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There are many reasons why almost every life scientist should have a
working knowledge of mathematical modelling. One is that models can
be instrumental in extracting information from large, complicated data
sets, involving for instance measurements on distinct but mechanistically
interrelated quantities. Models that reflect the underlying mechanisms
can uncover information which could otherwise not be obtained from
the data. Moreover, by turning the raw data into model parameter
estimates, the ‘data deluge’ can be reduced in a meaningful way. In
addition to a role in data processing, models can help determine which
experiment to do next: to choose the treatment, points of observation
in time and space, etc. that are most likely to yield further information,
given the present state of knowledge.

Another reason is that thinking in terms of such models sharpens one’s
understanding of the hypotheses involved—just trying to formulate a
model often throws conceptual difficulties in sharp relief. As Charles
Darwin remarked, a life scientist should ‘at least understand something
of the great leading principles of mathematics, for men thus endowed
seem to have an extra sense’. Darwin regretted not having that extra
sense, having lacked in his youth the patience to stick with ‘the early
steps in algebra’ since, he said, ‘the work was repugnant to me’. In
this chapter, we shall try to overcome this repugnance by first showing
that even a little mathematics can go a long way, and then motivate the
focus on ordinary differential equations as the natural medium in which
to describe processes.

1.1 Donkey and Diplodocus

The sauropod Diplodocus is a favourite of dinosaur-lovers young and old
because of its tiny head and massive bulk, bizarre proportions in the
eyes of us moderns, who are more used to herbivores proportioned like
the donkey. In fact, Diplodocus’s head was not so tiny; it was about
the same size as Donkey’s (Fig. 1.1). With a little algebra and a clever
argument, we can understand this disparity in proportions.

Let τ denote the average time spent by a food particle in the digestive
system. Pick a long time period of duration T , satisfying T � τ and let
N denote the number of food particles that enter the digestive system
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Fig. 1.1 Donkey and Diplodocus.

during time T . The time spent collectively by the food particles in the
digestive system during period T is then equal to N τ .1 Furthermore,1Or very nearly so; with an error that

is guaranteed to become smaller and
smaller as T (and therefore N ) becomes
larger and larger.

let Q denote the amount of food particles that are present, on average,
on any randomly chosen moment during the period T . The time spent
collectively by the food particles in the digestive system during period T
is then also equal to T Q, ‘for a different reason’, as it were. But then

N τ = T Q or N/T = Q/τ .

Now, the quantity N/T is just the average influx of food particles, that
is, the ingestion rate during the time period under consideration, which
is also known as the turnover rate when the amount in the gut is stable
at Q or fluctuates regularly about this value. Giving this quantity its
own symbol, Φ, we arrive at the relationship

Φ =
Q

τ
or turnover =

standing stock

average residence time
. (1.1)

This result explains the mystery of the donkey and the Diplodocus. Their
heads are about the same size, and if they both graze all day, their Φ-
values must be roughly similar. According to eqn (1.1), we have Q = Φτ
and thus, for animals with the same Φ but different τ , the animal with
the larger Q must have a larger τ . The peculiar body shape of Diplodocus
can thus be understood if its diet of vegetable matter took a long time
to digest. Now a donkey eats grass, whereas Diplodocus ate cycad plants
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(pictured in Fig. 1.1) which are much tougher and may be much harder to
digest unless they remain in the digestive system for a long time, allowing
microorganisms to degrade the material. The theoretical prediction from
our model is thus that cycads are digested very slowly, and this was
confirmed by experiments very recently.2

2The experiments were actually carried
out because the received opinion was
that cycads have practically no nutri-
tional value at all, which made the abil-
ity of Diplodocus to subsist on cycads a
mystery. Experiments showed that cy-
cads do yield up their nutritional value,
but only after long incubation with mi-
crobes such as would have been present
in the sauropod’s digestive tract.

1.2 What is a mathematical model?

The concept of modelling is familiar, perhaps from fashion supermodels,
or from scale models of airplanes in a windtunnel. Perhaps less well
known is the example of ‘animal models’ in which a disease is induced
and studied in animals based on the presumed similarity between the
experimental disease and a human disease. In all these instances, the
model3 is an idealized representation or example that provides a bench- 3The word ‘model’ ultimately derives

from the Latin word modulus, ‘small
measure’.

mark for thinking about a real-life phenomenon. Mathematical models
serve exactly the same purpose. To make the most of modelling, we
need to be clear about models, their structure, and the role they play in
scientific investigations.

Our working definition of mathematical modelling will be:

Mathematical modelling is the description of an experimen-
tally delineated phenomenon by means of mathematics, with
a view to capturing the salient aspects of the phenomenon
at hand.

The phrase ‘capturing salient aspects’ signals a modicum of caution or,
if you will, modesty. We will never be asking if a model is true or
correct, and we will eschew terms like valid or validation which might
connote such concepts.4 The term ‘description’ is used deliberately here,
although it may engender misunderstandings. Would any mathemati-
cal description of observations count as a model?5 Modern theoretical 5To give a trite example of what might

count as a mathematical model, we
could just list and report what we ob-
served there and then. After all, this
typically involves mathematical struc-
tures, notably measurements: these
are numbers with units attached to
them (see Section 4.1.2). One might
regard the data thus reported as a
mathematical model of the phenom-
ena observed, on the basis of the—
rather contrived—argument that real-
world phenomena have been converted
into numbers, which are after all math-
ematical entities.

physics affords a superb example of mathematical structures used to rep-
resent real-world phenomena. Here a small set of powerful, yet simple,
‘first principles’ allows a wide range of structures and processes in the
physical world to be described, sometimes with remarkable success and
accuracy (although a considerable mathematical apparatus is needed to
link the few simple principles with a plethora of complex phenomena).

In the natural sciences, the term ‘model’ is usually reserved for situa-
tions somewhere in between two extremes of the superficial description
of a particular occurrence and the deep descriptive ‘first principles’ ac-
counts which aim to be as general as possible (general in the sense of
pertaining to as many individual occurrences as possible). Thus, a model
is more ambitious—aims for more generality—than the description of a
particular occurrence, but is still restricted to a modest range of similar

4This modesty ought to be tempered by the realization that mathematical descriptions are the best approximation to an
accurate account of nature we have, if the successes of technology are anything to go by. Also, the slogan ‘all models are wrong
anyway’ should not obscure the fact that good models do distinguish themselves from bad ones in satisfying such desiderata
as being consistent, coherent, efficient (e.g. parsimonious, modular, general), and statistically tractable.
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situations. Models represent the halfway house where first principles are
not available, or their application is not feasible, yet some general ideas
are incorporated about the phenomenon of interest.

Whereas in this book we will mostly confine ourselves to mathematical
models that take the form of systems of ordinary deterministic differen-
tial equations, we should be aware that any sort of mathematics could
be employed in formulating a model (it is often not immediately obvious
what might be the best mathematics for the problem at hand). However,
we typically want to understand a biological process, a phenomenon
in which quantities vary. It is natural to represent such quantities as
process variables that are taken to be functions of time, and differential
equations happen to be a way of specifying such functions that accords
well with how we intuitively think about processes. The next section
considers an example which will make this line of thought more clear.

1.3 Why use differential equations?

This book focuses on one particular branch of mathematics that per-
vades the analysis of biological processes: namely dynamical systems,
and more particularly, ordinary differential equations. Understanding
just why such equations dominate mathematical modelling in biology66Even, from time to time, when a dif-

ferent approach might be more fruitful! is important to motivate the novice. The answer is quite subtle and
perhaps best introduced by way of an example.

So: consider a nice conservatory full of lush plants and birds. We let
loose a host of caterpillars. The animals eat and grow, and ultimately
pupate. Adult butterflies emerge out of the chrysalises, fly around, mate
with one another, and are caught and eaten by the birds.

Suppose that we have some way of keeping track of each and every
butterfly. There are a number of interesting things that can be done
with the data thus obtained. We consider a simple example here: we
simply record the time between emerging from the chrysalis and death
for every butterfly. Furthermore, let us assume for a moment that all
butterflies emerged from their chrysalises at the same time. We take
this point in time to be our zero time. We plot the number of butterflies
still alive as a function of time. Let N denote this number. Clearly,
N at t = 0 is just the size of the cohort that emerges. Every time a
butterfly dies, N is decreased by one. Looking at our plot, Fig. 1.2, we
notice that the time between subsequent deaths tends to become larger
as the number of butterflies still alive dwindles.
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Fig. 1.2 Surviving numbers of butter-
flies in the hothouse experiment. The
butterfly shown is the peacock, Inachis
io.

How can we describe these data mathematically? An obvious ap-
proach is to look for some function f such that

N = f(t) .

Actually, we do not expect any particular data set to conform to a sim-
ple mathematical function; data sets almost invariably have a somewhat
erratic quality. Note that we do not need to require that f maps to
integers, even if the N in the data set can only take on integer values.
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The data set is just a representative of an infinite number of outcomes
that the exact same experiment might have had, and we are really in-
terested in the average over all these (imaginary) data sets. One way to
get a better picture of this average is of course to repeat the experiment
a number of times.

A common notational overloading7 is to use the symbol N not only
for the number of butterflies still alive, represented as a real variable,
but for the function which relates this real variable to time as well:

N = N(t) . (1.2)

Now, what function to choose for N(t)? A choice that many people seem Time
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Fig. 1.3 Straight line model for the
hothouse experiment.

to find natural and simple (oddly enough) is the straight line:

N(t) = N0 − αt .

One may vary the parameters N0 and α to obtain a straight line that
goes through the ‘cloud of data points’ in a satisfactory manner, as
shown in Fig. 1.3 (for instance, by employing the least-squares method;8

8As long as the curve to be fitted is
a straight line, the human eye is very
good at least-squares fitting; in practice
this means taking a straightedge to the
data cloud and moving it about until
you are satisfied with the compromise
that every fitting procedure inevitably
entails.

see Section 4.2).
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Fig. 1.4 Exponential decay model for
the hothouse experiment.

But the straight line is clearly not a satisfactory description of the
data, in the following two respects: the straight line predicts negative
numbers from t = N0/α onwards, and the times between subsequent
deaths tend to increase, which is not in keeping with a straight line.
Rummaging through our drawer of elementary mathematical functions,
we come up with the following alternative, which is more satisfactory:

N(t) = N0 exp{−λt} (1.3)

with parameters N0 and λ.9 Even though we now have a mathematical

9The notation exp{−λt} is just another

way of writing e−λt; as with many
other things that do not matter, people
can get very worked up about which is
best.

description that seems to tie in nicely with the data set (see Fig. 1.4),
we still feel that there is something unsatisfactory about the procedure
we followed. After all, this is a data set involving only two variables,
and it looks pretty simple. How is the strategy of trying out arbitrary
functions going to work out in more complicated cases? There has got
to be a better way. Let us differentiate eqn (1.3) with respect to time:

d

dt
N(t) = N0 exp{−λt}(−λ) . (1.4)

We can replace the factor N0 exp{−λt} with N(t), by eqn (1.3):

d

dt
N(t) = −λN(t) . (1.5)

7Notational overloading happens when one symbol is made to stand for two or more, often closely related, things. For
instance, a function f associates values x from one set X to values y from another set Y (see Appendix A.2 for more details).
Here y stands for an element of the set Y , and we write y = f(x) to denote the relationship. We might want to save the letter f
for a different purpose (there are not that many letters to go around!) and simply want to write y(x) to denote that y depends
on x. We have made the letter y also stand for the relationship between the sets X and Y , in addition to an arbitrary element
from Y . The mathematical novice is quite right to complain that all of this seems confusing and unnecessary. Better notational
systems have been devised, but have yet to meet with general acceptance.
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This is so simple that one can readily overlook how remarkable it really
is. The differential equation tells us that the rate at which the cohort
of butterflies is dying is proportional to the number still alive at this
moment. But that makes perfect sense. If we assume that the butterflies
do not influence one another’s chances of dying, then all butterflies face
an equal chance of dying in the next small increment of time. And the
more butterflies there are, the more can be expected to die in the next
small increment of time. The parameter λ expresses just this hazard rate
per butterfly: the parameter thus admits of a natural interpretation,
which is simply the mortality rate (Fig. 1.5).

Fig. 1.5 The collective death rate (λN)
is proportional to how many are left
(N).

Starting from an argument along these lines, we could have written
down differential eqn (1.5) immediately, without guessing eqn (1.3) first.
This is a fruitful strategy to follow whenever we wish to find a process
description. We collect our intuitions and knowledge about what is going
on. This immediately leads to a consideration of the rates of change of
the process variables of interest in terms of these process variables them-
selves. In other words: we naturally arrive at differential equations.10

10Or, equivalently: integral equations
(for readers who know about those).

So some would view differential equations as the natural starting point
for process description, rather than a process description in the form of
eqn (1.3) which is seen as something that arises as a result, namely the
solution to a differential equation. This is fine, as long as it is remem-
bered that the prime motivation behind the whole business is to have
a mathematical description of the process, that is, a representation of a
quantity of interest as a function of time.

The second strategy—first write down differential equations, then
solve them to get the desired process description—is superior in a num-
ber of related ways. Complicated interactions can be accommodated,
which would not be easy in the ‘guess a function of time directly’ ap-
proach. Indeed, relevant differential equations or systems of differential
equations may not even have a solution in terms of elementary analytical
functions! This means that following the naive strategy, one could never
even have come up with the model.11 Also, in many cases it is possi-

11Lack of analytic solvability does not
mean a model is not useful; it does pose
a practical problem that can be par-
tially overcome by means of numerical
techniques.

ble to extract interesting information from the study of the differential
equations themselves, without actually bothering to solve them, as we
will see in Section 3.1.

1.4 A modelling recipe

The following recipe, which will be applied to a number of examples in
the next chapter, often proves useful:

(1) Delineate the phenomenon to be modelled. Outline and document
the ‘scene of the action’.

(2) Identify key quantities in the model.

(3) Identify how these quantities interact, how they affect one another.
A sketch with arrows showing transformations or causal effects is
often helpful.
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experiment

theory

assumptions  equations

analysis

simulationspredictions
suggested experiments

design

protocol

observations

data collection
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compare data with theoretical model

parameter estimation

new hypotheses

technique
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questions

consistency

power analysis

prior knowledge

qualitative properties

Fig. 1.6 The model cycle.

(4) Decide on state variables, the process variables for which you are
going to set up differential equations.12

12A useful technique that facilitates the
step from informal sketch to the choice
of state variables and differential equa-
tions is a graphical device called a dy-
namics diagram, which we will en-
counter at various points throughout
this book.

(5) Find appropriate formulations for the rates of change of the state
variables, that is, derive the differential equations.

(6) Analyse the model. Render the model dimensionless,13 if neces-
13Discussed further in Section 4.1.3.sary. Perform numerical simulations, as required.

(7) Relate the behaviour of the model to empirical data on the mod-
elled phenomenon.

During the first five steps you will usually find that you need to adopt
a number of assumptions. Try to write down all assumptions explicitly.
If you get stuck during these first steps, it often helps to write down
exactly what you know, or think you know, about the process to be
modelled. In particular, it is always a good idea to jot down elementary,
common-sense observations. Conservation of matter is a strong guiding
principle when you are considering processes in which particles move
from one place to another. By imagining yourself in the position of a
player in your model—be it a piece of DNA, a neuron, a blood vessel,
an organism—you can bring into focus your intuitions about what they
can and cannot ‘know’ or ‘sense’.

The model cycle During step 4 in the above procedure you have
to extract the salient features of the scheme you set up in steps 1–3.
This almost invariably entails some guesswork, since you have to assess
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the relative importance of various effects and factors. Fortunately, the
outcome of steps 6 and 7 will often put you in a better position to judge
the saliency of certain aspects of the problem, and prompt you to revise
your earlier decisions. Thus you are led back from step 6 (or step 7) to
step 4. You may find yourself going around any number of times in this
way, in what is known as the model cycle.14

14In this book we will see the model cy-
cle in action in a series of concrete ex-
amples (e.g. Sections 2.5 and 2.7). The
emphasis will be mainly on formulating
and analysing a mathematical model,
and interpreting the results in biologi-
cal terms. In Section 6.3 we will explic-
itly follow the development of a theory
through a number of iterations of the
cycle.

The model cycle is illustrated in Fig. 1.6. The main feature is a con-
tinual back-and-forth between experiment and theory. In essence, this
is just the empirical cycle of all scientific research: observations raise
new questions and suggest, together with the existing body of knowledge,
new hypotheses. These then lead to the design of further experiments,
yielding new observations, and so it goes. What distinguishes the model
cycle is the role of mathematical models in the theoretical step. By mak-
ing the hypothesis precise in the form of a mathematical model, we can
find out precisely what the hypothesis entails, and, we hope, pinpoint
exactly which subsequent experimentation might be most informative.
Of course, we must qualify ‘most informative’ as being from the neces-
sarily limited vantage point of our current state of knowledge. What is
gained from the model is a precise insight into what we do and do not
know, and into what we think we know.

1.5 Defining biological systems

In the life sciences, the term ‘system’ may refer to organ systems which
are functionally coherent components of an organism (examples are the
nervous system and the immune system), or to a functionally interlinked
assembly of organisms, such as an ecosystem. Life scientists also talk
about an experimental system, which means a set-up consisting of a
biotic sample together with the apparatus needed to subject this sample
to experimental treatments and the instrumentation used to observe the
effects of these interventions.

u y
x

Fig. 1.7 A dynamic system: input u,
state x, and output y. These examples suggest an abstract representation of a system: a

piece of the world which we conceptually single out, that is, around
which we draw an imaginary boundary (Fig. 1.7). We are generally
able to make observations about the system which we codify as mea-
surements, a series of numbers abstractly denoted as y.15 Furthermore,15Readers with previous exposure to

mathematics will recognise y as a vec-
tor; however, for the purpose of the
present discussion the reader does not
yet need to know what a vector is.

matter or energy, or both, possibly flow into and out of the imaginary
box: information about these influences is denoted as u. Both y and u
will generally be time-varying.

In some systems, it is possible, at every moment in time t, to predict
y(t) if u(t) is known; this prediction can be represented mathemati-
cally as a function that maps u to y. Such simple systems that can be
treated in terms of such straightforward u-to-y (or input–output) maps
are called static systems, in contrast to dynamic systems in which
y(t) is not completely determined16 by u(t). The additional informa-

16 Convince yourself that dy-
namic systems must have some sort of
internal memory. Consider for instance
the simplest case in which there are two
distinct input–output maps.

tion is called the state of the system, denoted as x(t). This concept
of a system’s state is fundamental. Loosely speaking, the state is the



Further reading 9

component that undergoes the dynamics.17 Also, the state can intu-
itively be thought of as the representation of the system’s history till the
present point in time that is just complete enough to determine18 how
the system’s output y will depend on the input u from the present time
onward. This may seem bone-dry and technical, but the concept of dy-
namic state is in fact enormously fruitful: in fact, the art of modelling19 19As with any art, good modelling

must be learned through practice. This
book can help by offering some general
principles and guidelines, which form
the subject of Chapter 5.

comes down in large part to choosing good state variables, given the
application at hand.

In the butterfly example, the state variable is N , the observed output
variable is N as well, and the input is the constant parameter λ. Of
course, for such a simple example, the formal apparatus of systems the-
ory is conceptually rather heavy-handed. Indeed, in most of this book
we shall not need to keep on stipulating explicitly what the input, state,
and output variables are; we shall usually leave it as understood that
the state comprises the quantities for which we write down our evolution
equations.20 the output is usually just the state, or part of it, and the
input consists of parameters and forcing functions (see Section 2.4 for
an example of a forcing function). What we do take from system the-
ory is the fundamental insight afforded by the concept of the dynamic
state. The ‘boxes and arrows’ approach of system theory is also useful
to approach complex systems in a modular way, since bigger systems
can be constructed by connecting the boxes, letting the output of one
subsystem, or a part of this output, act as the input (or part of the
input) of one or more other subsystem(s). In principle, connecting and
embedding subsystems is a useful approach to the connection of differ-
ent levels of organization21 and toward the integration of models at 21To wit, broadly speaking: molecule –

organelle – cell – tissue – organ – or-
gan system – organism – symbiont –
ecosystem.

lower levels of organization and at higher levels of organization; this is
presumably the intended connotation of the term ‘Systems Biology’
even if modern-day self-avowed systems biologists seem oddly ill-versed
in dynamical systems parlance.

Further reading

• P. Doucet and P. B. Sloep (1992). Mathematical
Modelling in the Life Sciences. Ellis Horwood, Lon-
don.

• L. Padulo and M. A. Arbib (1974). System Theory.
Saunders, Philadelphia.22

17Mathematicians use the term dynamics in their own special way; the mathematical definition of ‘dynamical’ captures the
essence of what it means to be an ongoing process. To the physicist, dynamics connotes forces whereas kinetics (or kinematics)
connotes movement per se—it may be argued that mathematicians ought to have chosen kinetic to denote the general notion
that covers all these cases. Chemists and life scientists draw different terminological distinctions between dynamics and kinetics,
to which they seem to attach more importance than terminological matters really deserve.
18In stochastic systems, the state is a joint probability distribution which may or may not evolve in time. In such systems
the state determines only the chances of making particular observations; stochastic systems will be discussed in Chapter 1. On
the other hand, in deterministic systems, the output y(t) is determined by u(t) and x(t) at every point in time t.
20The dynamical evolution equations in this book are mostly differential equations, although the framework outlined here
comprises difference equations and partial differential equations as well (see Exercise 3.19 on page 61).
22Long out of print, but worth every joule expended on tracking down a copy.
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Exercises

(1.1) Estimate how many people die every second, sup-
posing that there are 7× 109 people on the planet,
living 70 years on average. If the birth rate out-
strips the death rate by one percent, how long will
it take until the size of the world population dou-
bles?

(1.2) Consider the exponential decay model for the hot-
house experiment:

N(t) = N0 exp{−λt}

(a) Find the time Tr such that

N(Tr) = N0 exp{−1} .

(b) Find the time T1/2 such that

N(T1/2) = N0/2 .

(c) If N0 = 400, how many butterflies will be alive
(according to this model) at time t = 4T1/2?

(1.3) Of the two monkeys shown, one eats mostly insects
and one eats mostly leafs. How can you tell which
one is which?

Proboscis monkey, Nasalis larvatus, left, and squirrel
monkey, Saimiri sciureus, right.

(1.4) In an experiment, pancreatic β-cells were kept on
a glass slide for 40 hours and then stained with the
DNA-binding dye ho342, which allows dead cells
to be detected by means of their fragmented nu-
clei. If D is the percentage of dead cells found, the
death rate (expressed in second−1) was calculated
by means of the following formula:

1

144, 000
ln

100

100 − D
.

Explain how this formula was obtained.

(1.5) The following function is used to describe a process:

X(t) = X∞ + (X0 − X∞) exp{−λt} .

Verify that X(0) = X0 and that limt→∞ X(t) =
X∞. Write down the ordinary differential equation
corresponding to the given function, that is, com-
plete the equation d

dt
X = . . . where in place of the

dots some function of X is to be inserted.

(1.6) Follow through the modelling recipe, or at least the
steps (1)–(4), for a biological application of inter-
est, e.g. lipoprotein trafficking; growth of a plant;
hormonal regulation of ovulation; muscle contrac-
tion; glucose catabolism; eradication of a tumour;
hunger.

(1.7) During parturition, the hormone oxytocin stimu-
lates the contraction of myocytes (smooth muscle
cells) in the wall of the uterus. Let λ0 denote the
rate at which individual myocytes receive oxytocin-
induced stimuli to contract. Once it is contracting,
a myocyte can transfer its activity to neighbour-
ing cells via electrotonic coupling. Thus, a single
hormone-dependent stimulation event gives rise to
a cluster of myocytes being activated. Let C denote
the average number of myocytes in such a cluster
and let τ denote the average duration of any my-
ocyte’s contraction.

(a) Show that the fraction of time spent by a my-
ocyte, on average, in the contracted state is given
by

NCτ

NT
where N is the number of clusters initiated during
a time interval of duration T and N denotes the to-
tal number of myocytes; let f denote this fraction.
(b) Justify the expression

λ� = (1 − f)λ0

for the effective hormone-induced contraction initi-
ation rate per myocyte.
(c) Let λc = (Cτ)−1. Derive

λ� =
λ0λc

λ0 + λc
and f =

λc

λ0
.
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