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In this article, we study numerically a diagnostic model, based on mass conservation, to recover solenoidal
vector fields from experimental data. Based on a reformulation of the mathematical model as a saddle-point
problem, we introduce an iterative preconditioned conjugate gradient algorithm, applied to an associated
operator equation of elliptic type, to solve the problem. To obtain a stable algorithm, we use a second-
order mixed finite element approximation for discretization. We show, using synthetic vector fields, that this
new approach, yields very accurate solutions at a low computational cost compared to traditional methods
with the same order of approximation. © 2015 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 32:
1137–1154, 2016
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I. INTRODUCTION

Several problems and applications require a fair knowledge of a vector field over a region. For
instance, the prediction of the transport, diffusion, and dispersion of air and water pollutants in
the atmosphere or in the ocean [1–3]; realization of wind maps for the design of different urban
and general projects [4]. Moreover, meteorological wind/water fields are also required inputs for
air/water quality models. Usually this information is incomplete or with errors due to experimental
measurements, and a reconstruction of the vector field is needed. Several models and strategies,
with various levels of complexity, have been proposed to address this problem. An early review
of these models is available in [5].

The problem we are considering in this work is to generate, in a given domain, a velocity
field u for an incompressible fluid, which matches an initial one uI obtained from experimental
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FIG. 1. General domain.

measurements, for example. The adjusted vector field u must satisfy mass conservation and a no-
flow-through condition on part of the boundary. We consider a variational mass-consistent model
which is based on the original formulation by Sasaki [6]. This approach has been used for a variety
of meteorological problems, [1, 4, 7, 8]. Mass-consistent models are attractive because: (i) their
simplicity. (ii) They are easy to implement and noncostly to operate. (iii) They have enjoyed sev-
eral developments and various improvements during the last decades [5, 8–12]. Recovering vector
fields from experimental data is still an important research topic [3, 13–15], and the numerical
techniques to solve these problems in different contexts are becoming more sophisticated [16–
19], and they are, or will be, more important with increase in complexity. A related topic is the
reconstruction of a vector field at any point in space, given its values in a neighborhood of that
point or, more specifically, given the normal components at the edges of a computational mesh.
Vector reconstructions are more closely related to high-order interpolation and may be used in
different contexts, such as for data assimilation methods, visualization algorithms, atmospheric
and coastal modeling, or their use on semi-Lagrangian schemes. Several vector reconstruction
methods have been developed to solve these problems for planar grids and spherical polygonal
C-grids. For more information, we recommend the following references: [20, 21].

Let � be the domain of interest with boundary � = �N ∪�D (see Fig. 1). The model we use is

∇ · u = 0 in �, (1)

u · n̂ = 0 on �N , (2)

the matching problem being defined by{
u ∈ V,

J (u) ≤ J (v), ∀v ∈ V,
(3)

where: (i) The velocity space V is defined by

V = {
v ∈ H(div; �) : ∇ · v = 0 and v · n̂ = 0 on �N

}
, (4)

(ii) The cost function J (a fidelity functional, in the sense of image processing) is defined by

J (v) = 1

2

∫
�

S(v − uI) · (v − uI) dx, (5)
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FEM AND PRECONDITIONING FOR RECONSTRUCTION OF VECTOR FIELDS 1139

In (4) and (5) (and below), the derivatives are in the sense of distributions, moreover: the space
H(div; �) is defined by H(div; �) = { v ∈ L2(�) : ∇ · v ∈ L2(�) }, n̂ denotes the outward unit
normal vector at � and S is a diagonal matrix with weighting parameters Sii , i = 1, 2, 3, called
Gaussian precision moduli, related to the scales of the respective components of the velocity field.
An application in meteorology is to recover a wind field from horizontal data, so in this case the
vertical component of uI is assumed to be zero, because some meteorological stations do not
measure this component. In some other applications, as experimental fluid dynamics, uI can be
seen as a perturbation to the original vector field. Using classical convexity arguments (see, e.g.,
[22]), one can easily prove that the matching problem (3) has a unique solution. In order to solve
problem (3) numerically, we associate with the condition ∇ · u = 0 a Lagrange multiplier (a kind
of pressure here), as done classically in incompressible Fluid Mechanics (see, e.g., [23]), and look
for a saddle-point over the space VN × L2(�) (with VN = { v ∈ H(div; �) : v · n̂ = 0 on �N })
of the Lagrangian functional L defined by

L(v, μ) = J (v) +
∫

�

μ∇ · u dx . (6)

If the pair (u, λ) is such a saddle-point, it verifies (by definition of a saddle-point){
(u, λ) ∈ VN × L2(�),

L(u, μ) ≤ L(u, λ) ≤ L(v, λ), ∀(v, μ) ∈ VN × L2(�),

which implies the following characterization:

⎧⎪⎪⎨
⎪⎪⎩

(u, λ) ∈ VN × L2(�),∫
�

S(u − uI) · v dx +
∫

�

λ∇ · v dx = 0, ∀v ∈ VN ,

∇ · u = 0 .

(7)

It follows from (7) that (u, λ) verifies (in the sense of distributions):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u = uI + S−1∇λ in �,

∇ · u = 0 in �,

u · n̂ = 0 on �N ,

λ = 0 on �D .

(8)

Relations (8) imply that λ is the unique solution of the following elliptic problem (of the
Neumann-Dirichlet type):

⎧⎪⎨
⎪⎩

−∇ · S−1∇λ = ∇ · uI in �,

λ = 0 on �D ,

(S−1∇λ + uI) · n̂ = 0 on �N ,

(9)

In [24], one employed two numerical approaches to study how the boundary conditions for λ can
affect the reconstruction of the vector field. The first one was based on the finite element solu-
tion of the elliptic problem (9), and the resulting algorithm was called E–algorithm. When �

is a rectangular domain, �N was restricted to the bottom, and on the remaining (vertical) part
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of the boundary the boundary condition S−1∇λ · n̂ = 0 was imposed, which arises from the
assumption that u · n̂ = uI · n̂ for wind fields on vertical boundaries; the resulting algorithm was
called E2–algorithm. The second approach was based on the saddle-point formulation of the opti-
mization problem to which one applied a conjugate gradient algorithm (CG–algorithm), inspired
from a successful methodology in computational fluid dynamics [23]. This new approach requires
boundary conditions for the vector field, but does not requires explicitly boundary conditions for
the multiplier and produces better results. In this article, we introduce a preconditioned conjugate
gradient algorithm associated with this second approach, reducing the computational cost. Also
we show via numerical experiments that it is acceptable to simplify the model by taking S = I

(the identity matrix), at least for the 2D synthetic numerical examples considered in this article.
The structure of this article is as follows: In Section 2, we consider the mathematical formu-

lation of the problem which is based on a least squares formulation, but with the cost functional
defined on a suitable Hilbert space where a unique solution is guaranteed. In Section 3, we describe
the problem following the saddle-point approach. After reformulating the problem, we introduce
a preconditioned conjugate gradient (PCG–algorithm), where a mixed finite element method is
used to solve the elliptic subproblems at each iteration. In Section 4, we present and discuss the
numerical results, and finally, in Section 5 we give some concluding remarks.

II. MATHEMATICAL FORMULATION AND THE SADDLE-POINT PROBLEM

Let � be an open, simply connected and bounded region in R
d(d = 2 or 3) with Lipschitz bound-

ary � = �N ∪ �D , where �N is the part of the boundary where velocity boundary conditions
are available, and �D = � \ �N . For instance, for wind field recovery we specify the boundary
conditions for velocity u · n̂ = 0 on the surface terrain and u · n̂ = uI · n̂ on vertical truncated
boundaries. Then, �N includes the bottom and vertical boundaries and �D is the top boundary, as
indicated in Fig. 1.

In this case, given an initial vector field uI in � (which can be obtained by interpolating atmos-
pheric data, or by other means), our goal is to generate a solenoidal field u—called adjusted
field—as close to uI as possible in a sense that will be clarified below.

Following [24], we assume for the moment that u · n̂ = 0 on �N , and consider the space V
defined by (4) and equipped with the norm || · ||S,� associated with the inner product

〈u, v〉S =
∫

�

(Su) · v dx,

where v · w = ∑d

i=1viwi is the usual dot product in R
d . Defining the functional J : V → R, by

J (v) = 1

2
‖ v − uI‖2

S,� = 1

2

∫
�

S(v − uI) · (v − uI) dx, (10)

the problem to generate the adjusted vector field u is problem 3 encountered in Section 1, namely

Given uI ∈ H(div; �), find u ∈ V such that J (u) ≤ J (v), ∀ v ∈ V. (11)

The first- and second-order conditions for J to have a minimizer u ∈ V are∫
�

S(u − uI) · v dx = 0 , ∀ v ∈ V, (12)
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FEM AND PRECONDITIONING FOR RECONSTRUCTION OF VECTOR FIELDS 1141∫
�

Sv · v dx > 0 , ∀ v ∈ V, v �= 0, (13)

respectively. Since S is positive definite, then (13) holds and relation (12) becomes a necessary
and sufficient condition for J to have a global minimizer u ∈ V . The Lax–Milgram theorem
guarantees that (12) has a unique solution. This solution verifies relations (8) which imply that λ

is the unique solution in H 1(�) of the elliptic problem (9) (a dual of problem (12)). Despite the
fact that problem (9) is well-posed, the approach it provides to the solution of problem (12) is not
always suitable numerically as shown in [24].

As shown in Section 1, a saddle-point formulation is obtained from the Lagrangian

L(v, q) = J (v) +
∫

�

q∇ · v dx . (14)

defined on VN × L2(�), where VN is the space of vector functions given by

VN = { v ∈ H(div; �) : v · n̂ = 0 on �N }. (15)

If a pair (u, λ) ∈ VN × L2(�) is a stationary point of the Lagrangian (14), it verifies∫
�

Su · v dx +
∫

�

λ∇ · v dx =
∫

�

SuI · v dx, ∀ v ∈ VN , (16)

∫
�

q∇ · u dx = 0, ∀ q ∈ L2(�). (17)

Remark. The case where the recovered vector field u has nonhomogeneous boundary condi-
tions on �N can be treated in a similar way by separating u on �N and in the interior of the
domain.

III. A PRECONDITIONED CONJUGATE GRADIENT ALGORITHM

A. An Operator for the Lagrange Multiplier

There are some effective numerical techniques to solve saddle-point problems like the variational
system (16)–(17). Here we reformulate the problem as an operator equation in L2(�) verified by
λ. Let assume that (u, λ) is solution of problem (16)–(17) with

u = uI + uλ, (18)

where the velocity uI is tangent to �N and where uλ is solution of the following linear variational
problem ⎧⎪⎪⎨

⎪⎪⎩
uλ ∈ VN ,

∫
�

(S uλ) · v dx = −
∫

�

λ∇ · v dx, ∀ v ∈ VN .

(19)

Taking ∇ · u = 0 into account, it follows from (18) that −∇ · uλ = ∇ · uI; this equation can
be expressed in operator form as

A λ = ∇ · uI, (20)
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where A : L2(�) → L2(�) is the operator defined by

A μ = −∇ · uμ, (21)

with uμ the solution of

⎧⎨
⎩

uμ ∈ VN ,∫
�

(S uμ) · v dx = −
∫

�

μ∇ · v dx, ∀ v ∈ VN .
(22)

Taking advantage of the properties of operator A (linear, self-adjoint, and strongly elliptic),
Eq. (20) can be solved by a conjugate gradient algorithm operating in space VN (as shown for
example in [23], Chapters 3 and 4) for general linear variational problems with the same properties
than (22).

B. A Preconditioned Conjugate Gradient

The CG–algorithm yields excellent numerical results, mainly on the reduction of the discrete
average divergence, which is the main goal when a solenoidal vector field is needed. However, the
number of iterations required for convergence is mesh-dependent and can reach several hundreds
and even more than one thousand, in some cases. Fortunately, we have been able to derive an
excellent preconditioner (in fact, optimal), which is based on the properties of operator A. The
idea is described below. Let B : L2(�) → L2(�) be the operator defined by

Bq = φq , (23)

where φq solves the problem∫
�

(S−1∇φq) · ∇ψ dx =
∫

�

q ψ dx, ∀ ψ ∈ H 1
D(�), (24)

φq = 0 on �D , (25)

S−1∇φq · n̂ = 0 on �N , (26)

with

H 1
D(�) = {

ψ ∈ H 1(�) : ψ = 0 on �D

}
. (27)

Operator B satisfies∫
�

q ′Bqdx =
∫

�

q ′φq dx =
∫

�

S−1∇φq′ · ∇φq dx, ∀ q, q ′ ∈ L2(�), (28)

∫
�

qBq dx =
∫

�

S−1∇φq · ∇φq dx > c||∇φq ||2L2(�), ∀ q �= 0, (0 < c < min {Sii}), (29)

so B is elliptic and self-adjoint, and more importantly, it satisfies ABq = q for every q ∈ L2(�).
This is shown next in a formal way, without considering boundary conditions,

A q = −∇ · uq = −∇ · (S−1∇ q), since S uq = ∇q in �, (30)
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B q = φq = −[∇ · (S−1∇)]−1
q, since − ∇ · (S−1∇φq) = q in �. (31)

Then, from (30)–(31),

A (B q) = A φq = −∇ · (S−1∇φq) = q. (32)

Therefore, we can take B−1 as a preconditioner for A. Property (32) tell us that this preconditioner
is optimal, and that the associated preconditioned conjugate gradient algorithm (PCG– algorithm)
will converge in few iterations. We cannot expect to have convergence in one iteration because of
two reasons (at least): we have to introduce boundary conditions to solve problem (30), which are
implicit in the weak formulation (22); also, we have to solve the discrete version of the problem.
Next, we describe the PCG–algorithm in operational form to solve (16)–(17):

1. Initialization: λ0 given, g0 = A λ0 − ∇ · uI, ĝ0 = B g0, d0 = −ĝ0.
2. Descent: For m ≥ 0, assuming we know λm, gm, ĝm, dm, find λm+1, gm+1, ĝm+1, dm+1 by

λm+1 = λm + αm dm where αm = 〈gm, ĝm〉/〈dm, A dm〉.
gm+1 = gm + αm A dm,

ĝm+1 = ĝm + αm B(A dm).

3. Test of convergence and new conjugate direction:

If 〈gm+1, ĝm+1〉 ≤ ε〈g0, ĝ0〉, take λ = λm+1 and stop.

Else dm+1 = −ĝm+1 + βm dm with βm = 〈gm+1, ĝm+1〉
〈gm, ĝm〉

Do m = m + 1 and return to 2.

Using Eqs. (19)–(20), which define operator A, and Eqs. (23)–(24) which define operator B,
the detailed conjugate gradient algorithm with preconditioning is as follows:

Initialization

1. Given λ0 ∈ L2(�), solve⎧⎪⎪⎨
⎪⎪⎩

u0
λ ∈ VN ,

∫
�

(S u0
λ) · v dx = −

∫
�

λ0∇ · v dx, ∀ v ∈ VN .

2. Let g0 = ∇ · u0, where u0 = u0
λ + uI.

3. Solve ⎧⎪⎪⎨
⎪⎪⎩

φ0 ∈ H 1
D(�),

∫
�

(S−1∇φ0) · ∇ψ dx =
∫

�

g0ψ dx, ∀ ψ ∈ H 1
D(�).

4. Let ĝ0 = φ0, d0 = ĝ0.

Numerical Methods for Partial Differential Equations DOI 10.1002/num



1144 LÓPEZ, JUÁREZ, AND SANDOVAL

Descent

For m ≥ 0, assuming λm, gm, ĝm, dm, um are known, compute λm+1, gm+1, ĝm+1, dm+1 and um+1,
using the following steps:

5. Solve ⎧⎨
⎩

um ∈ VN ,∫
�

(S um
) · v dx = −

∫
�

dm∇ · v dx, ∀ v ∈ VN .

6. Let ḡm = ∇ · um.
7. Solve ⎧⎨

⎩
φ

m ∈ H 1
D(�),∫

�

(S−1∇φ
m
) · ∇ψ dx =

∫
�

ḡmψ dx, ∀ ψ ∈ H 1
D(�).

8. Let αm = ∫
�

gmĝmdx/
∫

�
ḡmdmdx.

9. Set

λm+1 = λm − αm dm,

um+1 = um − αm um,

gm+1 = gm − αm ḡm,

ĝm+1 = ĝm − αm φ
m

.

Test of Convergence and New Descent Direction.

If
∫

�
gm+1ĝm+1 dx/

∫
�

g0ĝ0 dx < ε, then do λ = λm+1, u = um+1 and stop. Otherwise, do the
following

10. Compute βm = ∫
�

gm+1ĝm+1dx/
∫

�
gmĝm dx

11. Set dm+1 = ĝm+1 + βm dm.
12. Do m = m + 1 and return to 5.

Note that in this algorithm, u and λ are computed simultaneously. Comparing this algorithm with
the nonpreconditioned version, we easily find that the additional work is related to steps 3 and
7. So, the additional cost of this algorithm at each iteration is the solution of the elliptic problem
in step 7. However, this additional cost is offset by two nice properties: (a) the preconditioning
reduces dramatically the number of iterations; (b) there is a significant reduction of degrees of
freedom in the discrete version of the elliptic problem in steps 3 and 7. We shall clarify this last
point after having discretized the algorithm by the finite element method discussed here after.

C. Discretization by a Mixed Finite Element Method

To approximate the functions belonging to the spaces VN and L2(�), we make use of the
Bercovier–Pironneau finite element approximation [25] (see also [[23], Chapter 5]). This is a
stable mixed method where the vector functions on VN , such as u0

λ, um, and um, are approximated
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FIG. 2. Element in T2h: triangle ABC. Elements in Th: triangles AQP, PRC, PQR, and QBR. [Color figure
can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

by continuous piecewise linear polynomials on a fine triangulation Th of �. Scalar functions on
L2(�), such as λm, gm, ḡm, ĝm, dm, are also approximated with piecewise linear polynomials, but
this time on a twice coarse triangulation, T2h of �. The fine triangulation Th is obtained from the
coarse triangulation through a regular subdivision of each triangle T ∈ T2h, as shown in Fig. 2.

Then, the functional spaces VN and L2(�) are approximated by the following finite dimensional
subspaces

VNh = { vh ∈ C0(�)
2

: vh|T ∈ P1 × P1, ∀ T ∈ Th, vh · n = 0 on �N }, (33)

and

L2h = { qh ∈ C0(�) : qh|T ∈ P1, ∀ T ∈ T2h }, (34)

respectively. We apply the mixed method described above, particularly in steps 1 and 5, as well as
in the weak version of the steps 2 and 6 of the PCG-algorithm. Concerning the elliptic problems
in steps 3 and 7, they are approximated over the coarse triangulation T2h. Scalar functions on
H 1(�), such as φ0 and φ

m
are approximated by continuous piecewise linear polynomials on each

of the triangles of T2h. Then, H 1(�) is approximated by means of the finite dimensional space

H 1
2h = { qh ∈ C0(�) : qh|T ∈ P1, ∀ T ∈ T2h }, (35)

Finally, scalar functions, such as g0, ḡm are approximated by functions of L2h defined in (34), as
we have mentioned before.

Note that since uh is obtained on the fine mesh, its resolution is the same as that obtained with
the traditional algorithm in Th. Also, if the trapezoidal rule is applied to calculate the integrals
on the left hand side in steps 1 and 5, we obtain a system of algebraic equations with diagonal
matrix, and the cost to solve them is only a vector multiplication. Then, the additional cost of the
PCG–algorithm compared to the cost of the CG–Algorihm is the solution of the elliptic problems in
steps 3 and 7, but these problems are solved with a mesh twice coarser. So, for a two-dimensional
problem, the number of degrees of freedom (number of unknowns) in the resulting algebraic
problem is about four times less than the number of degrees of freedom obtained when solving
the elliptic problem with the traditional method described in Section 1. For a three-dimensional
problem, the number of degrees of freedom is about eight times less. According to this, the
PCG–algorithm algorithm saves memory on matrix storage, compared with the E–algorithm and
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E2–algorithm used in [24]. The corresponding matrix can be precalculated before starting to
iterate because it remains constant throughout the calculation process.

To measure the global difference between the exact field u and the computed adjusted field uh,
we take the relative error

er = ||u − uh||2
||u||2 , (36)

and to measure how close is uh to a solenoidal vector field, we computed, the L2 norm of the
divergence of uh, which we denote by ndiv. In [24], the divergence of u at the interior vertex xi

was approximated in a weak-sense via the averaging relation

∇ · u(xi ) = − 3

|�i |
∫

�

uh · ∇φi dx , (37)

where in (37), φi is the piecewise linear basis function associated with xi , �i is the interior of the
support �i of φi , and |�i | = measure(�i). As mentioned above, in the present article, we evaluated
directly ||∇ · uh||L2(�), instead of using, as done in [24], the weighted sum (by |�i |

3 ) of the values
in the right-hand side of (37) (a quantity denoted by mdiv in [24]).

IV. NUMERICAL RESULTS

To show the performance of the PCG–algorithm versus the CG–algorithm, we chose two synthetic
solenoidal vector fields. In Example 1, we consider the 2D vector field u(x, y) = (x, −y) and
in the other examples we consider an inviscid flow around a circular cylinder. We also consider
two cases: where the vertical component is recovered from horizontal data (Examples 1–2) and
where the vector field is recovered from randomly perturbed data (Example 4). All numerical
calculations were done by a Toshiba PC: Portege R705, Windows 7, 64 Bits, Intel Processor
CORE i3, 2.27 GHz, 3GB RAM.

In the tables shown below, we write S = I when the diagonal matrix S is the identity matrix.
When S �= I , it suffices to give the value of S22, since S11 is always taken as 1.

Example 1. We consider the two-dimensional solenoidal vector field u(x, y) = (x, −y)

defined in � = (1, 2) × (0, 1). Assuming that we have uI(x, y) = (x, 0) as an initial hori-
zontal vector field, we want to see how much we can recover of the vertical component of u,
applying the CG and PCG algorithms. A summary of the numerical results is shown in Table I,
where we show the relative error er , average of divergence mdiv, as well as the number of iterations
to get convergence, up to the given tolerance (ε = 10−12, in the CG and PCG algorithms) for
different mesh sizes. This table also contains the CPU time (sec) spent in each numerical exper-
iment, and, in particular, in the last column it shows the CPU time spent by the E2-algorithm
introduced in [24].

It is clear that the PCG–algorithm performs much better than the other algorithms. Another
nice feature of the performance of the PCG–algorithm in this example is that the number of
iterations is independent of the mesh size (seven iterations in each case). Also, the relative error
between the computed solution and the exact vector field is of the same order for the CG and PCG
algorithms, with the largest difference occurring on the top boundary, since boundary conditions
were not explicitly imposed there. Exact boundary conditions were imposed on the rest of the
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TABLE I. Numerical results for Example 1. ε = 10−12.

S = I CG-algorithm PCG-algorithm E2-alg

v. mesh size er mdiv iters. CPUt er mdiv iters. CPUt CPUt

33×33 3.1E-4 −7.6E-09 260 .25 1.9E-3 −3.4E-6 6 0.03 0.01
65×65 1.1E-4 −5.0E-10 498 1.18 6.9E-4 −4.5E-7 7 0.085 0.06
129×129 4.0E-5 −2.7E-11 854 7.24 2.4E-4 −5.9E-8 7 0.26 0.73
257×257 1.4E-5 −1.6E-12 1688 60.69 8.6E-5 −7.5E-9 7 1.96 15.75

TABLE II. Numerical results obtained in [24] for Example 1.

Algorithm er mdiv iters. CPUt

E–algorithm 1.9 × 10−2 4.1 × 10−2 – 1.78
E2–algorithm 4 × 10−4 1.8 × 10−2 – 1.78
CG–algorithm 5.9 × 10−4 −5.3 × 10−12 1214 3.9

TABLE III. Numerical results for Example 1. ε = 10−4.

S = I CG-algorithm PCG-algorithm

v. mesh size er ndiv iters. er ndiv iters.

33×33 1.16E-3 1.24E-5 84 1.82E-3 6.19E-5 2
65×65 5.04E-4 3.29E-6 170 6.40E-4 1.09E-5 2
129×129 1.88E-4 9.04E-7 346 2.25E-4 1.93E-6 2
257×257 9.25E-5 2.23E-7 695 9.93E-5 3.40E-7 2

boundary. For this example, we observe a loss of accuracy on the mean divergence when the
PCG-algorithm is employed. This phenomenon does not occur with the other, more complicated,
examples shown below. Anyway, the mean divergence obtained with the PCG–algorithm is still
very accurate, from a practical point of view, since most of the traditional numerical algorithms to
enforce mass conservation yield an average divergence of the order of 10−2 as shown in Table II,
where we show the numerical results obtained in [24] with a mesh size of h = 1/80 for velocity.
In those experiments, the E and E2 algorithms correspond to the solution of the elliptic problem
(9) with two different types of boundary conditions for λ.

Above, the criterion used to stop the conjugate gradient iterations, namely ε = 10−12, is very
strict. We picked this value only because we wanted to make comparisons with numerical results
obtained in [24]. Actually, we found that the much less restrictive value ε = 10−4 still provides
very good results, with less computational effort, of course. Table III shows the numerical results
obtained with this new stopping criterion, for the same test problem. Observe that, instead of
mdiv, we included the L2 norm of the divergence this time. Comparing with the results shown
in Table I, it can be observed that the loss of accuracy (since much less iterations are needed) is
not significant, especially when the preconditioned conjugate gradient method is employed. It is
obvious that this is a more efficient way to recover the same vector field. Therefore, we decided
to fix the tolerance ε at 10−4 for the next examples in this article.

Example 2. In this case, we consider an inviscid flow around a cylinder where the vector field,
u = (u, w), is defined by

u = U0 + U0
a2

r4
(y2 − x2), (38)
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FIG. 3. Left: vector field. Right: coarser mesh for the multiplier in Example 2. [Color figure can be viewed
in the online issue, which is available at wileyonlinelibrary.com.]

TABLE IV. Numerical results for Example 2.

S = I CG-algorithm PCG-algorithm

v. mesh size er ndiv iters. er ndiv iters.

h = 0.21 8.91E-2 4.30E-5 17 8.93E-2 4.62E-5 5
(1/2)h 9.84E-2 1.17E-5 33 9.87E-2 1.54E-5 4
(1/4)h 1.04E-1 5.62E-6 68 1.04E-1 6.66E-6 4
(1/8)h 1.07E-1 3.59E-6 367 1.07E-1 4.86E-6 4

w = −2U0
a2

r4
xy, (39)

r2 = y2 + x2, (40)

with a = 1, U0 = 0.01. Fig. 3(left) shows this vector field in the domain � = (−2, 2)× (0, 2)\D
where D is the upper half of the unitary disk.

Again, we drop the vertical component of the velocity to get the initial vector field uI = (u, 0).
The boundary conditions are the same as in the previous example, the only difference being the
shape of the bottom boundary �N where the disk is located. We consider four different meshes
for velocity, as indicated in Table IV, the first one (h = 0.21) is obtained from a regular subdivi-
sion of the one shown in Fig. 3(right), and the other meshes were obtained by additional regular
subdivisions. In the subdivided meshes, the middle points between two adjacent nodes on the
boundary disk are always relocated to its closest point on the boundary disk.

Table IV shows that in all cases the L2 norm of the divergence is very small as in Example 1.
Also, the number of iterations done by the CG–algorithm to achieve convergence doubles with
each mesh refinement, while the number of iterations with the PCG–algorithm is very small and
mesh independent.

We observe that there is an inconsistency between the inviscid model and the problem itself:
if S = I in (8) and λ is smooth, then ∂λ

∂x
= 0 and ∂λ

∂y
= w(x, y), which is possible only if w(x, y)

does not depend on x explicitly. This condition is not satisfied by velocity field in (39), contrary
to what happened in Example 1, where w(x, y) = −y. Therefore, we cannot expect a small
relative error in this example; in fact, convergence to the exact solution is lost. Fig. 4 shows the
complicated shape of the multiplier λh.

Figure 5, on left, shows the corresponding recovered vector field (in a region close to the disk);
the same figure, on right, shows the vector difference of the exact and the adjusted velocity fields.
We can see that in this case the distribution of the error is complex and the largest difference
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FIG. 4. Different views for the multiplier λ in Example 2. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

FIG. 5. Left: adjusted (blue) and exact (red) vector fields close to the cylinder for Example 2. Right: differ-
ence between exact and adjusted vector fields (an amplification). [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

occurs close to the disk boundary. These figures give an idea of the level of difficulty to recover
the vector field in this example.

Example 3. In this example, we consider the same exact and initial vector fields as in Example
2, but now in the simpler domain � = (1, 5) × (0, 2), where the cylinder is not included. We
consider four different meshes for velocity, as indicated in Table V, the first one (h = 0.2) is
obtained with 20 horizontal subdivisions and 10 vertical subdivisions, and the other meshes were
obtained by successive regular subdivisions of this mesh. Table V shows that the L2 norm of
the divergence is very small in all cases and gets smaller as the mesh is refined. However, the
relative error is not reduced, but we cannot expect convergence to the exact solution due to the
inconsistency explained in the previous example.

For this example, we did several experiments with different values for S22 (remember S11 = 1),
considering negative and positive powers of 10, i.e. S22 = 10n with n ∈ Z. We found that after
S22 = 1, the best relative error was found with S22 = 10−2. Higher values of S22 increase the
relative error and lower values of S22 do not improve it further. On the other hand, the average
divergence is about the same to that obtained with S = I , but at the cost of more iterations in the
PCG– algorithm. The same experiments with different values for S22 were done with the problem
in Example 1. In that case, the relative error was independent of S in all cases, because there is
no inconsistency between the model and the vector field recovered (i.e., ∂λ

∂y
depends only on y).

Example 4. In this example, we consider the same vector field and same domain as in Example
3, but now the initial field is uI = (u + δu, w + δw) where δu and δw are random perturbations
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TABLE V. Numerical results for Example 3.

S = I CG-algorithm PCG-algorithm

v. mesh size er ndiv iters. er ndiv iters.

20×10 5.84E-2 1.11E-5 23 5.86E-2 1.81E-5 4
40×20 6.65E-2 1.88E-6 42 6.65E-2 3.48E-6 3
80×40 7.07E-2 3.46E-7 81 7.07E-2 6.57E-7 2
160×80 7.29E-2 7.08E-8 171 7.29E-2 1.26E-7 2
S22 = 1E − 2
20×10 8.78E-3 1.32E-5 42 8.96E-3 1.37E-5 8
40×20 2.82E-3 1.23E-6 52 3.82E-3 2.55E-6 7
80×40 4.18E-3 2.14E-7 103 4.35E-3 4.79E-7 4
160×80 4.81E-3 4.55E-8 168 4.65E-3 9.44E-8 3

TABLE VI. Numerical results for Example 4.

S = I CG-algorithm PCG-algorithm

v. meshsize er ndiv iters er ndiv iters.

20×10 5.85E-2 1.94E-4 11 5.89E-2 1.95E-4 6
40×20 5.25E-2 5.64E-5 19 5.25E-2 5.66E-5 7
80×40 5.37E-2 2.47E-5 12 5.38E-2 2.48E-5 7
160×80 5.58E-2 1.16E-5 17 5.57E-2 1.17E-5 8

FIG. 6. Multiplier λ for Example 4. [Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

of u and w of magnitude |δu| ≤ 0.3|u| and |δw| ≤ 0.3|w| at each mesh node, respectively. This
time we apply exact boundary conditions for the velocity and consider the same meshes as in
Example 3. Table VI shows the numerical results for the different meshes.

Again, the norm of the divergence is small in all cases, but it does not decrease at the same
rate than in the previous examples. However, in this case the relative error is similar to the one
obtained in Examples 2 and 3; we think that this behavior may be associated to the already
commented inconsistency of the inviscid model, as well as the lack of convergence due to the
nonsmooth aleatory perturbation. Figs. 6 and 7 show the random shape of the multiplier λ, and
the corresponding recovered vector field.
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FIG. 7. Exact (red) and adjusted (blue) vector fields for Example 4. On the left, a local amplification is
shown. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

FIG. 8. Difference between the exact and recovered vector fields in Example 4 (an amplification).

Figure 8 shows the difference between the exact and the adjusted velocity fields, illustrating
that the distribution of the error inherits the random behavior.

As in the previous example, we did several experiments with different values of S22 (S11 = 1).
The best relative error was found with S22 = 5. Lower values of S22 increase the relative error
and greater values of S22 do not improve it further. Again, the average divergence was about the
same to that obtained with S = I , but at the cost of more iterations.

V. CONCLUSIONS

Continuing with the study of the Sasaki’s inviscid model to recover vector fields, we have intro-
duced an optimal preconditioner for the conjugate gradient iterative algorithm, to solve the
operator equation associated with the saddle-point formulation of the problem. Numerical results
show that the new preconditioned conjugate gradient algorithm, and its stable approximation
by a mixed finite element discretization, preserve the good properties of the nonpreconditioned
conjugate gradient algorithm, but it is much faster, and produces much better results than the
traditional methods based on the elliptic problem (8). Some additional nice properties of this
algorithm are
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• It enforces very accurately mass conservation in the computed vector fields, considering
that the approximation is second order. Also, we found that choosing S=I allows us to
recover the vector field accurately for all the examples. However, when the inviscid model
is inconsistent with the vector field (i.e. w(x,y) depends on x explicitly), the results do
depend of S. Nevertheless, many authors give recommendations about how to choose S,
[1, 5, 8, 11, 26, 27].

• The number of iterations is reduced from several hundreds to less than 10 for all the exam-
ples considered in this article, even for nonsimple domains and nonuniform meshes. Also,
the number of iterations of the PCG–algorithm is almost independent with respect to mesh
refinement, while the number of iterations in the nonpreconditioned algorithm doubles at
each mesh refinement in most cases. Therefore, there is a substantial reduction in the com-
putational time in all the cases. However, this behavior must be corroborated in 3D problems
with adaptive meshes in complex domains, and with millions of degrees of freedom, in order
to have a better idea of the performance of the method with realistic scenarios.

• It is no necessary to impose boundary conditions on the multiplier, as it is done with the tradi-
tional approaches. Furthermore, post processing to find the velocity field from the multiplier
is no required, since the multiplier and the recovered vector field are found simultaneously
by the algorithm.

On the other hand, we have found that the inviscid model may have limitations in some cases.
For instance, when the initial vector uI field is smooth, the inviscid model may be inconsistent
with the vector field we want to recover. This is shown in Examples 2 and 3, where the recovered
field does not converge to the exact one as the mesh is refined (see the relative error in Tables IV
and V). It is possible to reduce the relative error by choosing a diagonal matrix S different from
the identity as shown in Table V. However, this reduction is not significant and depends on the
particular case. For instance, in Example 1 (see Table I), we obtained small relative errors because
that inconsistency between the model and the problem was not present, while in Example 4 we
did not get convergence to the exact solution again.

The application of the methodology presented here to the more realistic three-dimensional
case is an extension of the present work. Another interesting issue is the potential application
of these methodologies to other experimental fields such as fluid dynamics and image recov-
ering. In particular, recently we have been told about the importance of the reconstruction of
solenoidal velocity fields from experimental data obtained by means of the PIV (Particle Image
Velocimetry) technique [28] and potential application to optical flow [29]. In the mean time, we
are constructing a viscous model where we will enforce conservation of momentum, in addition
to mass conservation.
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