have that

‖ϕα(δ),h‖L2(S1) ≤ ‖ϕα(δ)‖L2(S1) +RHS(49) ≤ ‖ϕ‖L2(S1) + C1

√
E δ +RHS(49), (51)

where RHS(49) denotes the right hand side of (49). Therefore, with (50) and (51) we obtain

‖ϕnα(δ),h − ϕα(δ),h‖L2(S1) ≤
√
δ
√
δ + (Eh/Ch)‖Kh‖2

(
‖ϕ‖L2(S1) + C1

√
E δ +RHS(49)

)
. (52)

Now, collecting the previous results, we observe that the left han side of inequality (36) converges
to zero when δ → 0; the corresponding term in (43) approaches zero when δ → 0 and n satisfies
Λna ≤ δ. Also, the left hand side of (49) approaches zero when {h, δ} → {0, 0} along trayectories that
satisfy hm−1/2 ≤ δ1+ε, with ε ≥ 0; finally, the left hand side of inequality (52) goes to zero when it
additionally satisfies Λnah ≤ δ. Therefore, we conclude that under all the previous conditions:

lim
δ→0
‖ϕ− ϕnh,α(δ)‖L2(S1) = 0. (53)

6 Numerical Results
We present several cases, divided in three examples. Each example includes a different type of 2D
annular region: circular, elliptical and two complex regions shown in Figure 1. For simplicity we
take σ = 1 and some synthetic examples are generated by selecting a potential ϕ on S1, then solving
problem (3), and finally computing V = v|S2

. Then, the obtained potential V is given as input data
to the control problem (11) and we recover a numerical approximation ϕnh to ϕ, where n denotes the
number of conjugate gradient (cg) iterations to achieve a given cg–tolerance ε. The corresponding
approximated solution of the state equation is denoted by vnh .

Also, we compute solutions with noisy data Vδ, where δ is the ‘error of measurement ’, i.e.,
‖Vδ − V ‖L2(S2) ≤ δ. The noisy data is obtained by adding a random Gaussian error with mean
µ0 = 0 and standard deviation σ0 = δmax |ϕ|, using the function random of MATLAB. Therefore,
we define

Vδ = V + E, (54)

where E = random(′Normal′, µ0, σ0, 1,m) is a vector of random numbers of length m (numbers
of nodes on S2) with a normal distribution. The corresponding numerical solutions in this case are
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denoted by ϕn,δh and vn,δh .

Example 1. We consider a circular annular region R1 ≤ r ≤ R2 with R1 = 1 and R2 = 1.2 and the
‘exact potential ’ ϕ(x, y) = exp(x) sin(y), (x, y) ∈ S1.

Given ϕ ∈ L2(S1), the exact solution of the state equation (3) in a circular annular region
R1 ≤ r ≤ R2, is given in polar coordinates by:

v(r, θ) = ϕ0 +

∞∑
k=1

(R2/R1)
2k

(R2/R1)
2k

+ 1

{[(
R1

R2

)k (
r

R2

)k
+

(
R1

r

)k]
ϕ1
k cos(kθ)

+

[(
R1

R2

)k (
r

R2

)k
+

(
R1

r

)k]
ϕ2
k sin(kθ)

}
, (55)

where 0 ≤ θ < 2π. The values ϕ0, ϕ
1
k, ϕ

2
k, k = 1, 2, . . ., are the Fourier coefficients of ϕ. Therefore,

the measurement V = u|S2
is obtained with r = R2 in (55):

V (θ) = ϕ0 + 2

∞∑
k=1

(R2/R1)
k

(R2/R1)
2k

+ 1

{
ϕ1
k cos(kθ) + ϕ2

k sin(kθ)
}
. (56)

The ‘exact solution’ v and the exact ‘measurement ’ V = v|S2
are generated with the first N + 1

terms of the Fourier series (55) and (56), respectively, such that ‖ϕN+1 − ϕN‖L2(S1) ≤ εF , with
0 < εF < 10−14. The Fourier coefficients ϕk, 0 ≤ k ≤ N , are obtained numerically using the intrinsic
function quadl of MATLAB. In this case it suffices to take N = 15 to get εF =3.7911× 10−15.

For the numerical solution of the control problem (11), we employed three different meshes to
solve the elliptic subproblems (21), (22), (23) and (24), in order to test convergence with respect
to space discretization. These meshes are denoted by Mi(nni, nei), i = 1, 2, 3, where nni and nei
are the numbers of nodes (vertices) and elements (triangles), respectively. Meshes M2 and M3 were
obtained from successive regular refinements of the coarsest mesh M1, which mesh size is about
h = 0.1. In this case the penalty parameter was set to k = 1020, and the tolerance to stop the
cg–iterations was fixed at ε = 10−9.

The numerical results are summarized in Table 1, where the following relative errors are in-
cluded: ER(ϕnh, ϕ) = ‖ϕnh − ϕ‖L2(S1)/‖ϕ‖L2(S1), ER(K(ϕnh), V ) = ‖K(ϕnh) − V ‖L2(S2)/‖V ‖L2(S2)

and ER(vnh , v) = ‖vnh−v‖L2(Ω)/‖v‖L2(Ω). As it was indicated before, n denotes the number of conju-
gate gradient iterations to achieve convergence to the given tolerance ε. All relative errors decrease
with mesh refinement, thus showing convergence with respect space discretization.

Table 1: Convergence of the numerical results in the annular circular region 1 ≤ r ≤ 1.2, obtained
with three refined meshes. The cg parametres are k = 1020 and ε = 10−9.

Mesh M1(287, 434) M2(1008, 1736) M3(3752, 6944)
n (cg. iters.) 16 10 7
ER(ϕnh, ϕ) 5.8449×10−3 4.3052×10−3 1.8467×10−3

ER(vnh , v) 1.8144×10−3 8.8926×10−4 4.0927×10−4

ER(K(ϕnh), V ) 3.7199×10−4 1.3624×10−4 9.1418×10−5

Figure 2 shows the recovered potential ϕnh on the interior boundary S1. There is no practical
difference between the exact solution and the recovered solutions obtained with the three meshes.
In fact, the highest relative error is 0.58% and it is obtained with the coarsest mesh M1.
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Figure 2: Recovered potential ϕnh(1, θ) obtained on the interior boundary of the circular annular
region 1 ≤ r ≤ 1.2, with three refined meshes.

A similar behavior is observed with other circular annular regions. In Table 2 we show numerical
result for different annular regions, where R2 is fixed at 1.2 and R1 varies from 0.2 to 0.8. We
observe that for all cases ER(ϕnh, ϕ) ≥ ER(vnh , v) ≥ ER(K(ϕnh), V ). Numerical results for R1 = 1.0
are shown in Table 1 with mesh M2.

Table 2: Numerical results for different circular annular regions with the exterior radius fixed at
R2 = 1.2 and different interior radius R1 < 1.0. The cg parameters here are k = 1020 and ε = 10−9.

R1 0.8 0.6 0.4 0.2
Mesh: nn, ne 1864, 3456 2410, 4584 2816, 5416 3098, 6000
n (cg. iters.) 8 8 10 7
ER(ϕnh, ϕ) 6.1383×10−3 9.1542×10−3 9.3094×10−3 2.3463×10−2

ER(vnh , v) 1.1993×10−3 1.5061×10−3 1.2068×10−3 4.5731×10−3

ER(K(ϕnh), V ) 2.2742×10−4 1.7375×10−4 8.9029×10−5 4.0851×10−4

Results for circular annular regions with noisy data Vδ

Next, we present results with noisy data Vδ, see (54). These values have a relative deviation from
the noiseless data V , given by ER(V, Vδ) = ‖V − Vδ‖L2(S2)/‖V ‖L2(S2). Table 3 shows the results
for the annulus 1 ≤ r ≤ 1.2 for different values of δ. As expected, when the noise increases the
numerical solution deviates from the noiseless solution, and ER(ϕn,δh , ϕ) is always bounded by the
perturbation ER(V, Vδ).
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Table 3: Numerical results for the annulus 1 ≤ r ≤ 1.2 with noisy input data. The cg parameters
are k = δ−1 and ε = 10−3. Mesh M2(1008, 1736).

δ 0 0.01 0.05 0.1
ER(V, Vδ) 0 1.7494×10−2 7.9689×10−2 1.8713×10−1

k 1020 102 102

5 10
n 2 2 2 2
ER(ϕn,δh , ϕ) 7.4965×10−3 1.2569×10−2 5.11173×10−2 8.3642×10−2

ER(vn,δh , v) 5.2805×10−3 1.0736×10−2 4.7544×10−2 7.5722×10−2

ER(K(ϕn,δh ), V ) 4.9835×10−3 1.0476×10−2 4.7362×10−2 7.3964×10−2

Table 4 shows numerical results for different annular regions, when the highest perturbation is
imposed on the input data: δ = 0.1, i.e. the relative perturbation ER(V, Vδ) in this case is about
17%. The meshes employed are the same, i.e. those shown in Table 2. We can observe that, again the
highest relative error for each case is obtained on the interior boundary, i.e. when computing ϕn,δh ,
and the lowest relative error is obtained on the exterior boundary. But perhaps the most important
properties are the following: a) All relative errors are proportional to the relative perturbation
ER(V, Vδ) and strictly less than this value for the two highest perturbations: δ = 0.05 and 1; b)
Noisy solutions converge to the noiseless solutions when δ goes to 0.

Table 4: Numerical results with input noisy data at δ = 0.1 and different circular annular regions.
The interior boundary S1 varies and the exterior one is fixed at R2 = 1.2. k = 10, ε = 10−3.

R1 0.8 0.6 0.4 0.2
n 2 2 2 2
ER(V, Vδ) 0.15399 0.1441 0.14808 0.14262
ER(ϕnh, ϕ) 9.9985×10−2 8.6037×10−2 1.7876×10−1 1.7762×10−1

ER(vnh , v) 9.4645×10−2 7.8803×10−2 1.1563×10−1 1.5156×10−1

ER(K(ϕnh), V ) 9.3807×10−2 7.6803×10−2 9.5813×10−1 1.4738×10−1

Figure 3 shows a graph of V and Vδ when δ = 0.1 (left) and the corresponding recovered potentials
on the interior boundary for the annular región 1 ≤ r ≤ 1.2 (right). Finally, Figure 4 shows the
exact solution v and numerical solution vn,δh at iteration n = 2.

Figure 3: (a) Graph of V and Vδ for δ = 0.1; (b) Recovered potential with and without noise on the
interior boundary. Annular region 1 ≤ r ≤ 1.2.
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Figure 4: Exact and approximated solutions, v and vn,δh , with δ = 0.1 for the annular circular region
1 ≤ r ≤ 1.2.

We conclude that, for these experiments, our approach yields convergent solutions, which are
stable with respect to perturbations of the input data. The level of error in the numerical solutions
is bounded by the input perturbation. We shall show that these good properties are preserved for
more complex domains.

Example 2. This example includes elliptical annular regions, Ω, which are determined by two
concentric ellipses. These ellipses are defined by their two semi–axes, a, b, and we will denote them
by S1(a1, b1) and S2(a2, b2), respectively. Again, we generate synthetic examples with the same
‘exact potential ’ ϕ(x, y) = exp(x) sin(y) defined on S1. In this case ‘exact solutions’ of the Cauchy
problem are found by first transforming the elliptical regions into circular annular regions employing
the coordinates x/a = r cos(θ), y/b = r sin(θ), R1 ≤ r ≤ R2, 0 ≤ θ < 2π, and then proceeding like
in Example 1.

Table 5 shows results of numerical convergence for the elliptical annular region with boundaries
S1(1.3, 1.0), S2(1.5, 1.2). In this case the ‘exact data’ V was generated like in Example 1 with
εN = 4.5531 × 10−18; the penalty parameter was set to k = 1020 and the stopping tolerance to
ε = 1.4×10−10. The numerical results are very similar to those obtained in Example 1.

Table 5: Numerical convergence of the results for the annular elliptical region with S1(1.3, 1.0),
S2(1.5, 1.2). The cg parameters are k = 1020 and ε = 10−9.

Mesh M1(336, 500) M2(1172, 2000) M3(4344, 8000)
n 15 8 7
ER(ϕnh, ϕ) 8.0212×10−3 4.3119×10−3 1.8725×10−3

ER(vnh , v) 2.4147×10−3 9.5031×10−4 4.1969×10−4

ER(K(ϕnh), V ) 2.4780×10−4 1.3336×10−4 8.6823×10−5
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Results for annular elliptical regions with noisy data Vδ

The corresponding numerical results for the same annular elliptical region in Table 5, but with
noisy data Vδ, are shown in Table 6. For this region, the values δ = 0.01, 0.05 and 0.1 give rise to
relative perturbations of the measured data of about 1.8%, 8.6% and 19.7%, respectively, as shown in
the second row of this table. The qualitative and quantitative behavior is similar to the one observed
for circular annular regions, i.e. the numerical perturbed solutions converge to the non perturbed
one when δ → 0 and the relative deviation of the computed solution ER(ϕn,δh , ϕ) is proportional to
the relative perturbation ER(V, Vδ).

Table 6: Numerical results for the annular elliptical region in Table 5 and noisy input data Vδ with
mesh M2(1172, 2000); k = δ−1, ε = 10−3.

δ 0 0.01 0.05 0.1
ER(V, Vδ) 0 1.7969×10−2 8.5290×10−2 1.9651×10−1

k 1020 102 102

5 10
n 1 1 1 2
ER(ϕn,δh , ϕ) 3.1545×10−2 3.1983×10−2 6.3840×10−2 1.0022×10−1

ER(vn,δh , v) 3.0165×10−2 3.0447×10−2 6.1877×10−2 9.0832×10−2

ER(K(ϕn,δh ), V ) 2.9907×10−2 3.0116×10−2 6.1671×10−2 8.8755×10−2

Finally, in Table 7 we show numerical results for different elliptical annular regions and perturbed
input data Vδ for δ = 0.1. The exterior boundary S2(1.5, 1.2) is fixed while the interior boundary is
reduced from S1(1.3, 1.0) to S1(0.5, 0.2), yielding relative perturbations of the input data ER(V, Vδ)
from about 18% to 32%.

Table 7: Numerical results with input noisy data at δ = 0.1 and different elliptical annular regions
with the exterior boundary S2 fixed; k = 10, ε = 10−3.

S1: a1, b1 1.1, 0.8 0.9, 0.6 0.7, 0.4 0.5, 0.2
nn, ne 2140, 3976 2758, 5240 3296, 6336 3690, 7152
ER(V, Vδ) 0.18047 0.20657 0.25381 0.32471
n 2 3 3 2
ER(ϕnh, ϕ) 1.0357×10−1 8,8218×10−2 1.26649×10−1 2.4126×10−1

ER(vnh , v) 8.8435×10−2 1.2454×10−1 8.6226×10−2 1.9824×10−1

ER(K(ϕnh), V ) 8.84357×10−2 1.1887×10−1 8.2251×10−2 1.7618×10−1

For the case of S1(1.3, 1.0), S2(1.5, 1.2), Figure 5 shows (a) the exact and perturbed input data,
V and Vδ on S2 with δ = 0.1. Figure 5 (b) shows the exact and perturbed recovered potentials, ϕ
and ϕn,δh on S1.
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Figure 5: (a) Graph of V and Vδ with δ = 0.1 on S2(1.5, 1.2); (b) recovered potential with and
without noise on S1(1.3, 1.0).

Finally, Figure 6 shows the exact solution v and the numerical solution vn,δh at iteration n = 2
when δ = 0.1 for the same elliptical region.

Figure 6: Exact and approximated solutions, v and vn,δh , with δ =0.1 for the elliptical annular region
with a1 =1.3, b1 =1.0 and a2 = 1.5 and b2 = 1.

Example 3. We consider the two complex annular regions Ωi, i = 1, 2 shown in Figure 8 and 10,
respectively. The ‘exact potential ’ on the interior boundary is defined like in previous examples,
i.e. ϕ(x, y) = exp(x) sin(y), with (x, y) ∈ S1. This time the ‘exact solution’ v and the ‘exact
measurement ’ V are calculated numerically with the finite element method using a very fine mesh,
that we call M4. This mesh is obtained after three regular refinements of a starting mesh called M1.

Table 8 shows convergence of the numerical method for both complex annular domains, Ω1 and
Ω2. We observe that the relative numerical errors on the interior boundary, ER(ϕnh, ϕ), are slightly
higher for the annular region Ω1, since this boundary is more complex than the corresponding one
of Ω2. Conversely, the exterior boundary of Ω2 is more complex than the one for Ω1 and it agrees
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with higher values of ER(K(ϕnh), V ) for Ω2. Also, the number of conjugate gradient iterations to
achieve the given accuracy is higher for the first annular region.

Table 8: Convergent numerical results for the complex annular regions.
Complex annular region Ω1. k = 1020, ε = 10−11.

Mesh M1(517,850) M2(1884,3400) M3(7168,13600)
n 290 116 142
ER(ϕnh, ϕ) 4.9356×10−2 3.1465×10−2 2.8788×10−2

ER(vnh , v) 1.1130×10−2 7.0397×10−3 7.0253×10−3

ER(K(ϕnh), V ) 3.4674×10−4 1.5902×10−4 9.0654×10−5

Complex annular region Ω2. k = 1020, ε = 3× 10−11.
Mesh M1(477,801) M2(1755,3204) M3(6714,12816)
n 60 55 70
ER(ϕnh, ϕ) 2.2454×10−2 2.0517×10−2 1.9901×10−2

ER(vnh , v) 7.5021×10−3 6.7236×10−3 6.5771×10−3

ER(K(ϕnh), V ) 1.1371×10−3 3.2713×10−4 1.1364×10−4

Comparing these numerical results with the corresponding results for the circular and elliptical
annular regions (see Tables 1 and 5), we can observe that most of the relative errors are higher this
time (i.e. there is a loss of accuracy), mainly for the calculation of ϕ on S1. Also, it takes more
conjugate gradient iterations to converge to the given tolerance.

Results for irregular complex regions with input noisy data Vδ

Table 9 shows numerical results for the two irregular regions, Ω1 and Ω2, when the input Cauchy
data are perturbed. One can observe that the qualitative behavior is very similar to the one obtained
for simple regions. Again, the greatest relative error of the approximate solution occurs on the
interior boundary S1. Also, the numerical solutions vn,δh converge to vnh when δ → 0.

Comparing these numerical results with those obtained for simple geometries (see Tables 3 and
6), we can observe that most of the relative errors are of the same order, especially for the cases
when δ = 0.05 and 0.1. Thus the errors are dominated by the amount of noise in the input data and
the magnitude of these relative errors is bounded by the amount of perturbation ER(V, Vδ), showing
stability of the numerical results with respect to perturbations for complex annular regions.

The following figures illustrate the results obtained for both complex regions when δ = 0.1.
Figure 7 shows: (a) the graph of V and Vδ on the exterior boundary S2 and (b) the exact and
perturbed recovered potentials on S1 for the first irregular annular region Ω1. Figure 8 shows the
exact and numerical solutions in the whole domain Ω1. Figure 9 shows: (a) the exact and perturbed
input data on S2 and (b) the exact and perturbed recovered potentials on S1 for the second irregular
annular region Ω2. Figure 10 shows the correspondent exact and numerical solutions in the whole
domain Ω2.
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Table 9: Numerical results with input noisy data Vδ for the complex annular regions.
Complex annular region Ω1. Mesh M2(1884, 3400). ε = 10−4.

δ 0 0.01 0.05 0.1
ER(V, Vδ) 0 1.8595×10−2 9.0810×10−2 1.9282×10−1

k 1020 102 102

5 10
n 5 5 4 4
ER(ϕn,δh , ϕ) 1.2356×10−1 1.2766×10−1 1.6866×10−1 1.8918×10−1

ER(vn,δh , v) 4.8534×10−2 5.1610×10−2 8.2707×10−2 1.2273×10−1

ER(K(ϕn,δh ), V ) 1.7116×10−2 1.9358×10−2 5.0841×10−2 9.2858×10−2

Complex annular region Ω2. Mesh M2(1755, 3204). ε = 10−4.
δ 0 0.01 0.05 0.1
ER(V, Vδ) 0 2.2036×10−2 1.1074×10−1 2.5082×10−1

k 1020 102 102

5 10
n 3 3 4 4
ER(ϕn,δh , ϕ) 4.4040×10−2 4.7170×10−2 6.5599×10−2 1.0496×10−1

ER(vn,δh , v) 2.3842×10−2 2.7836×10−2 4.6371×10−2 9.7980×10−2

ER(K(ϕn,δh ), V ) 1.3688×10−2 1.8717×10−2 3.5669×10−2 7.9377×10−2

Figure 7: Complex annular region Ω1: (a) Graph on S2 of V and Vδ with δ = 0.1. (b) Graph on
S1 of ϕ and ϕn,δh .
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Figure 8: Exact solution v and its corresponding approximated solution with perturbation vn,δh at
iteration n = 4 when δ = 0.1.

Figure 9: Complex annular region Ω2: (a) Graph on S2 of V and Vδ, with δ = 0.1; (b) Graph
on S1 of ϕ and ϕn,δh .
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Figure 10: Exact solution v and its corresponding approximated solution with perturbation vn,δh at
iteration n = 4 when δ = 0.1.

7 Conclusions
We have employed a penalized variational formulation of a boundary control problem in order to
find stable solutions of the Cauchy problem for the Laplace equation in an annular bi-dimensional
bounded region Ω. The unique optimal solution of the cost functional, associated to the boundary
control problem, is obtained by a conjugate gradient algorithm. The elliptic subproblems that arise
at each iteration are approximated by the finite element method.

We applied the above methodology to solve the Cauchy problem in simple and complex annular
regions. The numerical results show that our approach yields accurate convergent solutions. Also,
our numerical algorithm is stable with respect to perturbations of the input Cauchy data. For all
the cases, the different relative errors are proportional to the amount of perturbation of the input
Cauchy data ER(V, Vδ). Also, for complex regions more computational effort is needed to find good
solutions.
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