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Abstract The basic reproduction number (R0) is a central quantity in epidemi-
ology as it measures the transmission potential of infectious diseases. In this
chapter we review the basic theory of the spread of infectious diseases using
simple compartmental models based on ordinary differential equations including
the simple Kermack-McKendrick epidemic model, SIR (susceptible-infectious-
removed) models with demographics, the SIS (susceptible-infectious-susceptible)
model, backward bifurcations, endemic equilibria, and the analytical derivation of
R0 using the next-generation approach. This theory is followed by simple methodol-
ogy for the estimation of R0 with its corresponding uncertainty from epidemic time
series data. The 1918–1919 influenza pandemic in Winnipeg, Canada, and the 1968
influenza pandemic in US cities are used for illustration.
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1 Thresholds in Disease Transmission Models

One of the fundamental results in mathematical epidemiology is that mathematical
epidemic models, including those that include a high degree of heterogeneity exhibit
a “threshold” behavior. In epidemiological terms, this can be stated as follows:
There is a difference in epidemic behavior when the average number of secondary
infections caused by an average infective during his/her period of infectiousness,
called the basic reproduction number, is less than one and when this quantity
exceeds one.
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There are two different situations. If the course of the disease outbreak is rapid
enough that there are no significant demographic effects (births, natural deaths,
recruitment) on the population being studied, then the disease will die out if the
basic reproduction number is less than one, and if it exceeds one there will be an
epidemic.
If, on the other hand, there is a flow into the population of individuals who may

become infected, through births, recruitment, or recovery of infected individuals
with no immunity against reinfection, then there is a different alternative. If the
basic reproduction number is less than one, the disease dies out in the population.
Mathematically this is expressed by the fact that there is a disease-free equilibrium
approached by solutions of the model describing the situation. If the basic repro-
duction number exceeds one, the disease-free equilibrium is unstable and solutions
flow away from it. There is also an endemic equilibrium, with a positive number of
infective individuals, indicating that the disease remains in the population.
However, the situation may be more complicated. We shall see later that in certain

circumstances it is possible to have an endemic equilibrium with a reproduction
number less than one.
We begin by describing the threshold phenomenon and the basic reproduction

number in epidemic models.

2 The Simple Kermack-McKendrick Epidemic Model

An epidemic, which acts on a short temporal scale, may be described as a sudden
outbreak of a disease that infects a substantial portion of the population in a region
before it disappears. Epidemics usually leave manymembers untouched. Often these
attacks recur with intervals of several years between outbreaks, possibly diminishing
in severity as populations develop some immunity.
One of the questions that first attracted the attention of scientists interested in the

study of the spread of communicable diseases was why diseases would suddenly
develop in a community and then disappear just as suddenly without infecting the
entire community. One of the early triumphs of mathematical epidemiology [54]
was the formulation of a simple model that predicted behavior very similar to that
observed in countless epidemics. The Kermack-McKendrick model is a compart-
mental model based on relatively simple assumptions on the rates of flow between
different classes of members of the population.
We formulate our descriptions as compartmental models, with the population

under study being divided into compartments and with assumptions about the nature
and time rate of transfer from one compartment to another. Diseases that confer
immunity have a different compartmental structure from diseases without immunity.
We will use the terminology SI R to describe a disease which confers immunity
against re-infection, to indicate that the passage of individuals is from the suscep-
tible class S to the infective class I to the removed class R. On the other hand,
we will use the terminology SI S to describe a disease with no immunity against
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re-infection, to indicate that the passage of individuals is from the susceptible class
to the infective class and then back to the susceptible class. Other possibilities
include SE I R and SE I S models, with an exposed period between being infected
and becoming infective, and SI RS models, with temporary immunity on recovery
from infection.
In order to model such an epidemic we divide the population being studied into

three classes labeled S, I , and R. We let S(t) denote the number of individuals
who are susceptible to the disease, that is, who are not (yet) infected at time t . I (t)
denotes the number of infected individuals, assumed infectious and able to spread
the disease by contact with susceptibles. R(t) denotes the number of individuals
who have been infected and then removed from the possibility of being infected
again or of spreading infection. Removal is carried out either through isolation from
the rest of the population or through immunization against infection or through
recovery from the disease with full immunity against reinfection or through death
caused by the disease. These characterizations of removed members are different
from an epidemiological perspective but are often equivalent from a modeling point
of view which takes into account only the state of an individual with respect to the
disease.
In formulating models in terms of the derivatives of the sizes of each com-

partment we are assuming that the number of members in a compartment is a
differentiable function of time. This may be a reasonable approximation if there
are many members in a compartment, but it is certainly suspect otherwise.
The basic compartmental models to describe the transmission of communicable

diseases are contained in a sequence of three papers by W.O. Kermack and A.G.
McKendrick in 1927, 1932, and 1933 [54–56]. The first of these papers described
epidemic models. What is often called the Kermack-McKendrick epidemic model
is actually a special case of the general model introduced in this paper. The general
model included dependence on age of infection, that is, the time since becoming
infected.
The special case of the model proposed by Kermack and McKendrick in 1927

which is the starting point for our study of epidemic models is

S" = #!SI
I " = !SI # " I
R" = " I .

It is based on the following assumptions:

(i) An average member of the population makes contact sufficient to transmit
infection with !N others per unit time, where N represents total population
size (mass action incidence).

(ii) Infectives leave the infective class at rate " I per unit time.
(iii) There is no entry into or departure from the population; in particular there are

no deaths from the disease. Thus population size is a constant N0.
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The assumptions of a rate of contacts proportional to population size N0 with
constant of proportionality !, and of an exponentially distributed recovery rate are
unrealistically simple. More general models can be constructed and analyzed, but
our goal here is to show what may be deduced from extremely simple models. It will
turn out that many more realistic models exhibit very similar qualitative behaviors.
In our model R is determined once S and I are known, and we can drop the R
equation from our model, leaving the system of two equations

S" = #!SI (1)
I " = (!S # ")I ,

together with initial conditions for S(0), I (0). We are unable to solve this system
analytically but we learn a great deal about the behaviour of its solutions by a
qualitative approach. We remark that the model makes sense only so long as S(t)
and I (t) remain non-negative. Thus if either S(t) or I (t) reaches zero we consider
the system to have terminated. We observe that S" < 0 for all t and I " > 0
if and only if S > "/!. Thus I increases so long as S > "/! but since S
decreases for all t , I ultimately decreases and approaches zero. If S(0) < "/!, I
decreases to zero (no epidemic), while if S(0) > "/!, I first increases to a maxi-
mum attained when S = "/! and then decreases to zero (epidemic). We think of
introducing a small number of infectives into a population of susceptibles and ask
whether there will be an epidemic. It is not difficult to show that I (t) $ 0 and
S(t) $ S% > 0 as t $ %. The quantity !S(0)/" is a threshold quantity, called
the basic reproduction number and denoted byR0, which determines whether there
is an epidemic or not. If R0 < 1 the infection dies out, while if R0 > 1 there is an
epidemic.
The definition of the basic reproduction numberR0 is that the basic reproduction

number is the number of secondary infections caused by a single infective intro-
duced into a wholly susceptible population of size N0 & S(0) over the course of the
infection of this single infective. In this situation, an infective makes !N0 contacts
in unit time, all of which are with susceptibles and thus produce new infections,
and the mean infective period is 1/"; thus the basic reproduction number is actually
!N0/" rather than !S(0)/".
If we integrate the sum of the two equations of (1) from 0 to% and let t $ %

we obtain

"

! %

0
I (s)ds = S(0)+ I (0)# S% = N0 # S%.

The first equation of (1) may be written as

# S"(t)
S(t)

= ! I (t).
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Integration from 0 to% gives the final size relation

log
S(0)
S%

=
! %

0
! I (t)dt

= !(N0 # S%)
"

(2)

= R0

"
1# S%

N0

#
.

This final size relation shows that the size of the epidemic N0 # S% is completely
determined by the basic reproduction number.

3 More Elaborate Epidemic Models

There are many elaborations of the basic model (1). For example, one might assume
an exposed period of mean duration # following infection and preceding becoming
fully infective, possibly with infectivity during the exposed period but reduced by a
factor $,

S" = #!S(I + $E)
E " = !S(I + $E)# #E (3)
I " = #E # " I.

In addition we have initial conditions

S(0) = S0, E(0) = E0, I (0) = I0, S(0)+ E(0)+ I (0) = N0.

In order to calculate the basic reproduction number, we observe that an exposed
member introduced into a susceptible population transmits $!N0 infections in unit
time for a mean duration of 1/# followed by !N0 infections in unit time during the
infective period of mean length 1/". Thus

R0 = !N0
$
1
"

+ $

#

%
.

A calculation very similar to the derivation of the final size relation for (1) gives

log
S(0)
S%

=
! %

0
![I (t)+ $E(t)]dt

= R0

"
1# S%

N0

#
# $! I0

#
.
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If all initially infected members of the population are latent, this takes exactly the
same form as (2), but if some have already completed the exposed stage there is a
correction term in the final size relation.
Another extension of the model (1) is an SI R model in which a fraction % of

infected members in unit time are removed for treatment. The mean period for
treated members before recovery is 1/& and treatment decreases infectivity by a
factor ' . This leads to a model

S" = #!S(I + 'T )
I " = !S(I + 'T )# (" + % )I (4)
T " = % I # &T .

Much as for the model (3) we calculate

R0 = !N0
"

1
" + %

+ %

" + %

'

&

#

and we obtain exactly the same final size relation (2).
These refinements of the simple Kermack-McKendrick epidemic model and

models with more compartments are included in the general epidemic model of
Kermack and McKendrick [54]. This model include a dependence of infectivity
on the time since becoming infected (age of infection). In this model ((t) is the
total infectivity at time t , defined as the sum of products of the number of infected
members with each infection age and the mean infectivity for that infection age. We
let B() ) be the fraction of infected members remaining infected at infection age )

and let * () ) with 0 ' * () ) ' 1 be the mean infectivity at infection age ) . Then
we let

A() ) = * () )B() ),

the mean infectivity of members of the population with infection age ) .
The age of infection epidemic model is

S" = #!S(

((t) = (0(t)+
! t

0
!S(t # ) )((t # ) )A() )d) (5)

= (0(t)+
! t

0
[#S"(t # ) )]A() )d).

The basic reproduction number is

R0 = !N0
! %

0
A() )d),
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because an infective introduced into a susceptible population makes !N0 contacts
in unit time and the total infectivity over the duration of the infection is

& %
0 A() )d) .

We write

# S"(t)
S(t)

= !(0(t)+ !

! t

0
[#S"(t # ) )]A() )d).

Integration with respect to t from 0 to% gives

ln
S0
S%

= !

! %

0
(0(t)dt + !

! %

0

! t

0
[#S"(t # ) )]A() )d)dt

= !

! %

0
(0(t)dt + !

! %

0
A() )

! %

)

[#S"(t # ) )]dtd)

= !

! %

0
(0(t)dt + ![S0 # S%]

! %

0
A() )d) (6)

= ![N0 # S%]
! %

0
A() )d) + !

! %

0
[(0(t)# (N0 # S0)A(t)]dt

= R0

"
1# S%

N0

#
# !

! %

0
[(N0 # S0)A(t)# (0(t)]dt.

Here, (0(t) is the total infectivity of the initial infectives when they reach age of
infection t . If all initial infectives have infection age zero at t = 0, (0(t) = [N0 #
S0]A(t), and

! %

0
[(N0 # S0)A(t)# (0(t)]dt = 0.

Then (6) takes the form

ln
S0
S%

= R0

$
1# S%

N0

%
, (7)

and this is the general final size relation, exactly the same form as for the simple
model (1).
If there are initial infectives with infection age greater than zero, let u0() ) be the

average infectivity of these individuals. Then, since u0() ) ' B() ),

(0(t) = (N0 # S0)u0() )* (t + ) )
B(t + ) )
B() )

' (N0 # S0)A(t + ) ) ' (N0 # S0)A() ).

Thus, the initial term satisfies
! %

0
[(N0 # S0)A(t)# (0(t)]dt ( 0.



8 G. Chowell and F. Brauer

The final size relation is sometimes presented in the slightly different form

ln
S0
S%

= R0

$
1# S%

S0

%
, (8)

with an initial term which is assumed small and omitted, see for example [5, 30, 87].
Calculation ofR0 for the model (5) requires calculation of the integral

& %
0 A() )d) .

In a model with multiple stages this calculation may be complicated but the approach
given in [90] can simplify it.
The results we have developed assume mass action incidence, and this is not

realistic. It is more plausible to assume that incidence is a saturating function of total
population size. If there are no disease deaths, the total population size is constant
and there is no loss of generality in assuming mass action incidence. If there are
disease deaths, the total population size decreases with time. This does not affect
the calculation of the reproduction number, but the final size relation becomes an
inequality. If the disease death rate is small, the final size relation is an approximate
equality and may still be used to estimate the epidemic size.

4 SI RModels with Demographics

Epidemics may sweep through a population and then disappear, but there are dis-
eases which are endemic in many parts of the world and which cause millions of
deaths each year. We have omitted births and deaths in our description of epidemic
models because the time scale of an epidemic is generally much shorter than the
demographic time scale. In effect, we have used a time scale on which the number
of births and deaths in unit time is negligible. To model a disease which may be
endemic we need to think on a longer time scale and include births and deaths.
The simplest SI R model with births and deaths is formulated by adding births

and deaths to the epidemic model (1). We assume that the birth rate is a func-
tion !(N ) of total population size N and that there is a natural death rate in
each compartment proportional to the size of the compartment; this corresponds
to an assumption of an exponentially distributed life span. We assume also a
density-dependent contact rate and that there are no disease deaths. This gives a
model

S" = !(N )# !(N )SI # µS
I " = !(N )SI # µI # " I (9)
N " = !(N )# µN .

The total population size N uncouples in this model and satisfies the differential
equation

N " = !(N )# µN .



The Basic Reproduction Number of Infectious Diseases 9

The carrying capacity of population size is the limiting population size K ,
satisfying

!(K ) = µK , !"(K ) < µ .

The condition !"(K ) < µ assures the asymptotic stability of the equilibrium pop-
ulation size K . It is reasonable to assume that K is the only positive equilibrium,
so that

!(N ) > µN

for 0 ' N ' K . For most population models,

!(0) = 0, !""(N ) ' 0 .

However, if!(N ) represents recruitment into a behavioral class, as would be natural
for models of sexually transmitted diseases, it would be plausible to have!(0) > 0,
or even to consider!(N ) to be a constant function. If!(0) = 0, we require!"(0) >

µ because if this requirement is not satisfied there is no positive equilibrium and the
population would die out even in the absence of disease.
The theory of asymptotically autonomous systems [15, 64, 80, 81] implies that

if N has a constant limit then the system is equivalent to the system in which N is
replaced by this limit. Then the system (9) is equivalent to the system

S" = ! # !SI # µS
I " = !SI # µI # " I (10)

in which ! stands for the constant !(K ) and ! for the constant !(K ) = µK .
We shall analyze the model (10) qualitatively; our analysis will also apply to the

more general model (9) if there are no disease deaths.
Just as for the epidemic models considered earlier, the basic reproduction number

is the number of secondary infections caused by a single infective introduced into
a wholly susceptible population. Because the number of contacts per infective in
unit time is !N0, and the mean infective period (corrected for natural mortality) is
1/(µ + "),the basic reproduction number is

R0 = !N0
µ + "

.

Our approach will be to identify equilibria (constant solutions) and then to
determine the asymptotic stability of each equilibrium. Asymptotic stability of
an equilibrium means that a solution starting sufficiently close to the equilibrium
remains close to the equilibrium and approaches the equilibrium as t $ %, while
instability of the equilibrium means that there are solutions starting arbitrarily close
to the equilibrium which do not approach it. To find equilibria (S%, I%) we set the
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right side of each of the two equations equal to zero. The second of the resulting
algebraic equations factors, giving two alternatives. The first alternative is I% = 0,
which will give a disease-free equilibrium, and the second alternative is !S% =
µ + ", which will give an endemic equilibrium, provided !S% = µ + " < !N0.
If I% = 0 the other equation gives S% = N0 = !/µ. For the endemic equilibrium
the first equation gives

I% = !

µ + "
# µ

!
. (11)

We linearize about an equilibrium (S%, I%) by letting y = S # S%, z = I # I%,
writing the system in terms of the new variables y and z and retaining only the
linear terms in a Taylor expansion. We obtain a system of two linear differential
equations,

y" = #(! I% + µ)y # !S%z

z" = ! I%y + (!S% # µ # ")z .

The coefficient matrix of this linear system is

"
#! I% # µ #!S%

! I% !S% # µ # "

#

We then look for solutions whose components are constant multiples of e+t ; this
means that + must be an eigenvalue of the coefficient matrix. The condition that all
solutions of the linearization at an equilibrium tend to zero as t $ % is that the real
part of every eigenvalue of this coefficient matrix is negative. At the disease-free
equilibrium the matrix is

"
#µ #!N0
0 !K # µ # "

#
,

which has eigenvalues #µ and !N0 # µ # ". Thus, the disease-free equilibrium is
asymptotically stable if !N0 < µ + " and unstable if !N0 > µ + ". Note that this
condition for instability of the disease-free equilibrium is the same as the condition
for the existence of an endemic equilibrium.
In general, the condition that the eigenvalues of a 2 ) 2 matrix have negative

real part is that the determinant be positive and the trace (the sum of the diagonal
elements) be negative. Since !S% = µ + " at an endemic equilibrium, the matrix
of the linearization at an endemic equilibrium is

"
#! I% # µ #!S%

! I% 0

#
(12)
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and this matrix has positive determinant and negative trace. Thus, the endemic
equilibrium, if there is one, is always asymptotically stable. If the quantity

R0 = !N0
µ + "

= N0
S%

(13)

is less than one, the system has only the disease-free equilibrium and this equilib-
rium is asymptotically stable. In fact, it is not difficult to prove that this asymptotic
stability is global, that is, that every solution approaches the disease-free equilib-
rium. If the quantity R0 is greater than one then the disease-free equilibrium is
unstable, but there is an endemic equilibrium that is asymptotically stable. The dis-
ease model exhibits a threshold behavior: If the basic reproduction number is less
than one the disease will die out, but if the basic reproduction number is greater than
one the disease will be endemic. The asymptotic stability of the endemic equilibrium
means that the compartment sizes approach a steady state. If the equilibrium had
been unstable, there would have been a possibility of sustained oscillations. Oscil-
lations in a disease model mean fluctuations in the number of cases to be expected,
and if the oscillations have long period could also mean that experimental data for a
short period would be quite unreliable as a predictor of the future. Epidemiological
models which incorporate additional factors may exhibit oscillations. A variety of
such situations is described in [45, 46]. In general, a reproduction number greater
than one signifies persistence of the infection.
Like epidemic models, disease transmission models including births and deaths

can be put into an age of infection framework as in [13]. This allows the calcu-
lation of the reproduction number for models with multiple infective or treatment
compartments.
If there are disease deaths in an SI R model with births and deaths, the analysis is

more complicated. Because the total population size is not constant, the dimension
of the model can not be reduced to two, and the stability analysis of a system of
higher dimension is more complicated. However, the fundamental threshold prop-
erty continues to hold [13]. This also extends to more complicated models with more
compartments.
Epidemic models also exhibit a threshold behavior but of a different kind. For

these models, SI R models without births or natural deaths, the threshold distin-
guishes between a dying out of the disease and an epidemic, or short term spread of
disease.

5 The SI SModel

In order to describe a model for a disease from which infectives recover with no
immunity against reinfection and that includes births and natural deaths but no
disease deaths as in the model (9), we may modify the model (9) by removing
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the equation for R and moving the term " I describing the rate of recovery from
infection to the equation for S. This gives the model

S" = !(N )# !(N )SI # µS + " I (14)
I " = !(N )SI # " I # µI

describing a population with a density-dependent birth rate !(N ) per unit time, a
proportional death rate µ in each class, and with a rate " of departure from the
infective class through recovery with no immunity against reinfection.
As for the SI R model, since the system (14) is asymptotically autonomous and

since S + I is a constant N0, it is equivalent to the single equation

I " = ! I (N0 # I )# (" + µ)I, (15)

where S has been replaced by N0 # I . But (15) is a logistic equation which is easily
solved by an equilibrium analysis. We find that I $ 0 if

R0 = !N0
µ + "

< 1

and I $ I% > 0 with

I% = N0 # µ + "

!
= N0

$
1# 1

R0

%

if R0 > 1. Thus the SI S model exhibits the same threshold behavior as the SI R
model. In fact, this holds even without births and natural deaths; the flow of new
susceptibles coming from recovery from infection maintains the disease.
If there are disease deaths in the SI S model, the analysis is more complicated

but the result is the same.

6 Backward Bifurcations

In compartmental models for the transmission of communicable diseases there
is usually a basic reproduction number R0, representing the mean number of
secondary infections caused by a single infective introduced into a susceptible pop-
ulation. IfR0 < 1 there is a disease-free equilibrium which is asymptotically stable,
and the infection dies out. If R0 > 1 the usual situation is that there is an endemic
equilibrium which is asymptotically stable, and the infection persists. Even if the
endemic equilibrium is unstable, the instability commonly arises from a Hopf bifur-
cation and the infection still persists but in an oscillatory manner. More precisely, as
R0 increases through 1 there is an exchange of stability between the disease-free
equilibrium and the endemic equilibrium (which is negative as well as unstable
and thus biologically meaningless if R0 < 1). There is a bifurcation, or change
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in equilibrium behavior, at R0 = 1 but the equilibrium infective population size
depends continuously on R0. Such a transition is called a forward, or transcritical,
bifurcation.
It has been noted [33, 39, 40, 57] that in epidemic models with multiple groups

and asymmetry between groups or multiple interaction mechanisms it is possible to
have a very different bifurcation behavior atR0 = 1. There may be multiple positive
endemic equilibria for values ofR0 < 1 and a backward bifurcation atR0 = 1.
The qualitative behavior of an epidemic system with a backward bifurcation dif-

fers from that of a system with a forward bifurcation in at least three important ways.
If there is a forward bifurcation atR0 = 1 it is not possible for a disease to invade a
population ifR0 < 1 because the system will return to the disease-free equilibrium
I = 0 if some infectives are introduced into the population. On the other hand, if
there is a backward bifurcation atR0 = 1 and enough infectives are introduced into
the population to put the initial state of the system above the unstable endemic equi-
librium with R0 < 1, the system will approach the asymptotically stable endemic
equilibrium.
Other differences are observed if the parameters of the system change to produce

a change in R0. With a forward bifurcation at R0 = 1 the equilibrium infective
population remains zero so long as R0 < 1 and then increases continuously as
R0 increases. With a backward bifurcation at R0 = 1, the equilibrium infective
population size also remains zero so long as R0 < 1 but then jumps to the positive
endemic equilibrium as R0 increases through 1. In the other direction, if a disease
is being controlled by means which decrease R0 it is sufficient to decrease R0 to 1
if there is a forward bifurcation atR0 = 1 but it is necessary to bringR0 below 1 if
there is a backward bifurcation.
These behavior differences are important in planning how to control a disease; a

backward bifurcation atR0 = 1 makes control more difficult. One control measure
often used is the reduction of susceptibility to infection produced by vaccination. By
vaccination we mean either an inoculation which reduces susceptibility to infection
or an education program such as encouragement of better hygiene or avoidance of
risky behavior for sexually transmitted diseases. Whether vaccination is inoculation
or education, typically it reaches only a fraction of the susceptible population and is
not perfectly effective. In an apparent paradox, models with vaccination may exhibit
backward bifurcations, making the behavior of the model more complicated than
the corresponding model without vaccination. It has been argued [9] that a partially
effective vaccination program applied to only part of the population at risk may
increase the severity of outbreaks of such diseases as HIV/AIDS.
We give a simple example of a backward bifurcation by incorporating vaccination

into a simple SI S model, following the elementary approach of [11].
The model we will study adds vaccination to the simple SIS model (15) described

in the preceding section. We add the assumption that in unit time a fraction ( of
the susceptible class is vaccinated. The vaccination may reduce but not completely
eliminate susceptibility to infection. We model this by including a factor ' , 0 '
' ' 1, in the infection rate of vaccinated members with ' = 0 meaning that the
vaccine is perfectly effective and ' = 1 meaning that the vaccine has no effect. We
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assume also that the vaccination loses effect at a proportional rate , . We describe
the new model by including a vaccinated class V , with

I " = ! [N0 # I # (1# ' )V ] I # (µ + % )I (16)
V " = ([N0 # I ]# '!V I # (µ + , + -)V .

The system (16) is the basic vaccination model which we will analyze. We remark
that if the vaccine is completely ineffective (' = 1), then (16) is equivalent to
the SIS model (15). If there is no loss of effectiveness of vaccine, , = 0, and if
all susceptibles are vaccinated immediately (formally, ( $ %), the model (16) is
equivalent to (15) with ! replaced by '! and has basic reproduction number

R*
0 = '!K

µ + %
= 'R0 ' R0.

We will think of the parameters µ, % , , , ( and ' as fixed and will view ! as
variable. In practice, the parameter ( is the one most easily controlled, and with this
interpretation in mind, we will use R(() to denote the basic reproduction number of
the model (16), and we will see that

R*
0 ' R(() ' R0.

Equilibria of the model (16) are solutions of

! I [N0 # I # (1# ' )V ] = (µ + % )I (17)
([N0 # I ] = '!V I + (µ + , + ()V .

If I = 0 then the first equation of (17) is satisfied and the second equation leads to

S = µ + ,

µ + , + (
N0, V = (

µ + , + (
N0.

This is the disease-free equilibrium.
The matrix of the linearization of (16) at an equilibrium (I, V ) is

"
#2! I # (1# ' )!V # (µ + ")+ !N0

#(( + '!V )
#(1# ' )! I

#(µ + , + ( + '! I )

#

At the disease-free equilibrium this matrix is

"
#(1# ' )!V # (µ + ")+ !N0

#(- + '!V )
0

#(µ + , + ()

#
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which has negative eigenvalues, implying the asymptotic stability of the disease-free
equilibrium, if and only if

#(1# ' )!V # (µ + ")+ !N0 < 0.

Using the value of V at the disease-free equilibrium this condition is equivalent to

R(() = !N0
µ + "

· µ + , + '-

µ + , + (
= R0

µ + , + '(

µ + , + (
< 1.

The case ( = 0 is that of no vaccination withR(() = R0, andR(() < R0 if ( > 0.
In fact, it is not difficult to show, using a standard a priori bound argument, that if
R0 < 1 the disease-free equilibrium is globally asymptotically stable [57]. We note
thatR*

0 = 'R0 = lim($% R(-) < R0.

6.1 Endemic Equilibria

If 0 ' ' < 1 endemic equilibria are solutions of the pair of equations

! [N0 # I # (1# ' )V ] = µ + % (18)
([N0 # I ] = '!V I + (µ + , + ()V .

We eliminate V using the first equation of (18) and substitute into the second
equation to give an equation of the form

AI 2 + BI + C = 0 (19)

with

A = '!

B = (µ + , + '()+ ' (µ + % )# '!N0 (20)

C = (µ + % )(µ + , + ()
!

# (µ + , + '()N0.

If ' = 0 (19) is a linear equation with unique solution.

I = N0 # (µ + % )(µ + , + ()
!(µ + , )

= N0
"
1# 1

R(()

#

which is positive if and only if R(() > 1. Thus if ' = 0 there is a unique endemic
equilibrium if R(() > 1 which approaches zero as R(-) $ 1+ and there can not
be an endemic equilibrium if R(() < 1. In this case it is not possible to have a
backward bifurcation atR(() = 1.
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We note that C < 0 ifR(() > 1, C = 0 ifR(() = 1, and C > 0 ifR(() < 1. If
' > 0, so that (19) is quadratic and ifR(() > 1 then there is a unique positive root
of (19) and thus there is a unique endemic equilibrium. If R(() = 1, then C = 0
and there is a unique non-zero solution of (19) I = #B/A which is positive if and
only if B < 0. If B < 0 when C = 0 there is a positive endemic equilibrium for
R(() = 1. Since equilibria depend continuously on ( there must then be an interval
to the left of R(() = 1 on which there are two positive equilibria. This establishes
that the system (16) has a backward bifurcation at R(() = 1 if and only if B < 0
when ! is chosen to make C = 0.
We can give an explicit criterion in terms of the parameters µ, ", , , (, ' for the

existence of a backward bifurcation atR(() = 1. WhenR(() = 1, C = 0 so that

(µ + , + '()!N0 = (µ + ")(µ + , + () (21)

The condition B < 0 is

(µ + , + '()+ ' (µ + ") < '!N0

with !N0 determined by (21), or

' (µ + ")(µ + , + () > (µ + , + '() [(µ + , + '()+ ' (µ + ")]

which reduces to

' (1# ' )(µ + % )( > (µ + , + '()2. (22)

A backward bifurcation occurs atR(() = 1 if and only if (22) is satisfied. We point
out that there can not be a backward bifurcation if the vaccine is perfectly effective,
' = 0. Also, it is possible to prove that for the corresponding SI R model with
vaccination a backward bifurcation is not possible.
If (22) is satisfied, so that there is a backward bifurcation at R(() = 1, there are

two endemic equilibria for an interval of values of ! from

!N0 = (µ + ")(µ + , + ()
µ + , + '(

corresponding to R(() = 1 to a value !c defined by B = #2
+
AC . Thus there are

two endemic equilibria if ! is chosen so that

#2
+
AC < B < 0.

It is possible to prove that the larger one is asymptotically stable while the lower one
is unstable and separates the regions of attraction of the disease-free equilibrium and
the asymptotically stable endemic equilibrium.
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7 Calculation of Reproduction Numbers

We have calculated reproduction numbers directly by following the course of a dis-
ease through a population from an initial infective. This is possible because we have
examined only situations in which all new infections are in a single compartment. If
new infections may be in multiple compartments, it is necessary to use a next gen-
eration operator approach [29, 30]. If the model is a system of ordinary differential
equations,the next generation approach may be formulated in matrix-theoretic terms
[82]. In this section we outline this approach, referring the reader to [82] for details.
A compartment is called a disease compartment if its members are infected.

Note that exposed and asymptomatic compartments are disease compartments in
this sense. Suppose that there are n disease compartments and m non-disease com-
partments, and let x , Rn and y , Rm be the subpopulations in these compartments
respectively. We denote by Fi the rate at which secondary infections increase the
ith disease compartment. We define the n ) nmatrix V describing the transitions
between infected states as well as removals from infected states through death and
recovery. For any non-negative vector x , the components of the vector V x represent
the net rate of decrease of each infected compartment. Since this rate cannot be
positive if the compartment is empty, it follows that the off-diagonal entries of V
must be negative or zero. Similarly, the sum of the components of the vector V x ,
which represents the net rate of decrease in infected individuals due to death and
recovery, must be non-negative for every non-negative vector x .
The compartmental model can then be written in the form

x " = F(x, y)# V x (23)
y" = g(x, y),

with non-negative initial conditions such that at least one component of x(0) is
positive.
The disease-free set {(x, y)|x = 0, y ( 0} is invariant. Suppose that a point

(0, y0) is a locally asymptotically stable equilibrium of the system without disease

y" = g(0, y)

in the sense that solutions that start close to (0, y0) remain close to (0, y0). Such
a point is referred to as a disease-free equilibrium. The community matrix of the
system without disease at this equilibrium is

gy(0, y0),

and this assumption implies that all the eigenvalues of gy(0, y0) have negative or
zero real parts.
The point (0, y0) is also an equilibrium of the system (23). We define

F = Fx (0, y0).
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If all eigenvalues of F # V have negative real parts, then this equilibrium is also
asymptotically stable for (23).
The number of secondary infections produced by a single infected individual

can be expressed as the product of the expected duration of the infectious period
and the rate at which secondary infections occur. For the general model with n
disease compartments, these are computed for each compartment for a hypothetical
index case. The expected time the index case spends in each compartment is given
by the integral

& %
0 ((t, x0) dt , where ((t, x0) is the solution of (23) with F = 0

(no secondary infections) and nonnegative initial conditions, x0, representing an
infected index case:

x " = #V x, x(0) = x0. (24)

In effect, this solution shows the path of the index case through the disease compart-
ments from the initial exposure through to death or recovery with the i th component
of ((t, x0) interpreted as the probability that the index case (introduced at time
t = 0) is in disease state i at time t . The solution to (24) is ((t, x0) = e#V t x0,
where the exponential of a matrix is defined by the Taylor series

eA = I + A + A2

2!
+ A3

3!
+ · · · + Ak

k!
+ · · ·

This series converges for all t . Thus
! %

0
((t, x0) dt =

! %

0
e#V t x0 dt = V#1x0.

The (i, j) entry of the matrix V#1 can be interpreted as the expected time an individ-
ual initially introduced into disease compartment j spends in disease compartment
i . The (i, j) entry of the matrix F is the at which rate secondary infections are
produced in compartment i by an index case in compartment j . Hence, the expected
number of secondary infections produced by the index case is given by

! %

0
Fe#V t x0 dt = FV#1x0.

The matrix K = FV#1 is called the next generation matrix [29, 30] for the system
at the disease-free equilibrium. The (i, j) entry of K is the expected number of
secondary infections in compartment i produced by individuals initially in compart-
ment j , assuming, of course, that the environment seen by the individual remains
homogeneous for the duration of its infection.
It is shown in [82] that V is a non-singular M-matrix. This implies that the eigen-

values of V all have positive real part, and V#1 is a matrix with non-negative entries
[7]. The next generation matrix, K = FV#1, is nonnegative and the properties of
matrices imply that K has a nonnegative eigenvalue, .(FV#1), such that there are
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no other eigenvalues of K with modulus greater thanR0 and there is a nonnegative
eigenvector / associated withR0. This eigenvector is in some sense the distribution
of infected individuals that produces the greatest number, R0, of secondary infec-
tions per generation. Thus, R0 and the associated eigenvector / suitably define a
“typical” infective and the basic reproduction number can be defined rigorously as
the spectral radius of the next generation matrix, K .
It is possible to show that the spectral radius of K = FV#1 has absolute value

less than 1 if and only if all eigenvalues of the matrix F # V have negative real part
[82]. Thus the disease-free equilibrium (0, y0) of (23) is (locally) asymptotically
stable if and only ifR0 < 1.
If all new infections are in one compartment, the matrix F has rank 1 and thus

the matrix K = FV#1 also has rank 1. Then all but one of the eigenvalues of K
are zero, and since the sum of the eigenvalues of K is equal to the trace of K , the
spectral radius is the remaining eigenvalue,

.(K ) = tr (K ).

8 Estimating R0 Using a Compartmental Epidemic Model

In practice, the reproduction number denoted simply by R and defined as the
number of secondary cases generated by a primary infectious cases in a partially
protected population might be useful. R can also be estimated from the initial
growth phase of an epidemic in such a partially immunized population. In a ran-
domly mixing population, the relationship between the basic reproduction number
(R0) and the reproduction number (R) is given by R = (1 # p)R0 where p is the
proportion of the population that is effectively protected against infection (in the
beginning of an epidemic). Besides, for many recurrent infectious diseases includ-
ing seasonal influenza, estimating the background immunity p in the population is
extremely difficult due to cross-immunity of antigenically-related influenza strains
and vaccination campaigns.
Statistical methods to quantitatively estimate R0 have been reviewed by Klaus

Dietz [32]. Depending on the characteristics of data and underlying assumptions of
the models, R0 can be estimated using various different approaches [28]. Here we
focus on the estimation of R0 from an inverse problem perspective using compart-
mental epidemic models based on systems of ordinary differential equations. While
in previous sections the focus is on mass action incidence, here we model epidemics
assuming standard incidence. A recent review on methods for the estimation of the
basic reproduction number in the context of the 1918–1919 influenza pandemic has
been given by Chowell and Nishiura (2008) [25].
The simple SEIR model classifies individuals as susceptible (S), exposed (E),

infectious (I), recovered (R), and dead (D) [3]. Susceptible individuals in contact
with the virus enter the exposed class at the rate ! I (t)/N , where ! is the transmis-
sion rate, I (t) is the number of infectious individuals at time t and
N = S(t) + E(t) + I (t) + R(t) is the total population for any t . The entire
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population is assumed to be susceptible at the beginning of the epidemic. Individ-
uals in latent period (E) progress to the infectious class at the rate k (where 1/k
suggests the mean latent period). We assume homogeneous mixing (i.e. random
mixing) between individuals and, therefore, the fraction I (t)/N is the probability
of a random contact with an infectious individual in a population of size N . Since
we assume that the time-scale of the epidemic is much faster than characteristic
times for demographic processes (natural birth and death), background demographic
processes are not included in the model. Infectious individuals either recover or
die from influenza at the mean rates % and 0, respectively. Recovered individu-
als are assumed protected for the duration of the outbreak. The mortality rate is
given by 0 = % [CFP/(1-CFP)], where CFP is the mean case fatality proportion.
The transmission process can be modeled using the system of nonlinear differential
equations:

'
(((((((((((((((((((((()

((((((((((((((((((((((*

dS(t)
dt

= #!S(t)I (t)
N

dE(t)
dt

= !S(t)I (t)
N (t)

# kE(t)

d I (t)
dt

= kE(t)# (% + 0)I (t)

dR(t)
dt

= % I (t)

dD(t)
dt

= 0 I (t)

dC(t)
dt

= kE(t)

(25)

where C(t) is the cumulative number of infectious individuals. The basic repro-
duction number of the above system (25) is given by the product of the mean
transmission rate and the mean infectious period, R0 = !/(% + 0).

8.1 Parameter Estimation

In the simplest manner, model parameters can be estimated via least-square fitting of
the model solution to the observed data. That is, one looks for the set of parameters
!̂ whose model solution best fits the epidemic data by minimizing the sum of the
squared differences between the observed data yt and the model solution C(t,!).
That is, we minimize:

X (!) =
n+

t=1
(yt # C(t,!))2 (26)
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The standard deviation of the parameters can be estimated by computing the
asymptotic variance-covariance AV (1̂) matrix of the least-squares estimate by [27]:

AV(!̂) = ' 2(-1C(!0) -1C(!0)T)#1 (27)

which can be estimated by

'̂ 2( ˆ-1̂C(!̂) ˆ-1̂C(!̂)T)#1 (28)

where n is the total number of observations, '̂ 2 is the estimated variance, and -̂C
are numerical derivatives of C . Estimates of R̂0 can be obtained by substituting
the corresponding individual parameter estimates into an analytical formula of R0.
Further, using the delta method [8], we can derive an expression for the variance of
the estimated basic reproduction number R̂0. An expression for the variance of R0
for the simple SEIR model (Equations (25)) is given by:

V (R̂0) & R̂0
2
,
V (!̂)
!̂2

+ V (%̂ )
(%̂ + 0̂)2

+ V (0̂)
(%̂ + 0̂)2

#
$

2
!̂(%̂ + 0̂)

%$
Cov(%̂ , !̂)# !̂Cov(0̂, %̂ )

%̂ + 0̂
+ Cov(0̂, !̂)

%-
. (29)

This expression depends on the variance (denoted by V ) of the individual
parameter estimates as well as their covariance (denoted by Cov).

8.2 Bootstrap Confidence Intervals

Another method to generate uncertainty bounds on the reproduction number is com-
puting bootstrap confidence intervals by generating sets of realizations of the best-fit
curve C(t) [34]. Each realization of the cumulative number of case notifications
Ci (t) (i = 1, 2, . . ., m) is generated as follows: for each observation C(t) for
t = 2, 3, . . ., n days generate a new observation C "

i (t) for t ( 2 (C "

i (1) = C(1))
that is sampled from a Poisson distribution with mean: C(t) # C(t # 1) (the daily
increment in C(t) from day t # 1 to day t). The corresponding realization of the
cumulative number of influenza notifications is given by Ci (t) =

.t
j=1 C

"

i (t) where
t = 1, 2, 3, . . ., n. The reproduction number was then estimated from each of 1000
simulated epidemic curves to generate a distribution of R estimates from which sim-
ple statistics can be computed including 95% confidence intervals. These statistics
need to be interpreted with caution. For example, 95% confidence intervals for R
derived from our bootstrap sample of R should be interpreted as containing 95% of
future estimates when the same assumptions are made and the only noise source is
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observation error. It is tempting but incorrect to interpret these confidence intervals
as containing the true parameters with probability 0.95.

8.3 Example: The Transmissibility of the 1918 Influenza
Pandemic in Winnipeg, Canada

The 1918–1919 influenza pandemic known as the Spanish influenza has been the
most devastating in recent history with estimated worldwide mortality ranging from
20 to 100 million deaths [26, 67] with a case fatality of 2–6% [63, 79]. The first
pandemic wave arrived to Winnipeg at the end of September 1918 probably brought
by returning soldiers at the end of war (Fig. 1). The pandemic appears to have moved
from the south of the city into the north (from the wealthy to the poor populations)
[50]. The influenza mortality rate of influenza was 90 deaths per thousand in the
north end, and 46 per thousand in the south.
Because influenza pandemics such as the Spanish flu from 1918 to 1919 are

associated to the emergence of novel influenza strains to which most of the popula-
tion is susceptible, it might be reasonable to assume that the reproduction number
R & R0. Previous studies have estimated that R0 of the 1918–1919 influenza
pandemic ranged between 1.5 and 5.4 [4, 19, 20, 22, 38, 65, 66, 70, 77, 83, 84]
depending on the specific location and pandemic wave considered, type of data,
estimation method, and level of spatial aggregation, which has ranged from small
towns to entire nations with several million inhabitants. The variability of R0 esti-
mates suggests that local factors, including geographic and demographic conditions,
could play an important role in disease spread [24, 76].
We estimated the reproduction number of the 1918 influenza pandemic in Win-

nipeg, Canada by fitting the simple SEIR model (25) to the initial phase of the
cumulative number of reported cases. Figures 2 and 3 show the model fit to the epi-
demic data and the corresponding distributions of the reproduction number obtained

Fig. 1 Temporal distribution
of Spanish influenza in
Winnipeg, Canada in 1918.
A total of 14868 cases were
reported from October 3rd to
January 22nd. Data
source: [14]
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Fig. 2 Model fits (top panels) and the resulting distributions of the reproduction number (bottom
panels) obtained assuming a generation interval of 3 days after fitting the simple SEIR epi-
demic model to the initial phase of the Fall influenza wave using 14, 21 and 28 epidemic days
of the Spanish Flu Pandemic in Winnipeg, Canada. In the top panel, the epidemic data of the
cumulative number of reported influenza cases are the circles and the solid blue lines are 200
realizations of the model fit to the data obtained through parametric bootstrapping as explained in
the text

from parametric bootstrap of the model best fit using 14, 21 and 28 epidemic
days of data and a generation interval of 3 and 6 days, respectively. Following
a generation interval of 3 days [17, 88], the reproduction number was estimated
to be .2 (SD 0.1) using the first 14 days and .1.6 (SD 0.03) using the first 21
epidemic days.

9 Estimation of the Reproduction Number
Using the Intrinsic Growth Rate r

It is possible to relate the basic reproduction number (R0) with the intrinsic growth
rate (r ). Moving forward from the compartmental epidemic models presented in the
previous sections, the intrinsic growth rate is essentially the dominant eigenvalue
of the characteristic equation obtained after linearizing the system of differential
equations of the epidemic model around the disease free equilibrium. For the clas-
sical SIR model, the basic reproduction number as a function of the early-time and
per-capita free growth rate r is given by R0 = 1 + r/% [3] where 1/% is the mean
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Fig. 3 Model fits (top panels) and the resulting distributions of the reproduction number (bottom
panels) obtained assuming a generation interval of 6 days after fitting the simple SEIR epi-
demic model to the initial phase of the Fall influenza wave using 14, 21 and 28 epidemic days
of the Spanish Flu Pandemic in Winnipeg, Canada. In the top panel, the epidemic data of the
cumulative number of reported influenza cases are the circles and the solid blue lines are 200
realizations of the model fit to the data obtained through parametric bootstrapping as explained in
the text

infectious period. When a latency period (1/k) is included in the model, the rela-
tionship between R0 and r becomes R0 = 1+ r2+(k+% )

k% . It is important to highlight
that these relationships are obtained under the assumption of exponential waiting
times for the latent and infectious periods, and the impact of this assumption on esti-
mates of R0 has been highlighted in several publications (e.g., [59, 60, 73, 87, 89]).
Wallinga and Lipsitch (2008) [86] have recently elucidated a general relationship
between the generation time and R0 and derived the following estimator for R0
using the intrinsic growth rate:

R̂0 = 1
M(#r )

, (30)

where M(#r ) is the moment generating function of the generation time distribution
w() ), given the intrinsic growth rate r [86]. For example, when the generation time
of the disease in question is considered to be fixed (no variance), an upper bound for
the basic reproduction number can be easily obtained through the formula R0 = erT
where T is the mean generation time. Similarly for generation intervals that are
approximately normally distributed with mean T and variance ' 2 the reproduction
number can be approximated by R & erT# 1

2 r
2' 2 .
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Fig. 4 The weekly pneumonia and influenza (P&I) deaths from August 1968 to June 1971 for nine
representative US cities

9.1 Example: The Transmissibility of the 1968 Influenza
Pandemic in US Cities

Following the devastating 1918–1919 influenza pandemic caused by the influenza
virus A (H1N1), subsequent pandemics during the 20th century are attributed to
subtypes A (H2N2) from 1957 to 1958 (Asian influenza) and A (H3N2) in 1968
(Hong Kong influenza) [62].
We estimated the reproduction number of the 1968 influenza pandemic for 85 US

cities using weekly pneumonia and influenza (P&I) mortality [1]. The weekly
series of P&I deaths for 9 representative US cties are shown for illustration in
Fig. 4. We assumed an influenza generation interval of 3 days [17, 88]. We used
the median P&I mortality during the 1970–1971 season as a constant baseline to
extract influenza-related deaths during the 1968 influenza pandemic (e.g., excess
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Fig. 5 Estimates of the reproduction number of the 1968 influenza pandemic for 85 US cities
assuming an exponentially distributed (blue) or a fixed generation interval (red) with a mean of
3 days

P&I deaths above that median were considered to be influenza-related deaths). We
estimated the intrinsic growth rate “r” for all those cities for which the initial epi-
demic phase comprised at least three epidemic weeks of data. We estimated “r”
assuming an exponential growth phase y = Cert . The longest epidemic period that
is consistent with exponential growth and used to estimate “r” is determined via the
goodness-of-fit test statistic.
We estimated a mean R for all the 85 US cities of 1.33 (95% CI: 1.29, 1.38)

assuming exponentially distributed latent and infectious periods of 1.5 days each
(3-day generation interval) while assuming a fixed generation interval of 3 days
(zero variance) yielded an upper bound with mean R = 1.37 (95% CI: 1.32, 1.43).
The city level R estimates assuming an exponentially distributed or a fixed gen-
eration interval are given in Fig. 5. For comparison, Rvachev and Longini (1985)
[75] estimated R = 1.89 from influenza case incidence data for the pandemic wave
starting in July 1968 in Hong Kong.
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