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Abstract In this paper, we prove the existence of special type of motions in the
restricted planar parabolic three-body problem, of the type exchange, emission–
capture, and emission–escape with close passages to collinear and equilateral triangle
configuration, among others. The proof is based on a gradient-like property of the
Jacobian function when equations of motion are written in a rotating–pulsating refer-
ence frame, and the extended phase space is compactified in the time direction. Thus
a phase space diffeomorphic to [−π/2, π/2] × C\{−µ1, µ2}× C -coordinates (θ , ζ , ζ ′)
is obtained with the boundary manifolds θ = ±π/2 corresponding to escapes of the
binaries when time tends to ±∞. It is shown there exists exactly five critical points on
each boundary, corresponding to classic homographic solutions. The connections of
the invariant manifolds associated to the collinear configurations, and stable/unstable
sets associated to binary collision on the boundary manifolds, are obtained for arbi-
trary masses of the primaries. For equal masses extra connections are obtained, which
include equilateral configurations. Based on the gradient-like property, a geometric
criterion for capture is proposed and is compared with a criterion introduced by
Merman (1953b) in the fifties, and an example studied numerically by Kocina (1954).
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1 Introduction

The investigation of the solution of the three-body problem has been in the direction
of studying the growth of the system for long intervals of time. Chazy (1922) gave the
first general classification of the motion as time t → ±∞.

He enumerated seven types of motion for positive masses mi, i = 0, 1, 2 in terms
of the order of magnitude (as t → ∞, and similarly as t → −∞) of the three mutual
distances rij, i �= j = 0, 1, 2.

In what follows, we will say that f (t) ∼ t (resp. f (t) ∼ t2/3) if f (t) = Ct + o(t) (resp.
f (t) = Ct2/3 + o(t)), for some positive constant C.

Motion is called parabolic (P) if rij ∼ t2/3 for all i, j, while if rij ∼ t for all i, j,
motion is called hyperbolic (H). If motion is parabolic (resp. hyperbolic) as t → −∞,
and there exists R > 0 such that rij < R for some i, j as t → ∞, then it is called
parabolic-elliptic (resp. hyperbolic-elliptic).

A capture of mi by mj occurs (it is a symmetric relationship) if rij → ∞ as t → −∞
and there exists R > 0 such that rij < R as t → ∞. Similarly, particle mi is emitted by
mj if there exists R > 0 such that rij < R as t → −∞ and rij → ∞ as t → ∞.

An exchange of the k-th particle occurs if there exists R1, R2 > 0 such that rik < R1
as t → −∞ and rjk < R2 for some i �= j as t → ∞.

In the restricted parabolic problem, one of the masses is zero, say m0 = 0, while
the primaries perform a two-body parabolic motion, so only the distances of the
infinitesimal to the primaries and its velocity as t → ±∞ is of concern here.

Chazy (1922) showed that in the general three-body problem for zero energy,
hyperbolic–elliptic motions or parabolic motions are possible; parabolic–hyperbolic
and parabolic–elliptic motions are impossible due to conservation of energy. Some
motions which are impossible in the non-restricted case can occur in the restricted
one. Merman (1954b) showed that in the restricted parabolic problem the capture
motion is possible if certain inequalities are satisfied. N.G. Kocina (1954) showed by
means of a numerical example the possibility of a capture in the restricted parabolic
three-body problem.

The main results of the paper are summarized in Propositions 10 and 13, which
we now briefly explain: Let Wu,s(Li) denote the unstable (stable) manifold associated
to critical points Li, i = 1, 2, . . . , 5, of the system (25), see Sect. 4. Naturally extend
this definition to the stable (unstable) sets of binary collision Wu,s(Bµi), i = 1, 2, and
infinity Wu,s(∞) (see Sect. 7, Definition 4). Then the diagram in Proposition 10 shows
the possible connections among the stable/unstable sets for any value of the mass
parameter µ1(µ2 = 1 − µ1), while that of Proposition 13 shows the connections we
can prove to exist for equal masses. In the proof of both Propositions the existence of
a gradient-like (or Lyapunov) function plays a crucial role. In our case, the analogous
to the Jacobian function in the restricted circular problem C, see (20), plays this role.
The critical levels in those diagrams are Ci = C(Li).

From Propositions 10 and 13 the existence of several types of motions as described
in Propositions 14–18 follows as a corollary. For example, in Proposition 15 the exis-
tence of a kind of motion called exchange is proved. This is shown numerically in
Fig. 10.

The paper is organized as follows: in Sect. 2, the equations of motion in a rotating-
pulsating coordinate system are obtained; in Sect. 3, a compactification of phase space
in the time direction is achieved and the main autonomous system (16) is obtained.
In Sect. 3.1, it is shown how the homographic solutions appear associated to critical
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points or homothetic orbits. The gradient-like property is proved in Sect. 3.2. Section
4 continues with the linear analysis of the critical points and the dimensions of the
various invariant manifolds are obtained. In Sect. 5, it is shown that parabolic orbits
are unions of immersed manifolds of dimensions 4 and 3, a classical result which is
extended to the restricted case. One of several Merman’s criteria is recalled in Sect.
6 and Kocina’s example is revisited. In Sect. 6.1, a geometric criterion based on the
gradient-like property is introduced and validated in Kocina’s example. The rest of
this paper is devoted to study some heteroclinic connections of the various invari-
ant manifolds on the boundary manifolds corresponding to escape of the primaries.
This is done in Sect. 7. Combining the connecting diagrams on the boundaries and
together with the homothetic orbits, some dynamical consequences are obtained and
the existence of some type of motion is proved. The description is not exhaustive for
two reasons: the first is that the study of all possible connections is extremely difficult
due to the high dimensions of the manifolds involved and we give only the “easiest
ones,” for arbitrary masses and then specialize to equal masses. A complete study
would require new analytical tools, which are not at our disposal, or at least a serious
numerical study. In any case this will be the purpose of a future paper; the second
reason is mainly of brevity of the paper and a description of the type of motions is
mainly intended to be of some interest of the astrophysical community.

1.1 Related works to the present paper

The techniques used in the present research are closely related to previous inves-
tigations on the planar three-body problem and other particular cases. This section
pretends to point out similarities as well as differences with previous research. In a
seminal paper on the collinear three-body problem, McGehee (1974) introduced the
technique of blow up of total collision. This amounts to glue a boundary manifold to
phase space, substituting the singularity locus due to total collision. A proper change of
variables and a scaling of time extends the flow to this boundary manifold in an invari-
ant manner. The collision manifold is topologically equivalent to two sphere minus
four points (two symmetric pants glued at the wrist) having two symmetric saddle
points associated to the collinear central configurations. They differ by the sign of the
scaled radial velocity coordinate (herein denoted by v). For one of these critical points
two unstable branches escape through distinct legs while the behavior of the stable
branches depend on the mass ratio (the other critical point behaves symmetrically).
He showed that for a proper choice of masses the saddles do not connect and thus
proves the existence of particular motions coming close to total collision and escaping
with arbitrarily high radial velocity with successive binary collisions. Devaney (1980)
applies this technique to the isosceles three-body problem getting for the collision
manifold the same topological type as in the collinear case (two symmetric pants
glued at the wrist with a closed neck). The flow has six critical points on the collision
manifold. Let us denote by Wu,s(L+

i ) the unstable (stable) manifold associated to the
central configuration Li, i = 1, 2, 3, 4, 5 with positive v. Devaney proved the existence
of the connection Wu(L+

4 ) → Ws(L+
2 ) and also Wu(L+

5 ) → Ws(L+
2 ) forced by the

gradient-like property.
In 1983, Moeckel studied the planar three-body problem (three degrees of free-

dom) and proves for the full three-body problem the existence of the connection of
the type shown by Devaney in the isosceles case. He uses a topological argument
and a reduction of dimension to show this. In general the connections among critical
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points with different signs of v are much more difficult to prove. Moeckel showed
that under the hypothesis of existence of a transversal topological connection among
certain critical points with opposite signs of v, forces further connections.

More recently, Simó and Susín (1991) performed a thorough numerical study of
connections among critical points with different signs of v. They used Murnaghan-
Lemâitre variables in order to regularize previously double collisions and then a
blow up.

For zero energy we mention the following relevant papers. Chazy (1922), Saari
(1971), Hulkower (1978) and Lacomba and Bryant (1983), Llibre and Waldwogel
(1996). The contributions of the first three authors are discussed in Sect. 5. Lacomba
and Bryant showed that the equations of motion for the n-body problem on the colli-
sion manifold can be viewed as a contact vector field on a quotient space of the usual
phase space. This space is obtained by projecting along a “homothetical vector field”
chosen with the homogeneity of the Hamiltonian. They use the term “projectable”
when the flow on the fixed energy level projects to the flow on the collision manifold
and this happens in the zero energy case, as shown previously by Saari et al. (1981)
using different techniques. Llibre and Waldwogel (1996) studied the global behavior
of the solutions of the flow on the zero energy level for a class of mechanical systems
including the n-body problem.

McGhee’s coordinates are suggested by the homogeneity of the potential, which is
scaled by the total moment of inertia r: Let T(p) be the kinetic energy, homogeneous
of degree 2 in the momenta, and U(q) the potential, homogeneous of degree −1 in
the positions. Then, from the energy level T(p) − U(q) = h and taking r as the total
moment of inertia, q = rQ, transforms the energy relationship into rT(p)−U(Q) = rh,
which suggests a scaling of momenta P = r−1/2p. A further decomposition into radial
and tangential velocities yields the desired change of variables.

McGehee’s blow up does not carry vis-a-vis when one or several masses are zero.
The main reason is that the mass matrix defining becomes degenerate and the energy
relationship does not hold. Nevertheless so much of the ideas can be continued. In this
vein, Martínez and Simó (1987/88) studied the limiting case of one mass going to zero
in the isosceles three-body problem by introducing ad hoc coordinates. ElBialy (1989)
studied the isosceles three-body problem with an infinitesimal mass (positive or zero)
by adapting McGehee’s blow-up using an equivalent to the euclidean norm instead
of the mass matrix. Following similar ideas, Alvarez and Delgado (2003) obtained the
full equations of the planar restricted three-body problem recovering ElBialy’s for
the isosceles case. The gradient-like property is lost as shown in detail by Alvarez and
Delgado.

Rotating pulsating coordinates have been used by several authors. Broucke (1972)
deduces the equations of motion in these coordinates for the elliptic restricted isos-
celes three-body problem and computes periodic orbits. In a less known paper of the
40s, Monroe H. Martin (1942) applies these coordinates to the restricted hyperbolic,
elliptic and parabolic three-body problem. He studies in particular the case where the
primaries move parabolically along a line while the massless particle moves perpen-
dicularly. He uses systematically the concept of acquisitive and dissipative system, a
great resemble to the gradient-like property used in the present paper.

On the other hand, rotating–pulsating coordinates uses strongly the homogeneity
of the acceleration on the massless particle—as the blow up uses the homogeneity of
the potential—but combines a scaling of the position of the massless particle with the
motion of the primaries—as the blow up uses the moment of inertia. Nevertheless
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so much of the techniques used in previous examples for studying the total collision
manifold are conveniently used in the present paper.

In a rotating–pulsating coordinate system the particles with positive mass remain
fixed so total collision is eliminated from phase space, of course it remains present in
the reparametrization of time of the form dt/ds = const.r3/2 (see (10)).

2 Equations in pulsating coordinates

Let two finite masses m1, m2 move in parabolic orbits. The relative position vector
from m2 to m1 in complex is

z = q(σ 2 − 1) + 2iqσ (1)

where (−q, 0) is the vertex of the parabola opening towards the x-axis, and σ is the
true anomaly. Here and in what follows we use indistinctly, complex or vector notation
to denote positions in the plane.

For a parabolic motion the following relations hold (Kocina 1954):

r = |z| = q(σ 2 + 1), (2)

n(t − T) = σ + σ3
3

, (3)

2n2q3 = m1 + m2 ≡ m (4)

where T is the time of perihelion passage, n the mean motion, q the semi-latus rectum
and m the total mass.

The following derivatives will be used

dσ

dt
= nq

r
,

dr
dσ

= 2qσ . (5)

The positions of the primaries relative to the center of mass at the origin are

z1 = µ2z, z2 = −µ1z, where µi = mi

m
.

The equations of motion of a massless particle acted by the gravitational forces of
the primaries are

z̈0 = −m2(z0 − z2)

|z0 − z2|3 − m1(z0 − z1)

|z0 − z1|3 . (6)

We will now introduce a rotating and pulsating coordinate where the primaries remain
fixed along the new x-axis. Let

z0 = ζz

then

ż0 = ζ ż + ζ̇z, z̈0 = ζ̈z + 2ζ̇ ż + ζ z̈.

Substituting these expressions in (6) yields

ζ̈z + 2ζ̇ ż + ζ z̈ = − mz
|z|3

(
µ2(ζ + µ1)

|ζ + µ1|3 + µ1(ζ − µ2)

|ζ − µ2|3
)

. (7)
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Substituting the equation for Kepler’s problem

z̈ = − mz
|z|3 ,

in the last expression we get

ζ̈ + 2
ζ̇ ż
z

= − m
|z|3

(
µ2(ζ + µ1)

|ζ + µ1|3 + µ1(ζ − µ2)

|ζ − µ2|3 − ζ

)
. (8)

In the second term straightforward computation yields

ż
z

= żz̄
r2 = 2nq2(σ − i)

r2 .

Substitution of this expression in (8) yields

ζ̈ + 4nq2

r2 (σ − i)ζ̇ = −m
r3

(
µ2(ζ + µ1)

|ζ + µ1|3 + µ1(ζ − µ2)

|ζ − µ2|3 − ζ

)
. (9)

Let us perform the reparametrization of time

dt
ds

= 1
n

(
r
q

)3/2

(10)

then using (5),

dζ

dt
= nq3/2

r3/2

dζ

ds
,

d2ζ

dt2
= nq2

r3

d2ζ

ds2 − 3
2

nq3/2

r5/2

dr
dσ

dσ

dt
dζ

ds

= nq2

r3

d2ζ

ds2 − 3n2q7/2

r5/2
σ

dζ

ds
.

Upon substitution in (9) yields

nq3

r3

d2ζ

ds2 + n2q7/2

r7/2 (σ − 4i)
dζ

ds
= nq3

r3

(
d2ζ

ds2 +
(q

r

)1/2
(σ − 4i)

dζ

ds

)

= −m
r3

(
µ2(ζ + µ1)

|ζ + µ1|3 + µ1(ζ − µ2)

|ζ − µ2|3 − ζ

)

Using (4) and (2) simplifies to

d2ζ

ds2 +
(

σ − 4i
σ 2 + 1

)
dζ

ds
= ζ − µ2(ζ + µ1)

|ζ + µ1|3 − µ1(ζ − µ2)

|ζ − µ2|3 . (11)

To express the anomaly σ in terms of the new independent variable s, use (5), (10),
(2) and integrate to get

dσ

ds
= dσ

dt
dt
ds

=
(

r
q

)1/2

=
√

σ 2 + 1

σ = sinh(s).

Substitution of σ in (11) yields finally,

d2ζ

ds2 + (tanh(s) − 4i sech(s))
dζ

ds
− 2ζ = −2µ2(ζ + µ1)

|ζ + µ1|3 − 2µ1(ζ − µ2)

|ζ − µ2|3 . (12)
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Or in terms of the real and imaginary parts ζ = x + iy,

x′′ + x′ tanh(s) + 4y′ sech(s) = 2x − 2µ2(x + µ1)

((x + µ1)
2 + y2)3/2 − 2µ1(x − µ2)

((x − µ2)2 + y2)3/2 ,

y′′ − 4x′ sech(s) + y′ tanh(s) = 2y − 2µ2y
((x + µ1)

2 + y2)3/2 − 2µ1y
((x − µ2)2 + y2)3/2 ,

where the primes (′) now denote derivatives with respect to s.

3 Compactification of phase space

System (12) can be written as

ζ ′′ + (tanh(s) − 4i sech(s))ζ ′ = ∇� (13)

or as a non-autonomous system

ζ ′ = β,

β ′ = −(tanh(s) − 4i sech(s))β + ∇� (14)

where

� = |ζ |2 + 2µ2

|ζ + µ1| + 2µ1

|ζ − µ2| ,

System (14) has the disadvantage of being non-autonomous. In order to get an
autonomous system the time variable s has to be included as a dynamical variable.
Instead of performing the naive change s′ = 1, let us introduce the variable θ by the
requirement

sin θ = tanh(s) (15)

then (14) transforms into

dθ

ds
= cos θ ,

dζ

ds
= β, (16)

dβ

ds
= −(sin θ − 4i cos θ)β + ∇�

Observe that the original system (14) is defined only for θ ∈ (−π/2, π/2), but (16)
extends the system invariantly to the boundaries θ = ±π/2, therefore the extended
phase space is

H = [−π/2, π/2] × (C\{−µ1, µ2}) × C. (17)

In the following subsection we study critical elements of (16).

3.1 Critical points and homothetic orbits

The critical points of system (16) are given by

θ = ±π

2
, β = 0, ∇�(ζ ∗) = 0, (18)
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and are therefore associated to central configurations1 ζ ∗. In fact for one of these
configurations

θ = arcsin(tanh(s)), β = 0, ζ(s) = ζ ∗

is an homothetic orbit in the pulsating coordinate system connecting the critical
points associated to the same configuration at the bound-aries θ = ±π/2. (In the
original coordinate system the homothetic orbit is a homographic solution since
z0(t) = z(t)ζ ∗.)

Remark 1 The condition ∇�(ζ ∗) = 0 can be written as ∇�̄(ζ ) = 0 where

�̄ = 1
2
|ζ |2 + µ2

|ζ + µ1| + µ1

|ζ − µ2|
Comparing this one with (47) of Szebehely (1967), we obtain that the critical points
coincide with those of the restricted circular three-body problem in rotating coordi-
nates. We use the classical notation L1 to L3 for collinear configurations and L4, L5
for equilateral.

For θ = ±π/2 we obtain the reduced systems

dζ

ds
= β, (19)

dβ

ds
= ∓β + ∇�,

respectively, which will be studied in the next section.

3.2 The gradient-like property

We derive some general properties of system (16).

Proposition 1 Let

C(ζ , β) = 2�(ζ) − |ζ ′|2 (20)

then along solutions of system (13),

C′ = 2 sin θ |ζ ′|2. (21)

Proof Let 〈v, ζ 〉 = Re(vζ̄ ) denote the scalar product in R
2, then

C′

2
= 〈∇�(ζ), ζ ′〉 − 〈ζ ′, ζ ′′〉
= 〈∇�(ζ), ζ ′〉 − 〈ζ ′, −(sin θ − 4i cos θ)ζ ′ + ∇�(ζ)〉
= 〈∇�(ζ), ζ ′〉 + 〈ζ ′, (sin θ − 4i cos θ)ζ ′〉 − 〈ζ ′, ∇�(ζ)〉
= 〈ζ ′, (sin θ − 4i cos θ)ζ ′〉
= Re

(
ζ ′(sin θ + 4i cos θ)ζ̄

)
= Re

(
(sin θ + 4i cos θ)|ζ ′|2

)
= sin θ |ζ ′|2. �

1 That is a configuration such that acceleration and position are parallel: ∇(ζ∗) = λζ∗ for some
scalar λ.
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Later we will make use of the identity

d
ds

|ζ ′|2 = 2(〈ζ ′, ∇�〉 − sin θ |ζ ′|2) (22)

Definition 1 The C1 system x′ = g(x), defined in some open domain D ⊂ R
n, is

gradient-like with respect to a function h(x) (also called a Lyapunov function) if h is
strictly monotonic along solutions, which are not critical points.

A function satisfying these conditions is sometimes called a Lyapunov function.
A stronger result than Proposition 1 is the following theorem.

Theorem 1 The system (13) is gradient-like with respect to C in the regions

S+ = {(θ , ζ , ζ ′)|θ > 0, ζ ∈ C\{−µ1, µ2}, ζ ′ ∈ C},
S− = {(θ , ζ , ζ ′)|θ < 0, ζ ∈ C\{−µ1, µ2}, ζ ′ ∈ C}.

Proof We consider the case θ > 0. Using the (22) and by straightforward computation
starting from the identity (21), C′ = 2 sin θ |ζ ′|2

C′′/2 = θ ′ cos θ |ζ ′|2 + sin θ
d
ds

|ζ ′|2

= cos2 θ |ζ ′|2 + 2 sin θ
(
〈ζ ′, ∇�〉 − sin θ |ζ ′|2

)

= (1 − 3 sin2 θ)|ζ ′|2 + 2 sin θ〈ζ ′, ∇�〉 (23)

Using again identity (22), and the last C′′/2 = (1 − 3 sin2 θ)|ζ ′|2 + 2 sin θ〈ζ ′, ∇�〉
C′′′/2 = − sin θ(1 + 3 cos 2θ)|ζ ′|2 + (2 cos 2θ − sin2 θ)〈ζ ′, ∇�〉

+ sin θ〈ζ ′, H�ζ ′〉 + 4 sin θ cos θζ ′�∇� + sin θ |∇�|2 (24)

where H� is the linear map defined by Hessian matrix at w and for u = a+ib, v = c+id
the identity u�v ≡ ad − bc = Re( iuv) = 〈iu, v〉 holds.

Now if (ζ , ζ ′) is not a critical point but ζ ′ = 0 then by (21) and (23), we get C′ = 0,
C′′ = 0 but from (24) C′′′ = 4 sin θ |∇�|2. Since ζ is not a critical point then ∇�(ζ) �= 0
and C′′′ > 0, therefore C is increasing in the region S+. In a similar way we can prove
that C is decreasing in the region S−. �
Remark 2 The function C in the Proposition 1 is analogous to Jacobi integral in the
restricted circular three-body problem, but not the same though. In fact in the restricted
circular three-body problem the Jacobi integral would be 2�̄ − |ζ ′|2 = 4� − |ζ ′|2,
instead of (20).

Remark 3 The proof of Theorem 1 applies in particular to the invariant system θ =
π/2, where C is increasing except at critical points. Similarly C is decreasing along
non-critical solutions of the invariant system θ = −π/2.

4 Dynamics on the boundary manifolds

It is sufficient to study the system at infinity for θ = π/2:

ζ ′ = β, (25)

β ′ = −β + ∇�(ζ).
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In fact, changing (ζ , β, s) by (ζ , −β, −s) transforms the asymptotic system for θ =
π/2 to the corresponding system for θ = −π/2:

ζ ′ = β,

β ′ = β + ∇�(ζ).
(26)

According to (18) and the Remark 1, the number of critical points are as follows.

Proposition 2 There are exactly five critical points of system (25) corresponding to
Lagrangian and Eulerian configurations of the zero mass particle with respect to the
primaries.

The linearization of (25) at a critical point ζ ∗, β = 0 has the form
(

δ ζ

δ β

)′
=

(
0 I
B −I

) (
δ ζ

δ β

)
(27)

where B is the Hessian of � at ζ ∗ and I is the 2 × 2 identity matrix.

Lemma 1 Let e be an eigenvector of B with eigenvalue κ , then λ± = 1
2 (−1 ± √

1 + 4κ)

are eigenvalues of (27) with eigenvectors (e, λ±e)T .

Proof Let (e, f )T be an eigenvector with eigenvalue λ for (27) then
(

0 I
B −I

)(
e
f

)
= λ

(
e
f

)

can be written as

f = λe,

Be − f = λf

or substituting for f

Be = λ(λ + 1)e

therefore, if κ is an eigenvalue of B with eigenvector e then λ2 + λ = κ , thus

λ± = 1
2

(
−1 ±

√
1 + 4κ

)
(28)

are the eigenvalues of (27) with eigenvectors (e, f )T = (e, λ ± e)T.
The stability of the critical points of the restricted parabolic three-body problem

can be investigated taking advantage the results obtained for the circular three-body
as given in Szebehely (1967, pp. 141–230). In what follows we will use an overbar for
quantities referred to Szebehely (1967).

The stability of the Lagrangian is given as follows.

Proposition 3 The critical points of the invariant system (25) associated to equilateral
triangle configurations L4, L5 are of the saddle type

dim Wu
Lk

= dim Ws
Lk

= 2, k = 4, 5.



On final evolutions in the restricted planar parabolic three-body problem 183

Proof For the Lagrangian points, from Szebehely (1967, p. 144), the Hessian matrix
is B = 2B̄ where

B̄ =
(

3
4 ±3 31/2

2 (µ − 1
2 )

±3 31/2

2 (µ − 1
2 ) 9

4

)

µ = µ2, and the positive sign corresponds to L4, the negative sign to L5, therefore
the eigenvalues of B are twice those of B̄. From Szebehely (1967, p. 144), it is read

κ1,2 = 3


1 ±

√
3

(
µ2 − 1

2

)2

+ 1
4




(subindex 1 belongs to the positive sign, subindex 2 to the negative sign), since for
0 < µ2 < 1, the radical varies between 1

4 and 1, both roots κ1,2 are positive. According
to Lemma 1, the eigenvalues for the linearization of (27) are:

for κ1 : λ
(1)
± = 1

2


−1 ±

√√√√√1 + 12


1 +

√
3

(
µ2 − 1

2

)2

+ 1
4





 , (29)

for κ2 : λ
(2)
± = 1

2


−1 ±

√√√√√1 + 12


1 −

√
3

(
µ2 − 1

2

)2

+ 1
4





 , (30)

but for µ2 ∈ (0, 1/2],

18 ≤ 12


1 +

√
3

(
µ2 − 1

2

)2

+ 1
4


 < 24,

0 < 12


1 −

√
3

(
µ2 − 1

2

)2

+ 1
4


 ≤ 6

then each pair of roots of (29) and (30) are real and have opposite signs, so the
dimensions of the unstable and stable manifolds are two. �

In contrast to the restricted planar circular three-body problem, where the linear
stability of the Lagrangian points depends on the Routh’s value, for the restricted
parabolic three-body problem, they are unstable for any value of the masses, µ2.

Proposition 4 The critical points of the invariant system (25) associated to collinear
configurations L1 to L3 are of the saddle type. The dimensions of the unstable and
stable manifolds are

dim Wu
Li

= 1, dim Ws
Li

= 3 i = 1, 2, 3.

Proof For the collinear configurations L1 to L3 the explicit expression of the coordi-
nate x depends on a quintic equation but the Hessian matrix is diagonal B = diag(κ1,
κ2) with κ1 > 0 and κ2 < 0 for all values of the masses (see Szebehely 1967). From the
expression (28), it follows that for κ1 > 0, the roots

λ
(1)
± = 1

2

(
−1 ±

√
1 + 4κ1

)
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are real and have opposite signs. For κ2 < 0, if 1 + 4κ2 > 0 then the two
eigenvalues

λ
(2)
± = 1

2

(
−1 ±

√
1 + 4κ2

)

are real and negative, and if 1 + 4κ2 < 0 then the roots are complex with negative
real part. In summary, there is one positive eigenvalue and three eigenvalues with
negative real part, so dim Wu

Li
= 1 and dim Ws

Li
= 3, for i = 1, 2, 3. �

For completeness, we state the corresponding dimensions of the invariant manifolds
for the invariant system θ = −π/2.

Proposition 5 The critical points of the invariant system θ = −π/2 associated to
equilateral triangle configurations L4, L5 are of the saddle type.

dim Wu
Lk

= dim Ws
Lk

= 2 k = 4, 5.

Proposition 6 The critical points of the invariant system θ = −π/2 associated to col-
linear configurations L1 to L3 are of the saddle type. The dimensions of the unstable
and stable manifolds are

dim Wu
Li

= 3, dim Ws
Li

= 1, i = 1, 2, 3.

We end up this section by considering the linearization of the global system (16) at
the critical points. For θ = ±π/2 it has the form

 δθ

δζ

δβ


 =


∓ 0 0

0 0 I
0 B −I





 δθ

δζ

δβ


 (31)

where the minus sign corresponds to θ = π/2 and the plus sign corresponds to −π/2.
Thus, the stable (resp. unstable) manifolds of the invariant system θ = π/2 (resp.
θ = −π/2) alluded in Propositions 3, 4 (resp. 5, 6) add one dimension. This extra
dimension comes out as the result of the homothetic orbits, which connect the critical
points at θ = −π/2 with the corresponding at θ = π/2.

Theorem 2 The dimensions of the stable/unstable manifolds of the critical points of the
global system (16) are summarized in the following table.

θ = π/2 L1 to L3 L4, L5 θ = −π/2 L1 to L3 L4, L5

Ws 4 3 Ws 1 2
Wu 1 2 Wu 4 3

5 Structure of parabolic escape orbits

Saari has shown Saari (1971) that when the particle separations are ∼ t2/3, without any
further assumption on the value of the energy, the solutions for the n body problem
asymptotically approach a central configuration as t → ∞. However he could not
ascertain whether the particles spiralled in or approached a fixed central configura-
tion. Hulkower (1978) considered the three-body problem with zero energy. Since
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Chazy’s (1922) classification, this is the only case for the three-body problem where
all the particles can separate like t2/3: Hulkower proved that parabolic escapes tend
asymptotically to a central configurations without “infinite” spin, that is, neither of
the masses librates around the center of mass.

Let us characterize for the restricted parabolic problem, with reference to the
pulsating coordinate system, the kind of motions where all the particles escape like
t2/3 in the original frame. Recall that z0i denotes the relative position of the mass
particle with respect to the i-th primary, i = 1, 2, and z0 its position relative to the
center of mass; the relative position of the primaries is z(t) and is parabolic.

Proposition 7 Let (ζ(s), β(s)) be a solution such that ζ(s) tends to a non-collision con-
figuration ζ ∗ as s → ∞. Then |z01(t)|, |z02(t)|, |z0(t)| ∼ t2/3 as t → ∞. Moreover as
s → ∞, ζ ′(s) remains bounded if and only if ż0(t) → 0.

Proof First, notice that s → ∞ if and only if t → ∞. This follows from the changes
of variables

n(t − T) = σ + σ 3

3
, σ = sinh(s).

Let z1(t) = µ2z(t), z2(t) = −µ1z(t) be the position of the primaries relative to the
center of mass at origin, then

|z10| = |z0 − z1| = |ζz − µ2z| = |z||ζ − µ2|,
|z20| = |z0 − z2| = |ζz + µ1z| = |z||ζ + µ1|,
|z0| = |zζ | = |z||ζ |

therefore, if ζ(s) → ζ ∗ �= µ2, −µ1 as s → ∞ then |z10(t)|, |z20(t)| tend to infinity
asymptotically to |z(t)| ∼ t2/3. To proof the second statement, apply the chain rule

ż0(t) = ζ ż + dζ

dt
z = ζ ż + dζ

ds
ds
dt

z

= ζ ż + ζ ′nq3/2r−3/2 = ζ ż + ζ ′n(σ 2 + 1)−3/2

= ζ ż + ζ ′n cosh−3(s) = ζ ż + ζ ′n sech3(s) (32)

Now, as s → ∞, ż → 0, sech3(s) → 0 and ζ(s) → ζ ∗, it follows that if ζ ′(s) remains
bounded then ż0(t) → 0. Suppose now that ζ ′ remains bounded, say |ζ ′| ≤ M. Taking
out ζ ′ from (32)

nζ ′ = (ż0 − ζ ż) cosh3(s) = (ż0 − ζ ż)(σ 2 + 1)3/2

then

|ż0| − |ζ ż| ≤ |ż0 − ζ ż| ≤ nM
(σ 2 + 1)3/2

thus

|ż0| ≤ |ζ ||ż| + nM
(σ 2 + 1)3/2 → 0

since ζ is bounded and ż → 0. �
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Following Chazy’s nomenclature, let us define parabolic escape orbits.

Definition 2 Let P+ (resp. P−) be the set of initial conditions leading to a motion
of the infinitesimal mass z0(t), such that z0(t), ∼t2/3 and ż0(t) → 0 as t → ∞ (resp.
t → ∞). We call P+ (resp. P−) the set of forward (resp. backward) escape parabolic
orbits.

Of course the relationships of the relative positions and velocities

z01 = z0 − µ2z, z02 = z0 + µ1z

ż01 = ż0 − µ2ż, ż02 = ż0 + µ1ż

and for parabolic two-body motion

z(t) ∼ t2/3, ż(t) → 0 as t → ±∞,

show that in fact, for parabolic escape orbits the three mutual distances are ∼ t2/3 and
the relative velocities tend to zero. This is Chazy’s definition of parabolic motions for
the general three-body problem.

Theorem 3 For the restricted parabolic three-body problem, the set of parabolic orbits
P+ is a union of immersed manifolds of dimensions 4 and 3; the four-dimensional
manifold consists of orbits tending asymptotically to an equilateral triangle configura-
tion and the three-dimensional manifold consists of orbits tending asymptotically to a
collinear central configuration.

Proof Proposition 7 shows that the stable manifolds of the critical points Li, i =
1, . . . , 5 are in fact parabolic orbits: |ζ(t)| → ∞ and ζ̇ (t) → 0 as t → +∞. The proof
then follows from Theorem 2. �

6 A geometric criterion for elliptic–parabolic motion

In this section we recall Merman’s criterion for elliptic-parabolic motion and introduce
a new more geometrical criterion based on the topology of the Hill’s regions.

In a series of papers, Merman (1953a, b, 1954b) gave sufficient conditions for preser-
vation of hyperbolic–elliptic and parabolic-elliptic motion. In the restricted parabolic
three-body problem, one of the criteria of elliptic–parabolic motion given by Merman
(1953a) was used by N. G. Kocina to show a numerical example of elliptic–parabolic
motion. We state one of such criteria due to Merman, then introduce a geometric
criterion of such motions based on the Hill’s regions.

According to Merman’s (1954b) notation for the restricted parabolic three-body
problem, rij denotes the relative position vector from mi to mj , where m1, m2 are the
primaries and m0 is the massless particle; ϕ denotes the angle between the the radius
vector r21 and the x-axis.

Proposition 8 (Merman). If at initial instant t = 0 we can choose constants R > 0 and
α > 1, such that

r21(0) ≥ αR, r21(0) ≤ a1r20(0),

1
2a

= m1

r01(0)
− |ṙ01(0)|2

2
≥ m1

R
+ B

ϕ(0) − sin ϕ(0)

2nq3
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where

a1 ≥ 1

1 − 1
α

, 2B = m2
√

2m1R(2a3
1 + a2

1 + a1)

then the motion is parabolic–elliptic for t → +∞ and |r01(t)| is bounded superiorly.

Similar criterion exists for t → −∞, see Merman (1954b).
Kocina (1954) used the parametrization of the motion of the primaries given in

Sect. 2. He integrated the equations of motion in the interval σ ∈ [−12.2, 7.7] using
Kowell’s method. In the interval [2, 7.7] with a step size of 0.0125 and using the equa-
tions of motions with origin at the mass m1, he was able to satisfy Merman’s criterion
for σ = 7.7. In the interval [−12.275, 2], he is unable to satisfy Merman’s criterion at
σ = −12.2, he then estimates the variations of the osculatory elements from −12.2 to
−14.200 and for this value of σ Merman’s criterion could be satisfied. He considered
the case of equal masses m1 = m2 = 1, q = 10, and 2nq3 = 63.24556 obtaining the
results of the following table.

σ R α a1 B (2a)−1 R−1 + B ϕ−sin ϕ

2nq3

−14.200 400 5.066 1.246 94.289 0.0034518 0.0031902
7.7 200 3.014 1.497 104.48 0.010104 0.0097288

Merman’s criterion is satisfied whenever the value in the sixth column is greater than
the corresponding value of the seventh column.

In Fig. 1, we show the orbit found by Kocina (1954).

6.1 The geometric criterion

Using the results of Sect. 3.2, we now state a geometric criterion of capture using the
Jacobian function C.

Fig. 1 Kocina’s orbit
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We first recall some basic facts derived from the gradient-like property. In order
to avoid confusion we use the symbol C∗, with subscript ∗ whenever we want to fix a
value rather than the Jacobian function C(ζ , ζ ′). The type of conditions in Theorem 4
will be shown to be sufficient.

Since |ζ ′|2 = 2�(ζ) − C ≥ 0, and C increases along solution when s → ∞, when
comparing the initial value of C, say C′

0 = C(ζ(0), β(0)) and its value at a later time
s > 0, Cs = C(ζ(s), β(s)) then Cs > C′

0, which in turns implies

2�(ζ(s)) ≤ 2�(ζ(s)) − |β(s)|2 ≡ Cs > C0

or

�(ζ(s)) >
C0

2

for all s > 0. Therefore, each solution is “trapped” in its initial Hill’s region � > C0/2.
In fact the same argument shows that if s2 > s1 > 0 then

�(ζ(s2)) >
Cs1

2
.

Definition 3 The Hill’s region corresponding to the value C∗ is

MC∗ = {ζ ∈ C\{−µ1, µ2}|�(ζ) > C∗/2}.
Its boundary ∂MC∗ will be called the zero–velocity curve.

The boundary of Hill’s regions is given by the called zero–velocity curves since
β = ζ ′ = 0. The following proposition shows that a solution that enters region MC0

forwards in time immediately leaves it.

Proposition 9 Let (ζ(s), β(s)) be a non-stationary solution of the global system (16)
and let C0 = C(ζ(0), ζ ′(0)) If �(ζ(0)) = C0/2 then

(� ◦ ζ )′(0) = 0 but (� ◦ ζ )′′(0) > 0.

In particular, if ζ(0) ∈ ∂MC0 , then � (ζ(s)) has a local minimum at s = 0 and there
exists δ > 0, such that ζ(s) ∈ Int(MC0) for 0 < |s| < δ.

Proof The proof is similar to the gradient-like property. By the chain rule

(� ◦ ζ )′ = 〈∇�, ζ ′〉,
(� ◦ ζ )′′ = 〈H� · ζ ′, ζ ′〉 + 〈∇�, ζ ′′〉

= 〈H� · ζ ′, ζ ′〉 + 〈∇�, −(sin θ − 4i cos θ)ζ ′ + ∇�〉
= 〈H� · ζ ′, ζ ′〉 − sin θ〈∇�, ζ ′〉 + 4 cos θ∇��ζ ′ + |∇�|2

where H� is the adjoint map associated to the Hessian matrix. Evaluating at s = 0 it
is obtained (� ◦ ζ )′(0) = 0, but (� ◦ ζ )′′(0) = |∇�(ζ(0))|2. �

We denote by Ci the value of the function C at the critical point Li, i = 1, 2, . . . , 5.
A short computation shows that for equal masses the values are the following:

11
2

= C4 = C5 < C1 = C3 = 6.913592448172306 · · · < C2 = 8. (33)
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For general masses, the critical values are shown in Fig. 2. In fact

2(3 − µ + µ2) = C4 = C5 < C3 < C1 < C2

holds for µ ∈ (0, 1/2). In Figs. 3, 4 and 5 the Hill’s regions for values nearby the critical
values are shown.

Theorem 4 (C-criterion of capture for equal masses). For a non-stationary solution
(ζ(s), ζ ′(s)):
1. If for some time, s0 > 0 it is verified that C(ζ(s0), ζ ′(s0)≥C1 then for s ≥ s0, either

(ζ (s), β(s)) is a capture orbit or the solution tends asymptotically to L2.
2. If for some time s0 it is verified that C(ζ(s0), ζ ′(s0) ≥ C2 and ζ(s0) ≤ 0 (resp. ζ

(s0) ≥ 0) then for s ≥ s0, (ζ(s), β(s)) is a capture orbit by the left primary at −µ2
(resp. right primary at µ1).

Proof Let us proof the first statement: by Theorem 1, the set defined by the inequality
C ≥ C1 is positively invariant and projects into configuration space to the nut-shaped
region MC1 , which contains the primaries and the configuration L1. Since the flow is
gradient-like then the solutions tends to a critical point or C(ζ(s), ζ ′(s)) is unbounded

Fig. 2 The critical values Ci as
function of the mass parameter
µ in the range
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Fig. 3 Hill’s region � ≥ C4/2 + ε and � ≥ C4/2 + 2ε, for ε > 0, small



190 Martha Alvarez et al.

-1.5 -1-0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

Fig. 4 Hill’s region � ≥ C1/2 and � ≥ C1/2 + ε, for ε > 0, small
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Fig. 5 Hill’s region � ≥ C2/2 and � ≥ C2/2 + ε, for ε > 0, small

from below in the last case C(ζ(s), ζ ′(s)) → +∞; from its definition, C = 2� − |ζ ′|2,
which this can only be true if �(ζ(s)) → ∞, that is, if ζ(s) tends to collision with any
of the boundaries. The second statement is proved similarly, except that in the case
C > C2 there are no critical points. �

Tracking back the reparametrizations and changes of variables one can trans-
late this criterion to the original coordinates. The following table shows that the
C-criterion C > C2 = 8 is satisfied for Kocina’s example at the extremes of the
interval of integration.

σ s x y x′ y′ �(x, y) C

−14.2 −3.34763 −0.510113 −0.0291475 −7.06951 −0.685905 33.663389 16.8783
−12.2 −3.19626 −0.579429 −0.0198056 −2.34265 −2.78979 13.478215 13.6855

7 Heteroclinic connections

We have shown in Sect. 3.1 that critical points at θ = −π/2 connect with those at
θ = π/2 along the homothetic orbits. Therefore, in order to fully understand the
global dynamics of the problem, all possible heteroclinic connections among the crit-
ical point on the invariant system θ = π/2 have to be determined (the invariant
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system θ = −π/2 can be obtained by symmetry). This is a hard problem though,
due to the high dimension of the phase space, which is four. Let us then consider the
invariant system θ = π/2; according to Fig. 3, the unstable manifold Wu(L4) (which
is two-dimensional according to Theorem 5) “spreads out” in the shaded region of
Fig. 3 with no further restriction, so we expect an open set of initial conditions rel-
ative to Wu(L4), which escape to infinity towards the upper shaded region. Also
some solutions starting in Wu(L4) project to curves passing over the critical collinear
configurations. A natural question is that if we can adjust the velocity in such a way
that some such solution tends to a collinear configuration with asymptotic velocity
tending to zero, that is, does Wu(L4) connect with any of Wu(Li), i = 1, 2, 3? We will
give a partial answer for the equal mass case in Sect. 7.2. In the next section, we will
study the final phase of the simplest case – the unstable manifolds associated to the
collinear configurations. For this purpose, it is convenient to introduce collisions with
the primaries in the same vein as if it were critical points. In what follows (ζ(s, ξ),
ζ ′(s, ξ)), will denote the solution of the invariant system (25), which passes through
ξ ∈ C

2 at s = 0.

7.1 Connections of the unstable manifolds associated to collinear configurations

In Fig. 4, the Hill’s regions for � ≥ C1 and � ≥ C1 + ε for small positive ε are shown.
The unstable manifold Wu(L1) (or its projection into configuration space) is trapped
in the nut-shaped region contain-ing the primaries. Then, either Wu(L1) goes to colli-
sion with one of the primaries or connects with Wu(L2). According to Proposition 4,
Wu(L1) is one-dimensional and as will be shown in Proposition 10, it lies completely
on the plane Im(ζ ) = Im(ζ ′) = 0 (i.e., it projects along the real axis Im(ζ ) = 0), so
necessarily one of the branches ends up in collision with the left binary.

In Fig. 5, the Hill’s regions for � ≥ C2 and � ≥ C2 + ε for small positive ε are
shown. The unstable manifold Wu(L2) (or its projection on the configuration space)
is trapped into two disks containing the primaries. Then each of the two component
of the one-dimensional manifold Wu(L2) (see Proposition 4) goes to collision with a
different primary. Let us state this result formally.

Definition 4 The stable (unstable) set associated to binary collision with the primary
µ1 located at µ2 is

Ws,u(Bµ1) = {ξ = (ζ0, ζ ′
0) | ∃sn → ±∞, ζ(sn, ξ) → µ2}.

The stable (unstable) set associated to binary collision with the primary µ2 located at
−µ1 is

Ws,u(Bµ2) = {ξ = (ζ0, ζ ′
0) | ∃sn → ±∞, ζ(sn, ξ) → −µ1}.

The stable (unstable) set to infinity

Ws,u(∞) = {ξ ∈ C
2|ζ(s, ξ) → ∞ as s → ±∞}.
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Proposition 10 For any value of the masses the following connections occur.
More precisely,

1. One of the branches of the one-dimensional manifold Wu(L1) (see Proposition 4)
ends up in double collision with the primary at −µ1, the other escapes to infinity,
that is, ζ(s) → −∞ along the real axis Im(ζ ) = 0.

2. One of the branches of the one-dimensional manifold Wu(L3) (see Proposition 4)
ends up in double collision with the primary at µ2, the other escapes to infinity, that
is, ζ(s) → ∞ along the real axis Im(ζ ) = 0.

3. One of the branches of the one-dimensional manifold Wu(L2) (see Proposition 4)
ends up in double collision with the primary at −µ1, the other ends up in double
collision with the primary at µ2.

Proof It remains to show that the real axis is invariant in reduced systems (19) for all
values of the masses, but it is a consequence of the symmetry

(ζ , β, s) → (ζ̄ , β̄, s) (34)

�

Corollary 1 For any value of the masses the connection diagram for the invariant sys-
tem (26) is obtained from that of Proposition 10 by reversing the arrows and exchanging
the superindex of stable for unstable and vice versa.

For completeness we describe the phase portrait for the invariant system (25)
restricted to the real axis Im(ζ ) = Im(ζ ′) = 0. In that case, system (25) reduces to

x′′ = −x′ + ∇�(x, 0) (35)

where x = Re(ζ ) and

�(x, 0) = x2 + 2µ2

|x + µ1| + 2µ1

|x − µ2| .

Proposition 11 The phase portrait of system (35) is topologically conjugate to that
shown in Fig. 6.

Proof The potential function �(x, 0) is positive, convex and tends to infinity when
x → ±∞ or x → −µ1, µ2. In fact

�xx(x, 0) = 2 + 4µ2

|x + µ1| + 4µ1

|x − µ2| > 0
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Fig. 6 Phase portrait of the
Hamiltonian system (36)
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The Hamiltonian system associated to (35) is

x′′ = ∇�(x, 0) (36)

Its phase portrait follows immediately from the form of the potential �(x, 0), and is
shown in Fig. 6. System (35) has the same critical points but differs from (36) in the
friction term −ζ ′, then the solutions of the actual system (35) crosses the level sets of
Fig. 6, keeping the saddle character of the critical points. Therefore, the phase portrait
is only slightly distorted from that in (6), or is topologically the same. In fact one can
use the gradient flow of the Jacobian function C(x, x′, 0, 0) = x′2/2 − �(x, 0) to define
an explicit topological conjugacy. �

7.2 The case of equal masses

For equal masses, an additional symmetry of (25) holds:

(ζ , β, s) → (−ζ , −β, s)

composed with symmetry (34) lead to the new symmetry

(ζ , β, s) → (−ζ̄ , −β̄, s)

having Re(ζ ) = Re(β) = 0, as fixed points, therefore is invariant. System (25)
restricted to this invariant plane has the form

y′′ = −y′ + ∇�(0, y) (37)

where

�(0, y) = y2 + 2√
1
4 + y2

.
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Proposition 12 The phase portrait of system (37) is topologically conjugate to that
shown in Fig. 7.

Proof The idea is to compare solutions of (37) with the associated Hamiltonian system

y′′ = ∇�(0, y) (38)

whose phase portrait is shown in Fig. 8. There is a double heteroclinic connection
among L4 and L5 contained in the level set C = C4 = 11/2, which is destroyed by
the friction term in (37) forcing a connection of L4 and L5 with L2. Let us formalize
the argument: the behavior of the orbits in Fig. 8 is consequence of the fact that the
partial derivative of the potential function

�y = 2y


1 − 1√

1
4 + y2




has exactly three critical points: y = ±√
3/2 and y = 0. Since C = 2� − y′2, then at

a critical point, Hess C = diag(�yy, −2); therefore minimum for � is obtained from
the inequality �yy > 0, which implies that the critical point is a saddle for C. In the
same way, we get that maximum for � is obtained from the inequality �yy < 0, which
implies that the critical point is a maximum for C.

Since � has local minima at the Lagrangian configurations y = ±√
3/2 then the

critical points L4,5 are saddles for C with value C4; � has local maximum at the col-
linear configuration y = 0 then the critical point L2 is a local maximum with value
C2.

Now for system (37) the flow is gradient-like with respect to C, then the compo-
nent D of the region {(y, y′) |C4 ≤ C(0, 0, y, y′) ≤ C2}, which projects into the bounded

Fig. 7 Phase portrait of the
Hamiltonian system (37)
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Fig. 8 Phase portrait of the
Hamiltonian system (38) and
unstable branches (dashed) of
L4, L4 for system (37)
connecting to L2. The shaded
region is MC4
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component of the Hills region MC4 containing the origin, is compact and positively
invariant, then it follows that the unstable manifolds have to point onto the interior
of D and then its ω-limit is L2. �

Proposition 13 For equal masses the following connections occur.

Corollary 2 For equal the masses the connection diagram for the invariant system (26)
is obtained from that of Proposition 13 by re-versing the arrows and exchanging the
superindex of stable for unstable and vice versa.

8 Dynamical consequences

From the connection diagrams given in Propositions 10, 13 and its Corollaries 1, 2 a
number of dynamical consequences can be obtained, which we expect to be of some
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interest to astronomers. We enunciate some of them in the original coordinate system
zi and time scale t.

Recall the terminology introduced in Sect. 1.

Proposition 14 (Ejection and recapture). For arbitrary masses of the primaries, there
exist solutions of the restricted parabolic three-body problem (6) of the following type:
the infinitesimal particle is emitted by one of the primaries, passes arbitrarily close to
one of the collinear configurations Li, i = 1, 2, 3, and is captured by the same primary.

Proof Chose a value k of Lk, k = 1, 2, 3 and a binary Bµj , j = 1, 2. From Corollary
1 and Proposition 10, there exists a connection from Wu(Bµj) to Lk. A connection
Lk ��� Lk corresponding to the homothetic orbit exists. Again from Proposition 10,
a connection from Lk to Bµj exists leading to the following connecting diagram
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Fig. 9 An example of an orbit of emission–recapture in the rotating–pulsating frame (left) and in the
inertial frame (right)
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Fig. 10 An example of an orbit of exchange in the rotating pulsating frame (left) and in the inertial
frame (right)

Now the existence of a solution, which realizes the path of the previous diagram is
proved by tracking backwards and forwards a small ball around Lk, using hyperbo-
licity and continuity with respect to initial conditions in bounded domains of time.

Proposition 15 (Exchange). For arbitrary masses of the primaries, there exist solutions
of the restricted parabolic three-body problem (6) of the following type: the infinitesimal
particle is emitted by one of the primaries, passes arbitrarily close to one of the collinear
configurations Li, i = 1, 2, 3, and is captured by the same primary.

Proof Choose j �= k. The proof is similar to the previous case, except that we can
complete the final part of the connecting diagram with a different binary, leading to

Proposition 16 (Emission and escape). For arbitrary masses of the primaries, there
exist solutions of the restricted parabolic three-body problem (6) of the following type:
the infinitesimal particle is emitted by one of the primaries, passes arbitrary close to one
of the collinear configuration L1 or L3 and escape to infinity.
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Fig. 11 An example of an emission and escape orbit with nearby passages to L2 and L4 before escape

Proof Choose j = 1, 2. The following connecting diagrams are obtained by the
previous arguments.

The following results apply for equal masses.

Proposition 17 (Visiting). For equal masses of the primaries, there exist solutions of
the restricted parabolic three-body problem (6) of the following type: the infinitesimal
particle comes from infinity, passes a neighborhood of L2 and then of L4, and back to
L2 before escaping to infinity.

Proof Choose j = 1, 2. The following connecting diagrams are obtained by the
previous arguments. �
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Proposition 18 (Visiting and capture). For equal masses of the primaries, there exist
solutions of the restricted parabolic three-body problem (6) of the following type: the
infinitesimal particle comes from infinity, passes a neighborhood of L2 and then of L4,
and back to L2 before being captured by any of the binaries.

Proof Choose j = 1, 2. The following connecting diagrams are obtained by the
previous arguments.

�
9 Numerical examples

In this section, we present some special orbits, which illustrate some of the theory
presented here. In all following figures the orbits are shown in the rotating-pulsating
frame (top–left) and in the inertial frame (top–right). A zoom of the same orbit in
the inertial frame is at (bottom–left). At bottom–right the graph of the Jacobian func-
tion is a function of time s showing the gradient-like character of the flow. All initial
conditions were taken at s = 0 with θ = 0.

Figure 9 shows an orbit of emission and recapture. Figure 10 shows an exchange
orbit. Finally in Fig. 11, an orbit emitted from one of the primaries with close passages
near L4 and L2 before escaping to infinity.
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