
Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalInformation?journalCode=ttra21

Transportmetrica A: Transport Science

ISSN: 2324-9935 (Print) 2324-9943 (Online) Journal homepage: http://www.tandfonline.com/loi/ttra21

Penalization and augmented Lagrangian for O-D
demand matrix estimation from transit segment
counts

María Victoria Chávez Hernández, Lorenzo Héctor Juárez Valencia & Yasmín
Águeda Ríos Solís

To cite this article: María Victoria Chávez Hernández, Lorenzo Héctor Juárez Valencia &
Yasmín Águeda Ríos Solís (2018): Penalization and augmented Lagrangian for O-D demand
matrix estimation from transit segment counts, Transportmetrica A: Transport Science, DOI:
10.1080/23249935.2018.1546780

To link to this article:  https://doi.org/10.1080/23249935.2018.1546780

Accepted author version posted online: 13
Nov 2018.
Published online: 16 Nov 2018.

Submit your article to this journal 

Article views: 6

View Crossmark data

http://www.tandfonline.com/action/journalInformation?journalCode=ttra21
http://www.tandfonline.com/loi/ttra21
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/23249935.2018.1546780
https://doi.org/10.1080/23249935.2018.1546780
http://www.tandfonline.com/action/authorSubmission?journalCode=ttra21&show=instructions
http://www.tandfonline.com/action/authorSubmission?journalCode=ttra21&show=instructions
http://crossmark.crossref.org/dialog/?doi=10.1080/23249935.2018.1546780&domain=pdf&date_stamp=2018-11-13
http://crossmark.crossref.org/dialog/?doi=10.1080/23249935.2018.1546780&domain=pdf&date_stamp=2018-11-13


TRANSPORTMETRICA A: TRANSPORT SCIENCE
https://doi.org/10.1080/23249935.2018.1546780

Penalization and augmented Lagrangian for O-D demand
matrix estimation from transit segment counts

María Victoria Chávez Hernándeza, Lorenzo Héctor Juárez Valenciaa and
Yasmín Águeda Ríos Solísb,c

aMathematics Department, Universidad Autónoma Metropolitana Unidad Iztapalapa, Mexico City, Mexico;
bSystems Engineering, Universidad Autónoma de Nuevo León, San Nicolás de los Garza, NL, Mexico;
cLaboratoire d’Informatique de Paris Nord, Université, Paris 13, France

ABSTRACT
In this paper we consider some penalized quadratic models to
update Origin-Destination (O-D) matrices in transit networks from
observed flows. These models look for the closest O-D matrix to an
outdated one, which reproduces some observed segment flows. We
demonstrate that the solution of these penalized models converges
to the solution of the Spiess model when the penalty parameter
increases to infinity. Another contribution is the introduction of an
augmented Lagrangian model and its iterative solution by a dual
ascent technique and themethodofmultipliers. This approach yields
high-quality solutions with low CPU time and it is tested with two
networks: the Winnipeg transit network, which has 23716 O-D pairs;
and the transit network of the metropolitan area of the Valley of
Mexico with more than 2 million of O-D pairs. For some instances,
extracting the null coefficients from the old O-D matrix reduces the
computational cost even further.
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1. Introduction

The flow of passengers between each pair of zones in a transit network is a matrix known
as origin-destination demand matrix (O-D matrix). During the last decades, the origin-
destination demand estimation problem has represented an important challenge in the
context of transportation planning. While most of the research has been oriented to road
networks, here we focus on public transit networks such as buses or subway. O-D matri-
ces are usually obtained from surveys every certain period of time (typically, 10 or more
years), depending on the population dynamics (Bera and Rao 2011). Since it is expensive
to carry out those surveys and it may take a long time to process all the information, an
alternative is to estimate (or update) the O-D matrix from easy to obtain data, such as the
observed flow in some strategic places of the network and other available information like
an out of date or seed O-D matrix, zone information, mobile phone data or smart card
fare data (Alsger et al. 2016; Bierlaire 1995; Doblas and Benitez 2005; Heidari, Moayedi, and
Ali Abbaspour 2017; Kumar et al. 2016; Nuzzolo and Comi 2016). A different but related
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problem is about determining the number and locations of counting stations for improv-
ing O-D trip table estimation. In Chootinan, Chen, and Yang (2005), the aim is to maximize
the coverage while minimizing resource utilization criteria via genetic algorithms. In Chen
et al. (2007), the authors develop strategies in the screen-line-based traffic counting loca-
tion model for selecting additional traffic counts. Once the O-D matrix is updated, then
the assignment problem determines the flow volume (number of persons) traveling on
each link (segment) of the network. Of course, with a good estimate of the O-D matrix, it is
more likely to assimilate observed data, improve the transit models and the corresponding
forecasts.

The O-D matrix estimation problem may be divided into the static and dynamic cate-
gories. In the static case, a certain period of the day is studied, as the morning rush hour. In
the dynamic problem (Antoniou et al. 2016; Ashok and Ben-Akiva 2002; Cascetta et al. 2013;
Cipriani et al. 2011; Frederix, Viti, and Tampère 2013; Hu et al. 2017; Shafiei, Saberi, and
Sarvi 2016; Verbas,Mahmassani, andZhang2011), several periods of theday are considered
so the rate at which the flow change along the day must also bemodeled. In this study, we
concentrate on the static ones since the models, in this case, are the basis of the dynamic
ones (Etemadnia and Abdelghany 2009). Among the formulations and methods studied
in the literature, several approaches seek to minimize the Mahalanobis distance between
the observed data and the estimated values (Bell 1991; Cascetta and Nguyen 1988). Oth-
ers, like Noriega and Florian (2009), Verbas, Mahmassani, and Zhang (2011) and Shafiei,
Saberi, and Sarvi (2016) consider a weighted average of the square of the Euclidean dis-
tances between the observed volumes and estimated ones and the squared difference of
the seed matrix and the new estimated one. Statistical approaches have been studied to
estimate the actual O-D matrix: maximum likelihood, generalized least squares, and Bayes
estimators. In Cascetta (1984) and Cascetta and Nguyen (1988), it is claimed that the least
squares estimatorwith a linear assignmentprocedure is thebest-unbiased estimator if both
the seedmatrix and the observed link volumes are unbiased. The robustness of generalized
least squares has been exploited to estimate static or dynamic O-Dmatrices since it permits
the combination of survey data and flow count data, allowing the incorporation of the rel-
ative accuracy of the two data sources (Bell 1991; Cascetta et al. 2013; Fujita, Yamada, and
Murakami 2016; Malapert and Kuusinen 2017).

In this work, the problem of updating an O-D matrix from transit segments counts is
formulated as a constrained convex optimization problem for which the objective function
corresponds to a distance function between an a priori demand ĝ = {ĝpq}pq∈PQ and the
resulting oneg = {gpq}pq∈PQ, where ĝ andg are apriori and the resulting demand vectors,
respectively. The constraints force the assigned volumes v = {va}a∈A to correspond to the
observed volumes v̂ = {v̂a}a∈Â on the count post segments or links a ∈ Â ⊂ A. Here, pq ∈
PQ denotes an O-D pair, A is the set of all segments on the transit network. The number of
segments in A is usually much larger than the number of segments in Â. In particular, the
penalized model (introduced in Chávez and Juárez 2014, 2016; Juárez and Chávez 2014)
belongs to the general programming problem

min
g

F1(g; ĝ) + F2(v; v̂), (1)

where F1 and F2 are distance functions and v = Assign(g) is understood as an equilibrium
transit assignment. For instance, the linear model based on optimal strategies introduced
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by Spiess and Florian (1989), which is used in this work. After a linear transit assignment, we
get the path proportions πa

pq; each one represents the probability that a person uses link
a to go from p to q. These probabilities can be arranged in a matrix P = {πa,i} where now
i represents the O-D pair pq, this means that P has dimensions m × n with m the number
of transit segments and n the number of O-D pairs. Thereby, a transit assignment can be
represented as a product of a matrix P and a demand vector g to get the transit flow v =
Pg over the segments in the network. The problem (1) can be seen as an inverse problem
(Michau et al. 2017), where the direct problem consists in computing the segment flows
when the O-Dmatrix is known, and the inverse problem looks for the estimation of the O-D
matrix when measurements of flow are known for some transit segments. In this work, we
focus on the inverse problem for large size networks.

In the past, suchmodels were of little practical relevance because of ‘the immense com-
putation time and storage requirements that arise in practical implementations and which
limit these approaches to very small problem sizes only’, according to Spiess (1990). So,
trying to overcome this shortcoming, he proposed the following simple model:

min
g

Z(g) = 1
2

∑
a∈Â

(
va − v̂a

)2 = 1
2
‖Pg − v̂‖2, (2a)

s.t. gpq ≥ 0 for all pq ∈ PQ, (2b)

which is highly underdetermined and has an infinite number of solutions, this means that
there are infinite many O-D matrices which recover equally well the observed volumes v̂.
To overcome this degeneration, Spiess proposed to choose the closest adjusted matrix to
the old one and which also keeps the same structure. Thus, he introduced a multiplicative
steepest descent (MSD) method:

g�+1
pq =

⎧⎪⎨
⎪⎩
ĝpq, for � = 0,

g�
pq

(
1 − γ�

∂Z(g�)

∂gpq

)
, for � = 1, 2, . . .

s.t. γ�

∂Z(g�)

∂gpq
≤ 1, (3)

for every pq ∈ PQ where � is the iteration counter and γ� is the step size length at
iteration �. This multiplicative algorithm starts with a seed matrix (that can be chosen as
the obsolete matrix) ĝ and keeps its structure during the iterations. That is, if g�

pq = 0,
then g�+1

pq = 0. The simplicity of themethodmakes it applicable to large-scale networks. In
Chávez and Juárez (2014), we adapted amultiplicative conjugate gradient (MCG) algorithm
in order to improve the Spiess solution with a quadratic model of the type (1), which con-
siders the old O-Dmatrix in the objective function. Themultiplicativemethods are inspired
to keep the structure of the seed or outdated O-D matrix, which is an assumption for
short-term planning, so big changes in the demand are not expected. Some authors have
relaxed this condition and formulate other models with adequate solution algorithms (see
Bierlaire and Toint 1995; Codina and Barceló 2000; Codina, García, and Marín 2006; Cipri-
ani et al. 2011; Florian and Chen 1995; Lundgren and Peterson 2008; Shafiei, Saberi, and
Sarvi 2016; ShenandWinter 2012; Xie, Kockelman, andTravis 2011). In thiswork,wepropose
a better estimation of the O-D demand matrix obtained with an augmented Lagrangian
approach and the method of multipliers (Boyd et al. 2010; Nocedal and Wright 2006) to
force the non-negativity of the O-D matrix coefficients. This approach allows us to avoid
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iterative algorithms with multiplicative structure and obtain better results with more or
less the same reduced computing time. Related articles where an augmented Lagrangian
method is employed in a different way or context, include those of Balakrishnan, Magnanti,
and Wong (1989); Bierlaire and Toint (1995) and Doblas and Benitez (2005), for instance.

Other authors have formulated the problem as a linear program in order to obtain more
effective algorithms for large-scale networks (Hu et al. 2017; Michau et al. 2017; Pitombeira-
Neto, Grangeiro, and Carvalho 2016; Sherali, Sivanandan, and Hobeika 1994). For instance,
Hu et al. (2017) claimed that ‘due to the linear structure, their model is more computation-
ally effective and solvable on large real-life networks compared with the commonly seen
least-square formulation, which is computationally difficult and inefficient for large net-
works’. However, they apply their methodology only to a small size network; with 80 traffic
zones, 830 links and 395 nodes.

Quadraticmodels, with suitable solutions algorithms, have demonstrated to be efficient
and very competitive for large problems in many different applications. Nevertheless, with
the increase on computational power along the years and the success of quadratic models
in transit networks (Verbas, Mahmassani, and Zhang 2011), there is much work to do in
order to develop effective algorithms to help estimate or update O-D demand matrices
for large-scale transit and road networks with quadratic models. Our goal in this work is to
study some penalized quadratic models to improve the accuracy of solutions and reduce
the computational cost.

First, we show that the set of solutions of the penalizedmodels converge to the solution
of Spiess model. Then, we incorporate the non-negativity conditions directly in the model
with an augmented Lagrangian approach and the method of multipliers. Also, we employ
a direct reduction of the problem to improve evenmore the computational time. We show
the effectiveness of the proposedmodels and algorithmswith two networks: theWinnipeg
transit network and the transit network based on themetropolitan area of Valley of Mexico
(MAVM), which is constituted by Mexico City itself composed of 16 municipalities and 59
adjacent municipalities of the state of Mexico and 1 of the state of Hidalgo.

The rest of this paper is organized as follows. In Section 2 we formulate our penalized
model to update an O-D matrix, show its convergence to the Spiess problem when the
penalty parameter tends to infinity and describe the MCG algorithm to solve the penalized
model. In Section 3, we introduce an augmented Lagrangianmodel, discuss the properties
of this approach, like the relationship between the two penalty parameters implicated in
the augmented Lagrangian, and describe the solution algorithm of the dual ascent tech-
nique and the method of multipliers (DAMM). In Section 4, we consider a reduction of the
problem to make easier the implementation for large networks and include constraints
about the productions and attractions to the Lagrangian formulation. The correspond-
ing results for two networks are shown in Section 5. Finally, in Section 6 we include some
conclusions.

2. The penalizedmodel and its MCG solution

2.1. The penalizedmodel

We begin with the original idea of Spiess:
Find a demandmatrix g that fits the volume data v̂ and is closest to the seedmatrix ĝ.
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The proposedmodel of Spiess (2)may be formulated using vector-matrix notation as the
minimization of

‖Pg − v̂‖2m over the set U = R
n+, (4)

where P ∈ R
m×n is the matrix associated to a linear assignment model for the given tran-

sit network, m is the number of coefficients of v̂, n is the number of variable coefficients
of g (viewed as a vector), ‖ · ‖m indicates the norm in R

m, Rn+ indicates the subset of vec-
tors of R

n with positive entries and R
n+ is the closure of R

n+, that is, the set of vectors with
positive or null entries. It is supposed that m � n, that is to say, it is much cheaper to get
volume measurements in some transit segments of the network than actually estimate g
by direct surveys. Notice that the model (4) is an ill-posed problem since it is highly under-
determined, allowing infinitemany solutions. However, due to its algorithmic structure, the
MSD method (3), with starting guess g0 = ĝ to find a solution of (4), gives an approxima-
tion to the solution that is closest to ĝ and keeps the zeros in the process. A variant of the
above model was introduced in Chávez and Juárez (2014), where the closeness condition
between the no longer in use O-D matrix ĝ and the adjusted one g is included directly in
the objective function:

Given ĝ ∈ R
n+ and v̂ ∈ R

m+ , find g ∈ R
n+ that minimizes

J(g) = 1
2‖g − ĝ‖2n over the set V =

{
g ∈ R

n+ : Pg = v̂
}
. (5)

This formulation of the problem allows the incorporation of the restriction Pg = v̂ into the
programming model, obtaining the following penalized one:

Given ĝ ∈ U and v̂ ∈ R
m+ , find g ∈ U that minimizes

Jk(g) = 1
2
‖g − ĝ‖2n + k

2
‖Pg − v̂‖2m, (6)

where k>0 is the penalty parameter. The larger is parameter k the more will be penalized
the squared normof the difference Pg − v̂. This is a particular case ofmodel formulation (1).

2.2. Convergence of the penalizedmodel

Given the matrix P, the probabilities obtained from the solution of the assignment prob-
lem, suppose that P is a full range matrix and let us consider the particular solution ḡ of
problem (5). For each k>0, let gk be the unique solution of the minimization problem

gk ∈ U ,
Jk(gk) ≤ Jk(g) for all g ∈ U .

(7)

Then, by (5) and (7) we obtain the following inequality:

1
2
‖gk − ĝ‖2n + k

2
‖Pgk − v̂‖2m ≤ 1

2
‖ḡ − ĝ‖2n, for every k > 0,

which in turn implies the following two inequalities

‖gk − ĝ‖2n ≤ ‖ḡ − ĝ‖2n ∀ k > 0, (8)
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‖Pgk − v̂‖2m ≤ 1
k
‖ḡ − ĝ‖2n ∀ k > 0. (9)

From (9) we obtain

lim
k→∞

Pgk = v̂ = Pḡ.

According to (8) the sequence {gk}k>0 is bounded above. Thus, there is a convergent
subsequence1, also called {gk}, with limit g′, that satisfies

‖g′ − ĝ‖2n ≤ ‖ḡ − ĝ‖2n. (10)

Since ḡ is theminimumnorm solution, the solution of problem (5), then in (10) the equality
holds. Also, the application g → ‖g − ĝ‖2n is lower semi-continuous, (actually continuous)
so

‖g′ − ĝ‖2n ≤ lim inf
k→∞

‖gk − ĝ‖2n ≤ lim sup
k→∞

‖gk − ĝ‖2n ≤ ‖ḡ − ĝ‖2n.

Therefore

lim
k→∞

gk = ḡ.

The previous analysis shows that when k tends to infinity the solution gk of the penalized
problem (7) converges to the solutionofproblem (5). An importantobservation is thatprob-
lem (7) can be reformulated as a Tikhonov regularization of problem (4), and the equivalent
problem is

gα ∈ U ,
Jα(gα) ≤ Jα(g) for all g ∈ U ,

where now the minimization function Jα is defined as

Jα(g) = α

2
‖g − ĝ‖2n + 1

2
‖Pg − v̂‖2m, (11)

with the regularization parameter α > 0 small. This problem is related to (7) by choosing
α = 1/k and we can immediately check that Jα(g) → (1/2)‖Pg − v̂‖2m when α → 0. Thus,
from the previous analysis, we conclude that

lim
α→0

gα = lim
k→∞

gk = ḡ

and ḡ is the solution of problems (4) and/or (5). We conclude that Spiess model can be
seen as the limit of the penalized (regularized)models. From the theory of inverse problems
(Tarantola 2005), it is well known that regularization often produces stable solutions with
respect to perturbation on the given data v̂. We finally want tomention that some authors,
likeNoriega andFlorian (2009) andVerbas,Mahmassani, andZhang (2011), prefer quadratic
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models with weighted averages, of the following form

Jβ(g) = β

2
‖Pg − v̂‖2m + 1 − β

2
‖g − ĝ‖2n,

where 0 ≤ β ≤ 1. These models are also equivalent to our penalized model (6), and their
relationship is obtained by choosing

k = β

1 − β
⇐⇒ β = k

k + 1
. (12)

Thus, we can claim that

lim
β→1

gβ = lim
k→∞

gk = ḡ and lim
β→1

Pgβ = lim
k→∞

Pgk = v̂.

2.3. TheMCG algorithm

This algorithm, introduced in Chávez and Juárez (2014) and Juárez and Chávez (2014), finds
the O-D demandmatrix iteratively by the following recursion formula

g�+1
pq =

⎧⎨
⎩ĝpq for � = 0,

g�
pq

(
1 + γ�d�

pq

)
for � ≥ 1

∀ pq ∈ PQ,

where d�
pq is the direction of descent and γ� is the step length. Knowing the descent direc-

tion vector d� = {d�
pq}pq∈PQ at iteration �, the step length γ� is computed as theminimum

of the scalar function

φ(γ ) = Jk(g
� + γd�). (13)

The first descent direction is chosen as the negative of the gradient evaluated at the initial
guess, d0 = −∇Jk(ĝ) and it is updated at each iteration with the following formula

d�+1
pq = −g�+1

pq
∂Jk(g�+1)

∂gpq
+ β�d

�
pq, ∀ pq ∈ PQ,

where the constant β� is computed to ensure that the two directions d� and d�+1 are
conjugate to each other.

Notice that the quadratic cost function of problem (6) has the following gradient

∇Jk(g) = g − ĝ + kPT(Pg − v̂) = Qkg − bk ,

where Qk = I + kPTP with I the identity matrix, and bk = ĝ + kPTv̂. Matrix Qk is positive
definite for every constant k>0, so its inverse exists. From now on we use the notation
x � y to indicate the element-wisemultiplication of vectors inR

n, known as the Hadamard
product, this means the vector z = x � y has components zi = xiyi. The MCG algorithm,
step by step is the following:
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Algorithm 1Multiplicative Conjugate Gradient (MCG).
Require: ĝ, k, Qk , bk and ε > 0 (a small tolerance).
Ensure: An updated O-D matrix g.
1: Choose g0 = ĝ. � Initialization

2: Compute r0 .= ∇Jk(g0) ≡ Qk(g) − bk .

3: Set r0
M

= g0 � r0.

4: Set d0
M

= −r0
M
.

5: for � ≥ 0, do � Descent.

6: Compute γ� solution of (13) such that g�
pq + γ (d�

M
)pq ≥ 0 for all pq ∈ PQ.

7: Update g�+1 = g� + γ� d�
M
.

8: Update r�+1 = r� + γ� Qkd
�
M
.

9: Compute r�+1
M

= g�+1 � r�+1.

10: if ‖r�+1‖n ≤ ε ‖r0‖n then � Test of convergence

11: take gk = g�+1 and stop,

12: else

13: Compute β� = r�+1
M

Qkd
�
M

(d�
M
)TQkd

�
M

.

14: d�+1
M

= −r�+1
M

+ β� d�
M
. � New direction

15: Set � = � + 1 and go back to step 5.

In the above algorithm, we employ the notation r� = ∇Jk(g�). We want to emphasize
that the only differenceof thisMCGalgorithmwith respect to the standard conjugate gradi-
ent (CG) algorithm is the calculationof themultiplicativegradientby theHadamardproduct
in steps 3 and 9 at each iteration, so the additional computational cost is marginal. Never-
theless, we need to be careful with the initialization step 1, the multiplicative structure of
the algorithm requires that the initial guess g0 = ĝ be different to 0 ∈ R

n, otherwise g� will
remain 0 at each iteration. Notice that the formula in step 8 is obtained from the formula
in step 7 multiplying by Qk and subtracting bk in both sides. To compute γ� in step 6, we
first calculate the value of γ such that φ′

�(γ ) = ∇Jk(g� + γd�
M)Td�

M = (r�+1)Td�
M = 0; this

value is

γ = −(r�)Td�
M/(d�)TMQkd

�
M,

which very frequently satisfies the given restriction g�
pq + λ(d�

M)pq ≥ 0 for any pq ∈ PQ,
and if it does not then we set g�+1

pq = 0 (see Vollebregt 2014). The value for β� in step 13 is

such that d�+1
M and d�

M are Qk-conjugate. We can observe that the algorithm can be rewrit-
ten in order to computeQkd

�
M and (d�

M)TQkd
�
M only once at each iteration. Equality in step 8

implies that β� is also equal to

β� =
(
r�+1
M

)T (
r�+1 − r�

)
(d�

M)T
(
r�+1 − r�

) , (14)
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which resembles the Hestenes–Stiefel formula for the CG algorithm (Nocedal and
Wright 2006).

The MCG algorithm ensures that two consecutive directions, d�
M and d�+1

M , are Qk-
conjugate, but there is no guaranty that all the generated directions during the iteration
process are conjugate to each other.

3. Augmented Lagrangian approach

Oneof themaindrawbacksof theMCGalgorithm is that it doesnot allow theevolution from
null coefficients in the seed O-D matrix to non-zero values in the updated demand matrix;
this may be an unwanted feature for some instances. Also, from the computational point
of view, with the MCG algorithm, not all descent directions {d�

M}� areQk-conjugate to each
other, which may degrade the performance of the method and the accuracy of the numer-
ical solution. An alternative is the explicit inclusion of non-negativity conditions, gpq ≥ 0,
into the cost function, avoiding the multiplicative structure of the iterative algorithm and
thus enabling the use of the standard conjugate gradient (CG) algorithm.

Our departure point here is the penalized model (6), for which we may employ a
Lagrangian approach to deal with the non-negativity constraints on the coefficients of the
O-D matrix. We introduce a new variable vector y ∈ R

n that satisfies

y2pq = gpq for all pq ∈ PQ. (15)

With (15) we convert the inequality constraints gpq ≥ 0 to equality constraints. Thus the
minimization problem (6)–(7) is equivalent to minimize the quadratic cost functional (6)
subject to

g = y � y and y ∈ R
n.

A commonway to deal with equality constraints (Nocedal andWright 2006) is by introduc-
ing a variable called the Lagrange multiplier, that we denote by a vector μ ∈ R

n, and form
the following Lagrangian function

Lk(g, y,μ) = Jk(g) − μT(g − y � y). (16)

Thus, a critical point (g, y,μ) satisfies the Karush–Kuhn–Tucker (KKT) conditions:

∇gLk(g, y,μ) = (g − ĝ) + kPT(Pg − v̂) − μ = Qkg − bk − μ = 0, (17)

∇yLk(g, y,μ) = 2μ � y = 0, (18)

∇μLk(g, y,μ) = y � y − g = 0, (19)

where

Qk = I + kPTP and bk = ĝ + kPTv̂. (20)

The non-linear system (17)–(19) may be solved by an iterative process, but unfortunately,
the starting point given by g0 = ĝ, y0 =

√
ĝ (component-wise square root), may yield

large values for the multiplier at the first iteration (and at the next few iterations), since
μj = Qkgj − bk = ∇Jk(gj ), especially for big values of the penalty parameter k. To avoid
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this instability, we convexify the Lagrangian (16) introducing the following augmented
Lagrangian function

Lk,ρ(g, y,μ) = Jk(g) − μT(g − y � y) + ρ

2
‖g − y � y‖2n, (21)

where k and ρ are positive constants. Now the KKT conditions are

∇gLk,ρ(g, y,μ) = g − ĝ + kPT(Pg − v̂) − μ + ρ(g − y � y)

= Qk,ρg − bk − μ − ρy � y = 0, (22)

∇yLk,ρ(g, y,μ) = 2
[
μ + ρ(y � y − g)

] � y = 0, (23)

∇μLk,ρ(g, y,μ) = y � y − g = 0, (24)

where bk is defined in (20) and

Qk,ρ = (1 + ρ)I + kPTP.

Note that, if we substitute (24) in (22) and (23), we recover the system (17)–(19), thus both
systems are equivalent. However, some algorithmic and computational properties of the
system (22)–(24) that may be advantageous over the system (17)–(19) are the following.

(1) Qk,ρ is a symmetric and positive definite matrix with better condition number than Qk

for the same value of k, since ρ > 0.
(2) The value of ρ in (21) does not need to be large since the restriction g = y � y has

already been relaxed with the Lagrange multiplier. This parameter is chosen based on
the constant value of k/(1 + ρ), as is shown in the numerical examples.

(3) When an iterative process is applied to get a solution, we have the option to update
μ using Equation (23) as is shown in (27) below; while in (17)–(19) the only option is
using (17).

3.1. The DAMMalgorithm

According to the observations in the previous section, we propose a dual ascent and
method of multipliers (DAMM) algorithm (Boyd et al. 2010).

The problem (25) involves the minimization of a strictly convex quadratic function over
R
n with constant Hessian equal to Qk,ρ , thus the unique minimum gj satisfies the linear

system

Qk,ρg = bk + μj−1 + ρyj−1 � yj−1, (28)

which can be approximated by the CG algorithmwith initial guess g0 = gj−1. However, to
avoid excessive negative values in the solution gj of the CG, we stop at iteration � if we
obtain min(g�) ≤ −0.25 and continue with step 4 of the DAMM algorithm. In other words,
the DAMM algorithm can be more efficient if CG (step 3) performs only a few iterations
instead of achieving high accuracy solutions and continue with step 4 to update the multi-
plier; especially when the CG algorithm (or any other) yields a demandmatrix with negative
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Algorithm 2 Dual Ascent and Method of Multipliers (DAMM).
Require: ĝ and ε > 0 (a small tolerance).
Ensure: An updated O-D matrix g.
1: Take the initial guess μ0 = 0 and y0 � y0 = ĝ. � Initialization
2: for j ≥ 1, given μj−1 and yj−1, to compute gj and yj do � Iteration.
3: gj = argmin

g
Lk,ρ(g, yj−1,μj−1),

(25)
4: yj = argmin

y
Lk,ρ(gj , y,μj−1).

(26)

5: if ‖yj � yj − gj‖n ≤ ε ‖ĝ‖n, then � Convergence test

6: take g = gj and stop,

7: else � Update
8: μj = μj−1 + ρ (yj � yj − gj ).

(27)

9: Set j = j + 1 and go back to step 2.

coefficients. Thus, the CG algorithm stops at iteration � if the residual is less or equal to
ε‖Qgj − bk − μj−1 − ρ yj−1 � yj−1‖ (like in the MCG algorithm) or if min(g�) ≤ −0.25.

The problem (26) involves the minimization of

f (y) = ρ

2
‖gj − y � y‖2n − (μj−1)T(gj − y � y) + Jk(g

j ) (29)

with respect to y. A critical point y = {yi}ni=1 (here, i denotes an O-D pair pq ∈ PQ) satisfies

∂f

∂yi
(y) = 2

[
ρ

(
y2i − gj

i

) + μ
j−1
i

]
yi = 0 for i = 1, . . . , n,

this means, yi = 0 or y2i = gj
i − μ

j−1
i /ρ. So, the critical point yj is built up in the following

manner.

For each i = 1, . . . , n : if gj
i − μ

j−1
i /ρ > 0 then (yj

i )
2 = gj

i − μ
j−1
i /ρ, else yj

i = 0. (30)

This time, the Hessian of f (y) is a diagonal matrix Dwith entries

Dii(y) = ∂2f

∂y2i
= 2

[
ρ

(
y2i − gj

i

) + μ
j−1
i + 2ρy2i

]
,

and its evaluation at the critical point in (30) gives

Dii(yj ) =
{
4ρ

(
yj
i

)2
, if

(
yj
i

)2 = gj
i − μ

j−1
i /ρ > 0,

2ρ(μ
j−1
i /ρ − gj

i ), if yj
i = 0.

Thus, the Hessian has positive entries along its diagonal except when gj
i − μ

j−1
i /ρ = 0,

for which the correspondent entry in the diagonal becomes zero at iteration j . Thus the
Hessian is positive semi-definite in general. However, the critical point (30) still yields a good
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estimation of a minimum in (26), and a way to see this is looking at the quadratic function
for z = y � y:

f (z) = ρ

2
‖gj − z‖2n − (μj−1)T(gj − z) + Jk(g

j ).

So, the original quartic function f (y) in (29) is converted to a new quadratic function on the
variable z with non-negative coefficients. For this new function, the gradient and Hessian
are, respectively

∇f (z) = ρ
(
z − gj

) + μj−1 and Hf (z) = ρI,

where I is the identity matrix of size n × n. So, this time the Hessian is constant and positive
definite, and the gradient vanishes if

z = gj − μj−1/ρ and z ≥ 0. (31)

Observe that (31), for the variable z, is related to (30) for the variable y.

3.2. Relation between the penalty parameters k and ρ

These two parameters have an important influence on the performance of the iterative
Algorithm 2 and, in particular, on the sub-problems (25)–(27); mainly in the solution of the
linear system (28) and theminimization of the quadratic function (29). Concerning the sub-
problem (28), the larger the value k/(1 + ρ) is the larger the condition number of matrix
Qk,ρ . For the penalized model (6) we obtain good results with k ≥ 102, and if we want to
have a similar computational performance on the solution of (28) we set k/(1 + ρ) ≥ 102.
Notice that step 3 is themost expensive part of the iterative Algorithm 2, however it has the
advantage that it can be solved by the CG algorithm. Finally, observe that if we set k = ∞
(orα = 0 in (11)), we still get a symmetric and positive definitematrixQρ = ρI + PTP, which
implies that this variant of the augmented Lagrangian has a regularizing effect for the orig-
inal problem, and in this case, it suffices to take any positive value for ρ. The numerical
examples in Section 5.3 corroborate this property.

Summarizing, the iterative Algorithm 2 is efficient because the additional work (which
includes solving the problem (26) and updating the multipliers in (27)) is marginal com-
pared to the solution of the problem (25). Notice that, the numerical computation of (25)
with theCGalgorithm is quicker than theMCGalgorithm to solve thepenalizedproblem (7),
because the matrix Qk,ρ has a lower condition number than Qk for the same value of k.
Also, all the descent directions generatedwith the CG algorithm are guaranteed to beQk,ρ -
conjugate. In addition, this new approach is more robust because the null coefficients of
the O-D matrix are not enforced to remain null.

4. Size reduction of the problem

In this section, we discuss a reduction of the problem, when it is convenient and/or pos-
sible. When this operation is used we obtain two benefits: memory saving and additional
reduction of the computational cost.

One of the properties of theMSD andMCG algorithms is that they preserve the structure
of the seedO-Dmatrix ĝwhenupdating the newmatrixg: every null entry in the firstmatrix
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yields a null entry in the updated one. Indeed, it is unlikely that all null entries will evolve
to a positive value, especially when updating within a short time on a large network. Then
extracting thenull coefficients from the seedO-Dmatrix ĝ, weobtain anewseedO-Dmatrix
ĝr of size nr ≤ n, which has only positive coefficients. Then, we reformulate the problem (5)
in the following way:

Given ĝr ∈ R
nr+ and v̂ ∈ R

m+ , find gr ∈ R
nr+ that minimizes

J(gr) = 1
2‖gr − ĝr‖2nr over the set Vr = {

gr ∈ R
nr+ : Prgr = v̂

}
,

where matrix Pr ∈ R
m×nr is obtained from P after extracting those columns which corre-

spond to null entries of the original seed O-D matrix ĝ. Now, the penalized model (7) and
the MCG algorithm have the following additional benefits:

(1) The null space of matrix Pr has a lower dimension than the null space of P and they
share the samepositive coefficients. Thus, there is a significant savingofmemory, espe-
cially when ĝ has a big proportion of null coefficients, which is common for large-scale
networks.

(2) Since there are no null coefficients in ĝr , then it is more likely that γ� satisfies the
restriction of non-negativity in step 6 of the algorithm 1.

Analogously, with this reduction, the augmented Lagrangian function becomes

Lk,ρ(gr , yr ,μr) = Jk(gr) − μT
r (gr − yr � yr) + ρ

2
‖gr − yr � yr‖2n,

where yr ,μr ∈ R
nr . Thus, the KKT conditions yield

((1 + ρ)Inr + kPTr Pr)gr = ĝr + kPTr v̂ + μr + ρyr � yr ,

2
[
μr + ρ(yr � yr − gr)

] � yr = 0,

gr − yr � yr = 0,

where Inr is the identity matrix of nr × nr . The DAMM algorithm for this reduced problem is
applied in the same way as for the complete problem.

5. Numerical experiments

The algorithms presented in this work were coded in Matlab and implemented in an HP-
Pavilion Dm4 computer with an Intel(R) Core(TM) i5 processor and 8 GB RAM.

5.1. Study cases

For the numerical experiments, we considered synthetic data (segment flow volumes) from
two transit networks, the Winnipeg network from Canada, included in the demonstra-
tion database of EMME (INRO 2018), and the network based on the metropolitan area of
the Valley of Mexico (MAVM), Mexico, provided by Torres (2013). These data were gener-
ated in the following way: given a demand matrix ḡ (which may represent the demand
at the peak hour in the morning), we apply a linear transit assignment and extracted
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Table 1. Characteristics of the Winnipeg and the
MAVM networks.

Attributes Winnipeg MAVM

Zones 154 1705
O-D pairs 23,716 2,907,025
No. of pairs with ĝpq > 0 5,394 (22.7%) 20,278 (0.7%)
Regular nodes 906 7241
Links 3,005 31,720
Modes 5 18
Types of vehicles 4 11
Transit lines 133 845
Transit segments 4,347 46,981
Segments with counts 136 (3.1%) 1,470 (3.1%)

Figure 1. Segments with available counts in red. Winnipeg transit network.

some of the segment flows which play the role of measured volumes v̂. Next, we gen-
erated a seed O-D matrix ĝ by doing a random uniform perturbation of 20% of the
matrix ḡ. Then, with this information, we applied our methods to evaluate their perfor-
mances. Table 1 shows the general characteristics of the networks; where ‘regular nodes’
represent the intersection of two or more links. Also, we are considering all the transit
modes of the network (e.g. bus, trolley bus and subway). In this context, links may repre-
sent the streets whereas the segments represent the routes of the transit lines because
for each link we can have more than one transit segment (or none). Figures 1 and 2 show
the segments with flow counts, highlighted in red for Winnipeg and MAVM networks,
respectively.
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Figure 2. Segments with available counts in red. Network based on the metropolitan area of Valley of
Mexico (MAVM).

5.2. Performance of theMSD andMCG algorithms

In this section, we compare the performance of the MSD algorithm proposed by Spiess
(part of the EMME/4 transportation planning system INRO 2018) with our MCG algorithm,
described in Section 2. Tables 2 and 3 summarize the numerical results obtained with the
penalizedmodel (6) for theWinnipeg and theMAVM transit networks, respectively. In both
tables k is the penalty parameter, CPU is the computing time in seconds, Iters. is the num-
ber of iterations to achieve convergence for each method within the given tolerance (set
to ε = 10−3 for these experiments), RMSEv is the root mean square error for the segment
flows, ‖Pg − v̂‖m is the distance between the estimated segment flows and the observed
ones, RMSEg is the root mean square error for the demand and ‖g − ĝ‖n is the distance
between the estimated demand matrix and the old one. The case k = ∞ (α = 0 in (11)) in
both tables must be regarded as the case where the objective function is (1/2)‖Pg − v̂‖2m
(Spiess model).
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Table 2. Comparison of MSD and MCG algorithms for the Winnipeg network.

k Method CPU Iters. RMSEv ‖Pg − v̂‖m RMSEg ‖g − ĝ‖n
Initial (l= 0) 28.79 335.7
100 MSD 1.1 s. 80 0.16 1.9 0.33 50.3

MCG 0.3 s. 21 0.11 1.3 0.33 50.2
1000 MSD 0.8 s. 78 0.17 1.9 0.33 50.9

MCG 0.3 s. 21 0.11 1.3 0.33 51.0
10000 MSD 0.9 s. 78 0.17 1.9 0.33 50.9

MCG 0.3 s. 21 0.11 1.3 0.33 51.1
∞ MSD 1.0 s. 78 0.16 1.9 0.33 50.9

MCG 0.3 s. 21 0.11 1.3 0.33 51.1

Table 3. Comparison of MSD and MCG algorithms for the MAVM network.

k Method CPU Iters. RMSEv ‖Pg − v̂‖m RMSEg ‖g − ĝ‖n
Initial (l= 0) 5797.04 222262.0
100 MSD 23.5 s 147 78.94 3026.8 2.54 4323.0

MCG 5.4 s 30 52.34 2006.8 2.64 4495.7
1000 MSD 23.6 s 147 78.92 3025.9 2.54 4324.9

MCG 5.6 s 30 52.34 2006.7 2.64 4499.3
10000 MSD 23.6 s 147 78.92 3025.9 2.54 4325.1

MCG 5.5 s 30 52.34 2006.6 2.64 4499.7
∞ MSD 24.0 s 147 78.92 3025.8 2.54 4325.1

MCG 5.7 s 30 52.34 2006.6 2.64 4499.7

As expected, when the penalty parameter k approaches infinity the results converge to
the solution of the Spiess’ model. Actually, for values of k>100, we obtain similar results,
including the number of iterations and the CPU time, and there is no practical changewhen
k ≥ 1000. This may explain why the numerical results obtained by some authors (like Nor-
iega and Florian 2009; Verbas, Mahmassani, and Zhang 2011) are better, in their respective
cases, for values of β in the interval [0.999, 1). Thus, a value of k=100 or larger is sufficient
in practice for both networks. Themost remarkable difference is the performance (number
of iterations and CPU time) of MCG algorithm with respect to the MSD algorithm. For the
Winnipeg transit network, the initial RMSEv is reduced 262 (180) times with theMCG (MSD)
algorithm and the computing time is improved about three timeswithMCGwith respect to
MSD. For the case of the MAVM transit network, the initial RMSEv is reduced 111 (73) times
with MCG (MSD), while the CPU time is reduced about 4.3 times for the MCG with respect
to MSD. Thus, the MCG algorithm not only is faster, but it also reduces the RMSEv for both
networks.

Figure 3 depicts the seed demand (x-axis) against the estimated one (y-axis), part (a), and
the observed volumes (x-axis) against the estimated ones (y-axis), part (b), for theWinnipeg
transit network. All dots on the identity line indicate perfect fit between the corresponding
estimated values and the data, while the dots that fall between the two dotted lines have
a relative error less than 20%. The regression lines depicted in green, with coefficient cor-
relation R2 = 1 for both figures. The respective slope and y-intercept for the demand are
mg = 1.09 and bg = 0.00. The respective slope and y−intercept for the segment flows are
mv = 1.00 and bv = −0.02. These parameters indicate that the estimated values are highly
correlated with the data. Analogously, Figure 4 plots the corresponding scatter plots for
theMAVMnetwork with slopemg = 1.06 and y-intercept bg = 0 for the demand and slope
mv = 1.00 and y-intercept bv = −0.39 for the segment flows. These two figures show that
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Figure 3. Scatter plots for the estimations obtained with k= 1000 and MCG in the Winnipeg transit
network. (a) Results for the estimated demand at each O-D pair and (b) Results for the estimated flow at
each transit segment with available counts.

(a) (b)

Figure 4. Scatter plots for the estimations obtained with k= 1000 and MCG in the MAVM transit net-
work. (a) Results for the estimated demand at each O-D pair and (b) Results for the estimated flow at
each transit segment with available counts.

most of the points fall into the area bounded by the±20% error lines, which indicates that
theproposedmodel provides accurate results. Notice that theobservedvolumes are almost
perfectly estimated, meanwhile the estimated demand is not necessarily close to the old
one.

Considering the reduced problem discussed in Section 4, we tested the MSD and MCG
algorithms obtaining the results shown in Tables 4 and 5 for each network. Here, we also
present themean percentage error (MPE) for the demandmatrix; this metric is usually used
to measure a bias in the estimation. Comparing these results with those shown in Tables 2
and 3, the most significant difference is the CPU time, which is reduced about three times
for the Winnipeg and about six times for the MAVM networks. Since the number of itera-
tions in the reducedproblem is similar to the number of iterations in the complete problem,
the improvement of CPU time is mainly related to memory saving and communication,
since 77.3% of all coefficients are null in the O-D matrix of Winnipeg, while 99.3% of the
coefficients are null in thematrix of theMAVM.Wedonot include the corresponding scatter
plots since the quality of the solution is similar to those shown in Figures 3 and 4.

According to the numerical experiments shown in this section, at most three con-
secutive directions are Qk-conjugate. However, more consecutive directions are linearly
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Table 4. Comparison of MSD and MCG algorithms for the Winnipeg network (reduced
problem).

k Method CPU Iters. RMSEv ‖Prgr − v̂‖m RMSEg ‖gr − ĝr‖n MPE

Initial (l= 0) 5797.04 222262.0
100 MSD 0.3 s. 74 0.18 2.1 0.33 50.3 −8.23

MCG 0.1 s. 21 0.11 1.3 0.33 50.2 −8.30
1000 MSD 0.3 s. 72 0.18 2.1 0.33 50.9 −8.16

MCG 0.1 s. 21 0.11 1.3 0.33 51.0 −8.20
10000 MSD 0.3 s. 70 0.18 2.2 0.33 50.9 −8.15

MCG 0.1 s. 21 0.11 1.3 0.33 51.1 −8.19
∞ MSD 0.3 s. 70 0.18 2.1 0.33 50.9 −8.15

MCG 0.1 s. 21 0.11 1.3 0.33 51.1 −8.19

Table 5. Comparison of MSD and MCG algorithms for the MAVM network (reduced
problem).

k Method CPU Iters. RMSEv ‖Prgr − v̂‖m RMSEg ‖gr − ĝr‖n MPE

100 MSD 5.7 s. 147 78.94 3026.8 2.54 4323.0 −5.24
MCG 1.2 s. 30 52.34 2006.8 2.64 4495.7 −5.40

1000 MSD 5.6 s. 147 78.92 3025.9 2.54 4324.9 −5.24
MCG 1.2 s. 30 52.34 2006.7 2.64 4499.3 −5.40

10000 MSD 5.6 s. 147 78.92 3025.9 2.54 4325.1 −5.24
MCG 1.2 s. 30 52.34 2006.6 2.64 4499.7 −5.40

∞ MSD 5.6 s. 147 78.92 3025.8 2.54 4325.1 −5.24
MCG 1.2 s. 30 52.34 2006.6 2.64 4499.7 −5.40

independent, and the more directions are linearly independent the larger is the subspace
where the cost function isminimized, so the faster theminimum is reachedwithin the given
tolerance. For instance, the intuition about the steepest descentmethod is that it has a low
convergence ratebecause itmoves inorthogonal steps anda ‘zig-zag’ phenomenonoccurs,
especiallywith ill-conditionedproblems. In Algorithm1 thedescent directions donotmove
in orthogonal steps and according to the formula in step 14, the newmultiplicative descent
direction is a combination of the new multiplicative gradient and the previous multiplica-
tive direction. Nevertheless, our numerical experiments indicate that the penalized model
combined with the MCG algorithm does not only reproduce the results obtained with the
model of Spiess combined with MSD algorithm, but also improves the computing time for
both the complete and the reduced problem.

Looking at the MPE in Tables 4 and 5 as well as in Figures 3 (a) and 4 (a), we observe
that the multiplicative algorithms tend to overestimate the O-D demand with respect to
the seed matrix. Given the multiplicative nature of the algorithm, these increases are more
noticeable in the zones with higher initial demand.

5.3. Numerical results with the DAMMalgorithm

In this section, we show the results obtained by applying the methodology described in
Section 3 considering the complete problem and its reduction (where null coefficients are
extracted from the O-D matrices) discussed in Section 4, for both networks. Table 6 shows
the numerical results obtained with the augmented Lagrangian model and Algorithm 2
(DAMM) for the Winnipeg transit network. The first three columns of the table include the
values of the parameters k, ρ and k/(1 + ρ), common for both problems. From the fourth
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Table 6. Results for the Winnipeg network obtained with the augmented Lagrangian model and the
DAMM algorithm. From the fourth to the ninth column, results of the complete (reduced) problem are
shown on the left (right) of the dash.

ρ k
k

1 + ρ
CPU (sec) (J, �̄) RMSEv ‖Pg − v̂‖m RMSEg ‖g − ĝ‖n MPE

1 2 × 102 102 2.5–0.6 (7,28)–(3,55) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.83
2 × 103 103 2.3–0.4 (7,28)–(3,53) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.84
2 × 104 104 2.2–0.4 (7,28)–(3,53) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.84

∞ – 2.1–0.4 (7,29)–(3,52) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.84
19 2 × 102 10 2.3–0.3 (7,28)–(2,44) 0.09–0.09 1.1–1.1 0.12–0.18 19.2–27.5 −40.98

2 × 103 102 2.3–0.5 (7,28)–(3,53) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.82
2 × 104 103 2.2–0.4 (7,28)–(3,53) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.84

∞ – 2.2–0.4 (7,28)–(3,53) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.84
199 2 × 103 10 2.2–0.4 (7,29)–(2,44) 0.09–0.09 1.1–1.1 0.12–0.18 19.2–27.5 −40.99

2 × 104 102 2.1–0.4 (7,28)–(3,52) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.82
2 × 105 103 2.2–0.4 (7,28)–(3,51) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.84

∞ – 2.1–0.4 (7,28)–(3,51) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.84
1999 2 × 103 1 2.4–0.1 (7,30)–(1,17) 0.10–0.58 1.2–6.8 0.12–0.17 19.0–25.8 −41.57

2 × 104 10 2.2–0.2 (7,29)–(2,44) 0.09–0.09 1.1–1.1 0.12–0.18 19.2–27.5 −40.99
2 × 105 102 2.2–0.4 (7,28)–(3,52) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.82

∞ – 2.1–0.4 (7,28)–(3,51) 0.09–0.01 1.1–0.1 0.12–0.18 19.2–27.8 −40.84

(a) (b)

Figure 5. Scatter plots for the updated O-D matrix obtained with k/(ρ + 1) = 103 for the Winnipeg
transit network. (a) Complete model and (b) Reduced model.

to the ninth column, we show together the numerical results for the complete problem
(left) and the reduced problem (right), separated by a dash in the middle. Finally, the tenth
column shows the MPE for the reduced problem. In this table, J denotes the number of
iterations performed by the DAMM algorithm to reach convergence up to the desired tol-
erance (ε = 10−3), while �̄ is the average of CG iterations to find the minimum in step 3 of
Algorithm 2. Thus, the total number of CG-iterations to solve the problem is J × �̄.

The qualitative behavior of the updated O-D matrices for the complete and reduced
problem is shown in Figure 5. The slope and y−intercept of the corresponding regres-
sion lines shown in this figure are mg = 1.01, bg = 0.05 and mgr = 1.01, bgr = 0.21, for
the complete problem and the reduced one, respectively. These results show a significant
improvement for demand estimation with respect to those obtained previously with the
penalized model and the MCG algorithm (see Tables 2, 4 and Figure 3). Figure 6 shows the
fit in the segment flows which are similar to those obtained with the penalized model.
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Figure 6. Scatter plots for the segment flows obtained with k/(ρ + 1) = 103 for the Winnipeg transit
network.

Table 7. Results for theMAVMnetwork obtainedwith the augmented Lagrangianmodel and theDAMM
algorithm. From the fourth to the ninth column the results of the complete (reduced) problemare shown
on the left (right) of the dash.

ρ k
k

(1 + ρ)
CPU (s) (J, �̄) RMSEv ‖Pg − v̂‖m RMSEg ‖g − ĝ‖n MPE

1 2 × 102 102 9.5–1.1 (1,28)–(1,28) 69.05–69.04 2647.2–2647.1 2.07–2.07 3528.7–3528.8 −7.94
2 × 103 103 9.2–0.8 (1,28)–(1,28) 69.05–69.04 2647.3–2647.1 2.07–2.07 3529.1–3529.1 −7.95
2 × 104 104 9.3–0.9 (1,28)–(1,28) 69.04–69.04 2647.1–2647.1 2.07–2.07 3529.2–3529.1 −7.95

∞ – 9.6–0.7 (1,28)–(1,28) 69.04–69.05 2647.1–2647.3 2.07–2.07 3529.2–3529.2 −7.95
19 2 × 102 10 9.0–0.8 (1,27)–(1,27) 73.27–73.27 2809.2–2809.2 2.06–2.06 3508.7–3508.7 −7.95

2 × 103 102 9.3–0.9 (1,28)–(1,28) 69.05–69.04 2647.3–2647.1 2.07–2.07 3528.7–3528.8 −7.95
2 × 104 103 9.2–0.8 (1,28)–(1,28) 69.05–69.04 2647.5–2647.1 2.07–2.07 3529.0–3529.1 −7.95

∞ – 10.3–0.8 (1,28)–(1,28) 69.04–69.04 2647.1–2647.2 2.07–2.08 3529.2–3529.2 −7.95
199 2 × 103 10 9.3–0.9 (1,27)–(1,27) 73.27–73.27 2809.2–2809.2 2.06–2.06 3508.7–3508.7 −7.95

2 × 104 102 9.7–0.8 (1,28)–(1,28) 69.04–69.04 2647.1–2647.1 2.07–2.07 3528.8–3528.8 −7.95
2 × 105 103 9.9–0.8 (1,28)–(1,28) 69.04–69.04 2647.1–2647.1 2.07–2.07 3529.1–3529.1 −7.95

∞ – 10.0–1.0 (1,28)–(1,28) 69.04–69.05 2647.1–2647.4 2.07–2.07 3529.2–3529.1 −7.95
1999 2 × 103 1 9.7–0.8 (1,27)–(1,27) 73.82–73.82 2830.2–2830.2 2.04–2.04 3477.5–3477.5 −7.93

2 × 104 10 9.9–0.8 (1,27)–(1,27) 73.27–73.27 2809.2–2809.2 2.06–2.06 3508.7–3508.7 −7.95
2 × 105 102 9.8–0.9 (1,28)–(1,28) 69.04–69.05 2647.1–2647.3 2.07–2.07 3528.8–3528.7 −7.95

∞ – 10.2–0.8 (1,28)–(1,28) 69.04–69.04 2647.1–2647.2 2.07–2.07 3529.1–3529.2 −7.95

In Table 6, we observe that the solution does not change for values of k/(ρ + 1) > 102,
independently of the values of ρ and k. Also, the solution of the reduced problem is com-
puted about five or six times faster than the solution of the complete problem due to
memory saving. According to the last four columns in this table, segment flows are cal-
culated more accurately for the reduced problem, meanwhile, the demand adjustment is
slightly better for the complete problem. In Figure 7 we show the evolution of ‖gj − ĝ‖n
and ‖Pgj − v̂‖m along the iterations j of the DAMM algorithm. For completeness, we also
show the point-wise difference between the solution of the complete and reducedmodels,
denoted by gc − gr , for the case ρ = 19 and k = 20000.

The last set of numerical experimentswere done for theMAVMnetwork. Table 7 summa-
rizes the results obtainedwith the augmented Lagrangianmodel and theDAMMalgorithm.
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(a)

(c)

(b)

Figure 7. Evolution of the distances between the data and the estimated values for j = 1, . . . , J. Differ-
ence between the solution of the complete model and the reduced one for the Winnipeg network. (a)
Evolution of ‖gj − ĝ‖n, (b) Evolution of ‖Pgj − v̂‖m and (c) Difference of the solutions.

Once more, we include the results for both the complete problem and reduced problem
together following the same format as in Table 6.

Once more, the numerical solutions obtained with k/(ρ + 1) > 102 remain the same,
independently of the values of ρ and k. This time, the solution of the reduced problem
is computed about nine or ten times faster than the solution of the complete problem.
It is remarkable that, contrary to what happens with the Winnipeg network, this time we
obtain exactly the same results for both the complete and reducedmodels. The qualitative
behavior of the solution for demand is shown in Figure 8, where the scatter plot for the
updated O-D matrix is shown for the complete (a) and the reduced models (b). The slope
and y−intercept of the corresponding regression line in (a) are mg = 1.04, bg = 0.03 and
the slope and y−intercept of the regression line in (b) are mgr = 1.02, bgr = 7.25. Scatter
plots for the segment flows are shown in Figure 9.

Figure 10 shows the difference between the O-D matrices associated to the solution of
the complete and the reduced models, denoted by gc − gr , where it is evident that the
highest difference is very small and less than 0.025. Thus, the augmented Lagrangianmodel
with the DAMM algorithm yields an accurate solution in an efficient way, at least for the
large network of the MAVM.
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(a) (b)

Figure 8. Scatter plots for the updatedO-Dmatrix obtainedwith k/(ρ + 1) = 103 for theMAVM transit
network. (a) Complete model and (b) Reduced model.

Figure 9. Scatter plots for the segment flows obtained with k/(ρ + 1) = 103 for the MAVM transit
network.

So far, the best results have been obtained with the augmented Lagrangian approach.
These results can be improved to getmore realistic results by addingmore information. For
instance, the total productions and attractions for each aggregated transit zone (centroid
node). In this case, the following constraints must be added:∑

q∈Q
gpq = Op, ∀ p ∈ P, (32)

∑
p∈P

gpq = Dq, ∀ q ∈ Q, (33)

where Op are the productions at each zone p ∈ P and Dq are the attractions at each zone
q ∈ Q. These constraints can be represented using a matrix-vector product, let us say Ag =
O and Bg = D. By penalizing the difference of these quantities and adding them to the
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Figure 10. Difference between the solution of the complete model and the reduced model for the
MAVM network.

Table 8. Results for theWinnipeg network obtained with the augmented Lagrangianmodel
and the DAMM algorithm adding constraints (32)–(33).

ρ k
k

(1 + ρ)
CPU (s) (J, �̄) RMSEv ‖Pg − v̂‖m RMSEg ‖g − ĝ‖n

1 2 × 102 102 5.8 (26,17) 0.37 4.3 0.32 48.9
2 × 103 103 5.4 (26,17) 0.37 4.3 0.32 48.9
2 × 104 104 5.5 (26,17) 0.37 4.3 0.32 48.9

∞ – 3.3 (26,17) 0.37 4.3 0.32 48.9
19 2 × 102 10 5.7 (26,17) 0.36 4.2 0.32 48.9

2 × 103 102 5.8 (26,17) 0.37 4.3 0.32 48.9
2 × 104 103 5.5 (26,17) 0.37 4.3 0.32 48.9

∞ – 3.2 (26,17) 0.37 4.3 0.32 48.9
199 2 × 103 10 5.4 (26,17) 0.36 4.1 0.32 48.9

2 × 104 102 5.4 (26,17) 0.37 4.3 0.32 48.9
2 × 105 103 5.6 (26,17) 0.37 4.3 0.32 48.9

∞ – 3.2 (26,17) 0.37 4.3 0.32 48.9
1999 2 × 103 1 5.2 (25,17) 0.38 4.5 0.32 48.8

2 × 104 10 5.7 (26,17) 0.36 4.2 0.32 48.9
2 × 105 102 5.5 (26,17) 0.37 4.3 0.32 48.9

∞ – 3.1 (26,17) 0.37 4.3 0.32 48.9

augmented Lagrangian (21) approach we obtain the new Lagrangian:

Lk1,k2,k3,ρ(g, y,μ) = Lk1,ρ(g, y,μ) + k2
2

‖Ag − O‖2 + k3
2

‖Bg − D‖2.

The results obtainedwith thismodel and k1 = k2 = k3 for theWinnipegnetwork are shown
in Table 8. Comparing these results with those shown in Table 6 for the complete model,
we observe an increase in the number of iterations as well as in the CPU time. Also, the
distance between the data and the estimations is larger when the constraints (32)–(33) are
considered.

Although‖g − ĝ‖ is largerwhenconstraints (32)–(33) are incorporated this time theesti-
mated g is closer to the ‘exact solution’ ḡ, which in our experiments is available since we
are using synthetic data (of course, the exact solution is not available in a real case). More
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(a) (b)

Figure 11. Scatter plots for the updated O-D matrix obtained with k/(ρ + 1) = 103 against the O-D
‘exact’ demand ḡ for theWinnipeg transit network. (a) Without considering constraints (32)–(33) and (b)
Considering constraints (32)–(33).

Figure 12. Scatter plots for the demand obtained with different values of ĝ for the Winnipeg transit
network.

precisely ‖g − ḡ‖ = 45.3 when constraints (32)–(33) are used in themodel, and ‖g − ḡ‖ =
63.3when those constraints are not used. Therefore, this information confirms that the new
results are close to those obtained without constraints (32)–(33), but the numerical results
are slightly improved when productions and attraction are incorporated in the optimiza-
tion model, at least for this particular network. Figure 11 shows the scatter plots for the
respective results with k/(ρ + 1) = 103.

To evaluate the performance of the DAMM algorithm when different changes in the
demand are expected, let us consider an outdated demand ĝ = ḡ + N(0, δḡ), where
N(0, δg) is a vector generated fromanormal distributionwithmean zero and standarddevi-
ation δḡ. Table 9 shows the numerical results for theWinnipeg network anddifferent values
of δ. These results show that the distance between the old matrix and the estimated one
increases in proportion to δ. Figure 12 shows the scatter plots for thedemandobtainedwith
different values of ĝ.

In Figure 13 we show the distance between the exact demand and the outdated one
for each O-D pair in blue and the distance between the exact demand and the estimated
one for each O-D pair in red. Notice that there is no significant variability in these distances.
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Table 9. Results for the Winnipeg network obtained with the augmented
Lagrangian model and the DAMM algorithm considering the constraints (32)–(33)
and different values of δ.

δ
‖ḡ − ĝ‖

‖ḡ‖ CPU (s) (J, �̄) RMSEv ‖Pg − v̂‖m RMSEg ‖g − ĝ‖n

0.01 0.01 0.7 (1,57) 0.46 5.4 0.01 0.8
0.05 0.05 2.0 (5,31) 0.48 5.5 0.04 5.9
0.10 0.10 3.0 (10,24) 0.29 3.4 0.07 11.1
0.20 0.21 3.8 (19,18) 0.23 2.6 0.15 22.8
0.30 0.31 2.5 (24,14) 0.31 3.6 0.26 39.6

Figure 13. Distances of ĝ and g from ḡ for the Winnipeg transit network.

As we mentioned in the introduction of this paper, the methodology presented here is for
short-term planning where no drastic changes in the demand are expected.

6. Conclusions

We studied twomethodologies to estimate O-Dmatrices in the context of transit networks:
a (previously introduced) penalized model combined with the multiplicative conjugate
gradient algorithm, and a new methodology, based on an augmented Lagrangian model
combined with a dual ascent and method of multipliers algorithm. We show (theoretically
and numerically) that the solutions of the penalized model converge to the solution of the
problem of Spiess when the penalty parameter approaches infinity. The penalizedmodel is
equivalent to a quadratic regularizationmodel and also to somemodels basedonweighted
averages, an important property thatmay help to get stabilitywith respect to perturbations
of the input data. These two methodologies are shown to be several times faster than the
methodology of Spiess and more accurate when the augmented Lagrangian is employed
to enforce non-negativity of the O-D matrix coefficients.

The numerical results show that we get the same solution, with the same computing
time, for values of the penalty parameter k greater or equal than 1000. This behavior is
consistent with the convergence properties of the penalized model in Section 2.1 and
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Table 10. Overall comparison for the Winnipeg transit network.

k ρ Method CPU Iters RMSEv ‖Pg − v̂‖m RMSEg ‖g − ĝ‖n
1000 0 MSD 0.8 s 78 0.17 1.9 0.33 50.9
1000 0 MSD-R 0.3 s 72 0.18 2.1 0.33 50.9
1000 0 MCG 0.3 s 21 0.11 1.3 0.33 51.1
1000 0 MCG-R 0.1 s 21 0.11 1.3 0.33 51.1
20000 19 DAMM 2.2 s (7,28) 0.09 1.1 0.12 19.2
20000 19 DAMM-R 0.4 s (3,53) 0.01 0.1 0.18 27.8

Table 11. Overall comparison for the MAVM network.

k ρ Method CPU Iters RMSEv ‖Pg − v̂‖ RMSEg ‖g − ĝ‖
1000 0 MSD 23.6s 147 78.92 3025.9 2.54 4324.9
1000 0 MSD-R 5.6s 147 78.92 3025.9 2.54 4325.1
1000 0 MCG 5.6s 30 52.34 2006.7 2.64 4499.3
1000 0 MCG-R 1.2s 30 52.34 2006.7 2.64 4499.7
20000 19 DAMM 9.2s (1,28) 69.05 2647.5 2.07 3529.0
20000 19 DAMM-R 0.8s (1,28) 69.04 2647.1 2.07 3529.1

with the results obtained with models based on weighted averages, like Noriega and Flo-
rian (2009) and Verbas, Mahmassani, and Zhang (2011), where convergent results were
obtained around β = 0.999 (equivalent to k=1000, according to (12)).

Tables 10 and 11 show an overall comparison of the methodologies employed in this
work for theWinnipeg and theMAVMnetworks. In the third column of those tables, MSD-R
indicates themultiplicative steepest descentmethod (Spiess) for the reducedmodel, MCG-
R and DAMM-R have a similar meaning.

The penalized model with MCG gives the same solution than the approach of Spiess
with a lower computational cost, while the augmented Lagrangian model with the DAMM
algorithm gets more accurate solutions with less computational cost for the larger transit
network of the MAVM. The low CPU time of the calculations shows that quadratic models
with appropriate solution algorithms are a good option for large-scale transit networks and
may be adapted to the dynamic case. Future research lines are the following:

• Incorporate more information in the model. For example, zone information, upper and
lower bounds, and travel costs.

• Thematrix P can be reduced evenmore by deleting those columns which have only null
coefficients (i.e. delete column j if Pi,j = 0, ∀ i = 1, 2, . . . ,m). In this case, the correspond-
ing value of gj must be set to ĝj.

• TheaugmentedLagrangianapproachcanbe implemented for other equality constraints
and other algorithms that have been effective in other contexts (see Boyd et al. 2010);
for instance, Balakrishnan, Magnanti, and Wong (1989) used the alternating direction
method of multipliers for network design.

The next step in this research is to consider a nonlinear transit assignment. This case is
more difficult since the convexity of the optimization models is lost. However, an iterative
approach with linearization at each step, where our approach for linear models may be
applied.
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Note

1. The Bolzano-Weierstrass theorem is a fundamental result about convergence in a n-dimensional
Euclidean space R

n. It states that each bounded sequence in R
n has a convergent subsequence.
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