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Starting from a recent paper of Pollicott, Wang and Weiss we try to obtain improved representation for-
mulas for the estimation of the time-dependent transmission rate of an epidemic in terms of either inci-
dence or prevalence data. Although the formulas are (trivially) mathematically equivalent to previous
formulas, the new representations need no additional estimates and they should be more stable numer-
ically.

We review the discrete time and the stochastic continuous time approach. We replace the assumption
that recovery follows an exponential distribution and get estimates for the transmission rate for constant
duration of the infectious phase.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

The classical epidemic (‘‘Kermack–McKendrick’’) model for sus-
ceptible S, infected I, and recovered R depends on three parameters,
the transmission rate b, the recovery rate a, and the rate of loss of
immunity c. Here we assume that the rates b, a, c depend on chro-
nological time (as opposed to time since infection),

S0 ¼ �bðtÞSI þ cðtÞR;
I0 ¼ bðtÞSI � aðtÞI;
R0 ¼ aðtÞI � cðtÞR:

ð1:1Þ

Hence dependence on time does not refer to the time course of the
disease within an individual, but it describes changes in external
conditions and social behavior over time that are relevant to spread
of disease. Examples are seasonal changes over the course of 1 year
or behavioral changes in the course of a single epidemic wave.

We normalize total population size as S + I + R = 1. So we have
two independent functions S(t), I(t) satisfying a two-dimensional
system

S0 ¼ �bðtÞSI þ cðtÞð1� S� IÞ;
I0 ¼ bðtÞSI � aðtÞI

ð1:2Þ

and three parameter functions b, a, c. Hence we can pose various
problems to estimate some of these functions while others are
known.

If c = 0, and b, a are constant, and the epidemic is observed over
a time interval [0,L] then these numbers can be obtained as
ll rights reserved.
b ¼ Sð0Þ � SðLÞR L
0 SðtÞIðtÞdt

; ð1:3Þ

1
a
¼

R L
0 IðtÞdt

RðLÞ � Rð0Þ : ð1:4Þ

These formulas are exactly the same as the maximum likelihood
estimators for the general stochastic epidemic, see Section 7. Here
we are interested in time-dependent coefficients.

In the case of constant c one usually distinguishes the case c = 0
as the epidemic case from the case c > 0 as the endemic case. The
parameters c and a are internal parameters characterizing the dis-
ease and (in the case of a) standard treatment while the parameter
b is most likely to depend on the changing social conditions like
outdoor activities, school attendance, etc. Therefore it makes sense
to consider c and a as known and to determine b from the time
course of the epidemic or endemic, respectively.

Recently Pollicott et al. [8] have derived a representation for-
mula for b(t) in terms of prevalence I(t) and proposed to use it as
an estimator for b(t). We shall present their formula below.

Here we present a set of formulas that differ from those in [8] in
several aspects:

(i) The representation uses no derivatives of the data (incidence
case) or only first derivatives of the data (first differences in
a practical setting) rather then second derivatives (preva-
lence case).

(ii) The approach does not need a separate guess for b(0).
(iii) It does not require estimates near the onset of the infection,

where prevalence is low and computing first or even second
differences is numerically unreliable.

http://dx.doi.org/10.1016/j.mbs.2010.12.004
mailto:hadeler@uni-tuebingen.de
http://dx.doi.org/10.1016/j.mbs.2010.12.004
http://www.sciencedirect.com/science/journal/00255564
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(iv) We give formulas based on prevalence data but also formu-
las based on incidence data. The latter may be more useful in
practice as reporting to public health authorities usually
provides incidence rather then prevalence.

The paper is organized as follows. In Section 2 we present the
formulas for the parameter identification problem for the standard
time dependent Kermack–McKendrick model. The proofs are de-
ferred to Section 4. In Section 3 we compare the formulas to those
of [8]. In Section 5 we extend the approach to include demographic
turnover which in the standard measles problem describes cohorts
entering and leaving school. In Section 6 we discuss related dis-
crete time models of Fine and Clarkson [5], Finkenstädt and Gren-
fell [6], and in Section 7 we compare to the stochastic approach.
The comparison suggests to question the assumption of exponen-
tially distributed recovery times and to consider the case where
the infectious phase has fixed length, Section 8. The paper closes
with a discussion Section 9.

2. Results

We assume that data and known parameter functions are given
on some time interval [0,L]. The time t = 0 defines the onset of
observations, not necessarily the onset of infections. The time L de-
notes the end of observations.

For the model (1.1) incidence w(t) is the number of new cases
per time. Hence incidence is the quantity
w ¼ bSI: ð2:1Þ
Our first result is suited to estimate the transmission rate b(t) in
terms of incidence w(t), given the functions a(t) and c(t).

Theorem 1. Suppose the positive function a and the non-negative
function c are given on the interval [0,L]. Let T 2 [0,L] be a
distinguished time at which the prevalence I(T) is available.

Then the function b(t) can be represented as

bðtÞ ¼ wðtÞ
SðtÞIðtÞ ; ð2:2Þ

where

IðtÞ ¼ IðTÞe
R T

t
aðrÞdr �

Z T

t
e
R s

t
aðrÞdrwðsÞds ð2:3Þ

and

SðtÞ ¼ e�
R t

0
cðrÞdrSð0Þ �

Z t

0
e�
R t

s
cðrÞdrwðsÞds

þ
Z t

0
e�
R t

s
cðrÞdrcðsÞ

�
1� IðTÞe

R T

s
aðrÞdr

þ
Z T

s
e
R s

s
aðrÞdrwðsÞds

�
ds ð2:4Þ

The most important case is the epidemic case with constant
recovery rate.
Corollary 1. Let c � 0 and a > 0 be a constant. Then the formula (2.2)
simplifies to

bðtÞ ¼ wðtÞ
½Sð0Þ �

R t
0 wðsÞds�½IðTÞeaðT�tÞ �

R T
t eaðs�tÞwðsÞds�

: ð2:5Þ

The next result is similar to Theorem 1, but the estimate is
based on prevalence data.
Theorem 2.

bðtÞ ¼ I0ðtÞ=IðtÞ þ aðtÞ

1� Rð0Þe�
R t

0
cðrÞdr � IðtÞ �

R t
0 e�

R t

s
cðrÞdraðsÞIðsÞds

ð2:6Þ
where R(0) = 1 � S(0) � I(0).
The formula (2.6) is optimal in the following sense: If data for

I0(t) and I(t) are given on some time interval [0,L] then the function
b(t) can be computed on that interval. It is not necessary to provide
an additional or separate estimate for b(0).

The most important special case is when loss of immunity is
negligible during the time of observation and the rate of recovery
is constant.

Corollary 2. Assume c � 0 and a > 0 constant. Then b can be
represented as

bðtÞ ¼ I0ðtÞ=IðtÞ þ a
Sð0Þ þ Ið0Þ � IðtÞ � a

R t
0 IðsÞds

: ð2:7Þ
3. Comparison

We compare the formula (2.7) with the recovery algorithm
from [8] which works for constant a and c � 0. In the present nota-
tion this algorithm works as follows:

(i) Check
I0ðtÞ
IðtÞ > �a: ð3:1Þ
(ii) Compute
pðtÞ ¼ I00ðtÞIðtÞ � I0ðtÞ2

IðtÞðI0ðtÞ þ aIðtÞÞ
;

PðtÞ ¼
Z t

0
pðsÞds:

ð3:2Þ
(iii) Choose b(0) so small that
bð0Þ
Z T

0
ePðsÞIðsÞds < 1: ð3:3Þ
(iv) Get the formula
bðtÞ ¼ bð0ÞePðtÞ

1� bð0Þ
R t

0 ePðsÞIðsÞds
: ð3:4Þ
The question that comes to mind is: How come that we have two
different formulas (3.4) and (2.7), one requiring an independent
estimate of b(0) and the other without?

To clarify things, we repeat the derivation from [8]. From the
second equation of (1.2),

S ¼ I0 þ aI
bI

: ð3:5Þ

Insert this expression into the first equation of (1.2)

I0 þ aI
bI

� �0
¼ �b

I0 þ aI
bI

I: ð3:6Þ

At this point one unnecessary differentiation is performed which la-
ter must be compensated by an integration. Of course one loses
track of a constant by such procedure. As it turns out, this constant
cannot be recovered except by an independent estimation.

After some algebra Eq. (3.6) becomes a Riccati equation for the
unknown function b(t)

b0ðtÞ ¼ pðtÞbðtÞ þ IðtÞbðtÞ2 ð3:7Þ

the solution (by the standard Riccati trick, the solution � 0 being
known) of which gives (3.4), provided b(0) is somehow known. Of
course
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bð0Þ ¼ I0ð0Þ þ aIð0Þ
Ið0ÞSð0Þ : ð3:8Þ

But even if we plug this expression into Eq. (3.4), we do not get
(2.7). Furthermore, the estimate (3.8) then affects all values of b(t)
whereas a poor estimate for I0(0)/I(0) in (2.7) only affects the values
near t = 0.

4. Proofs

Proof of Theorem 1. The proof is essentially a repeated applica-
tion of the variation of constants formula. We have

S0 ¼ �cðtÞS�wþ cðtÞð1� IÞ; ð4:1Þ
I0 ¼ w� aðtÞI: ð4:2Þ

We solve Eq. (4.2) first for I with initial condition I(T) and get (2.3).
We use this expression in Eq. (4.1) for S with initial condition S(0)
and get (2.4). h
Proof of Theorem 2. Add the equations

S0 ¼ �bðtÞSI þ cðtÞð1� S� IÞ;
I0 ¼ bðtÞSI � aðtÞI

ð4:3Þ

and get a differential equation for S + I,

ðSðtÞ þ IðtÞÞ0 ¼ �cðtÞðSðtÞ þ IðtÞÞ þ cðtÞ � aðtÞIðtÞ: ð4:4Þ

Get the solution and solve for S(t),

SðtÞ ¼ e�
R t

0
cðrÞdrðSð0Þ þ Ið0ÞÞ þ

Z t

0
e�
R t

s
cðrÞdr½cðsÞ

� aðsÞIðsÞ�ds� IðtÞ: ð4:5Þ

In the second equation of (4.3) solve for S(t),

SðtÞ ¼ I0ðtÞ þ aIðtÞ
bðtÞIðtÞ : ð4:6Þ

Equate the expressions (4.5) and (4.6),

I0ðtÞ þ aðtÞIðtÞ
bðtÞIðtÞ ¼ e�

R t

0
cðrÞdrðSð0Þ þ Ið0ÞÞ � IðtÞ

þ
Z t

0
e�
R t

s
cðrÞdr½cðsÞ � aðsÞIðsÞ�ds: ð4:7Þ

UseZ t

0
e�
R t

s
cðrÞdrcðsÞds ¼ 1� e

R t

0
cðrÞdr ð4:8Þ

and S + I + R = 1, simplify and solve for b(t), get (2.6). h

If the time course of the disease has been followed from the
start then we can assume S(0) � 1 and I(0) = 0. Then the formula
(2.7) simplifies to

bðtÞ ¼ I0ðtÞ=IðtÞ þ a
1� IðtÞ � a

R t
0 IðsÞds

: ð4:9Þ

In this case it may be difficult to estimate I0(0)/I(0) but we underline
that any error committed near t = 0 does not affect later estimates.

5. Demographic replacement

An important example of epidemic modeling with time depen-
dent rates are the classical cycles in childhood diseases like mea-
sles. These have been explained in terms of subharmonic
bifurcations in a Kermack–McKendrick setting with periodic trans-
mission rate [3,7,9]. It has also been argued [4] that these cycles
should be explained by demographic turnover rather then by var-
iable transmission rate. In a way, this question may be difficult to
decide. If we look at the juvenile population then of course we have
the annual cycle with variable transmission rate: in school the
transmission rate is higher than when children are on vacation.
On the other hand the same annual cycle brings a new cohort into
school every year while another cohort leaves school.

Here we show that the parameter estimation method works
also for the model with demographic replacement

S0 ¼ bðtÞ � bðtÞSI � lðtÞS;
I0 ¼ bðtÞSI � aðtÞI � lðtÞI:

ð5:1Þ

In the standard model with constant coefficients one sees some-
times a recruitment term bS or b(S + I + R) and removal terms lS,
lI, lR. In this case having b – l does not make much sense because
the demography settles eventually at equilibrium. In our case hav-
ing different functions b and l does make sense since the times of
recruitment and of removal may be different although the overall
population size remains constant.

For the model (5.1) the function b(t) can be represented as

bðtÞ ¼ wðtÞ
SðtÞIðtÞ ; ð5:2Þ

where

IðtÞ ¼ IðTÞe
R T

t
ðaðrÞþlðrÞÞdr �

Z T

t
e
R s

t
ðaðrÞþlðrÞÞdrwðsÞds ð5:3Þ

and

SðtÞ ¼ e�
R t

0
lðrÞdrSð0Þ þ

Z t

0
e�
R t

s
lðrÞdrðbðsÞ �wðsÞÞds: ð5:4Þ

The proof is essentially the same as that of Theorem 1. Of course,
also the analog of Theorem 2 can be derived.

For a typical childhood disease the rate a is constant and c = 0
while b and l depend on chronological time.

6. The discrete time approach

In Sections 2 and 5 we have presented formulas for continuous
time models. But data are sampled at discrete time points. There-
fore some authors [5,6] have used discrete time models following
the time course of infections. Discrete time models appear to be
more useful since data are sampled at intervals. However, when
data are produced continuously and only sampling is discrete then
the discrete model must be seen as a discretization of a continu-
ous model and hence the time step of discretization necessarily
enters. Otherwise we get a situation as with the discrete logistic
equation versus the continuous logistic (Verhulst) equation where
the discrete model shows a rich ‘‘chaotic’’ behavior that has noth-
ing to do with logistic growth. To further explain what happens
and establish the connection to the existing literature we review
some of the discrete and (in Section 7) the stochastic approaches.

The authors [6] use a model from [5],

Iðkþ1Þ ¼ rkSðkÞIðkÞg;

Sðkþ1Þ ¼ Bk þ SðkÞ � rkSðkÞIðkÞgþ n;
ð6:1Þ

where n is additive noise affecting the recruitment process and g is
multiplicative noise affecting the infection process. Here we restrict
attention to the deterministic aspects.

In [6] the discrete time step corresponds to 2 weeks, since that
is the average duration of the disease within one individual. Be-
cause of that there is no recovery term in the I equation. Indeed,
we could add a recovery equation R(k+1) = I(k�1) and nothing
changes. The term Bk (the authors [6] use Bk�d) describes recruit-
ment into the susceptible class. But the only removal term is the
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infection term itself which takes susceptible into the infected class
and then, after 2 weeks, into the recovered class. This feature
seems justified since in earlier times practically all children would
be eventually infected. On the other hand, since there is no re-
moval term, in the absence of disease the population grows beyond
any limit. The authors [5] saw this problem and argued that they
did not need a removal term because death due to measles was ex-
tremely rare. That being true for the situation considered, we still
have a modeling problem. If we consider school children then chil-
dren leave because they do not attend school any more. If we con-
sider the total population then we must incorporate death from all
causes. Hence we supply the model with a (small) removal rate
m > 0,

Iðkþ1Þ ¼ rSðkÞIðkÞ;

Sðkþ1Þ ¼ B�mSðkÞ þ SðkÞ � rSðkÞIðkÞ:
ð6:2Þ

Next we compare this model to a discretization of Eq. (5.1) with
time step h > 0,

Iðkþ1Þ ¼ ð1� ha� hlÞIðkÞ þ ðhbÞSðkÞIðkÞ;
Sðkþ1Þ ¼ hbþ ð1� hlÞSðkÞ � ðhbÞSðkÞIðkÞ:

ð6:3Þ

On comparing the two systems (6.2) and (6.3) we find the
correspondences

r $ hb;

B$ hb;

m$ hl;
0$ 1� ha� hl:

ð6:4Þ

We see immediately that there are rigid restrictions on the param-
eters of the discrete model (6.2). The numbers r, B, m should be
small (as compared to 1), but a should be very large to make the last
correspondence feasible. Otherwise having no term of the form con-
st � I(k) in the first equation of (6.2) is a mistake.

We have a quick look at the qualitative properties of the model
(6.2). There are two stationary states, the uninfected state (B/m,0),
and the infected state ð�S;�IÞ with �S ¼ 1=r; �I ¼ B�m=r. The latter is
feasible if rB > m. The Jacobian matrix at the infected state is

A ¼
1� rB �1
rB�m 1

� �
:

We use the stability criterion (discrete time) for a matrix A in terms
of detA and trA: The matrix is stable (both eigenvalues are in the
interior of the unit circle) if and only if

1 > det A > jtrAj � 1: ð6:5Þ

We find that the infected stationary state is stable if and only if

m < rB < 4�m: ð6:6Þ

We keep B and m fixed and use r as a parameter: If r gets too small
then the point ð�S;�IÞ ceases to exist. Then the point (B/m,0) is attract-
ing. If r gets too large then the point ð�S;�IÞ undergoes a period dou-
bling bifurcation and the stable infected solution is 2-periodic. If r is
further increased then there may be further bifurcations.

These observations hold also for the Fine–Clarkson system (6.1)
which is the limiting case for m = 0. The only difference is that in
the absence of any infection the susceptible population keeps
growing, i.e., the uninfected state has been moved to infinity. But
the infected stationary state is finite, and loses stability to a 2-peri-
odic solution if rB > 4. With respect to applications we observe: If
rB > 4 then a constant input B of susceptible and a constant trans-
mission rate r produce a cycle of about 4 weeks.
We remark in passing that in the case B = m = 1 (which is unre-
alistic as a model) the system (6.2) is equivalent with the discrete
logistic equation I(k+1) = rI(k)(1 � I(k)).

7. The stochastic approach

The classical ‘‘general epidemic’’ (Kermack–McKendrick 1926)
in a closed population of n individuals has the form

PrðdSt ¼ �1;dIt ¼ 1;dRt ¼ 0jHtÞ ¼
b
n

StItdt þ oðdtÞ;

PrðdSt ¼ 0;dIt ¼ �1;dRt ¼ 1jHtÞ ¼ aItdt þ oðdtÞ;

PrðdSt ¼ 0;dIt ¼ 0;dRt ¼ 0jHtÞ ¼ 1� b
n

StItdt � aItdt þ oðdtÞ;

ð7:1Þ

where Ht denotes the r algebra generated by the history in [0, t]. In
[1] maximum likelihood estimates for b and a have been obtained
under the assumption that complete information about the realiza-
tion considered is available. The formulas obtained are the ana-
logues of the formulas for the continuous time deterministic case
(1.3) and (1.4). Here the coefficients are constant.

In [2] a likelihood approach is based on an extended stochastic
model,

PrðdSt ¼ 1;dIt ¼ 0; dRt ¼ 0jHtÞ ¼ mðtÞdt þ oðdtÞ;

PrðdSt ¼ �1;dIt ¼ 1;dRt ¼ 0jHtÞ ¼ bðtÞStIt dt þ oðdtÞ;

PrðdSt ¼ 0;dIt ¼ �1;dRt ¼ 1jHtÞ ¼ aIt dt þ oðdtÞ;

PrðdSt ¼ 0;dIt ¼ 0;dRt ¼ 0jHtÞ

¼ 1� ðmðtÞ þ bðtÞStIt þ aðtÞItÞdt þ oðdtÞ;

ð7:2Þ

where m(t) and b(t) (notice the difference in the definition of b be-
tween (7.1) and (7.2)) are the time-dependent birth and transmis-
sion rates and a is the constant recovery rate (the authors [1,2]
use c instead of a). The authors [2] state explicitly that they ‘‘neglect
the number of individuals who leave the susceptible population
owing to death or migration’’. Apparently here, as in the Fine–Clark-
son model, it is implicitly assumed that the standard exit from the
susceptible population is by infection rather than by graduation
(schoolchildren) or death (total population). The paper [2] also cov-
ers the situation for incomplete data which goes beyond the scope
of the present note.

8. Fixed length of infectious phase

The discrete model (6.1) tells that the model (1.1) might be
unsuited to describe a disease like measles for another reason.
Whether we use a variable recovery rate a(t) or a constant recovery
rate a, the recovery process is essentially Poisson, and the variance
is the expectation. For a disease like measles one perhaps would
prefer to use an exit distribution with a much smaller variance:
in the discrete model it is exactly 2 weeks.

Hence we look at a model with arbitrary exit distribution and
then specialize to a fixed exit time. The variable a denotes age since
infection. To keep things simple we assume that the transmission
rate b is independent of the age since infection and that the recov-
ery rate a is independent of chronological time. Then the model
system reads

S0 ¼ �bðtÞS
Z 1

0
Iðt; aÞda;

It þ Ia þ aðaÞI ¼ 0; 0 6 a <1;

Iðt;0Þ ¼ bðtÞS
Z 1

0
Iðt; aÞda:

ð8:1Þ
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Now we assume a fixed duration s (e.g., corresponding to 2 weeks)

S0 ¼ �bðtÞS
Z s

0
Iðt; aÞda;

It þ Ia ¼ 0; 0 6 a 6 s;

Iðt;0Þ ¼ bðtÞS
Z s

0
Iðt; aÞda:

ð8:2Þ

After an initial time interval of length s has passed, the model can
be written in terms of the susceptible and the incidence w(t) as

S0ðtÞ ¼ �wðtÞ;

wðtÞ ¼ bðtÞSðtÞ
Z s

0
wðt � aÞda:

ð8:3Þ

Then we have the following theorem.

Theorem 3. Let ½0; L� be the interval of observation. Assume that the
equations (8.2) are valid in the time interval ½�s; L�. Then in ½0; L� the
function bðtÞ can be recovered from incidence data wðtÞ as

bðtÞ ¼ wðtÞ
ð1�

R t
0 wðsÞdsÞ

R s
0 wðt � aÞda

: ð8:4Þ

The formula (8.4) does not require an estimate of the prevalence.

Now we consider the same dynamics with demographic
turnover

S0 ¼ bðtÞ � bðtÞS
Z s

0
Iðt; aÞda� lðtÞS;

It þ Ia þ lðtÞI ¼ 0; 0 6 a 6 s;

Iðt;0Þ ¼ bðtÞS
Z s

0
Iðt; aÞda:

ð8:5Þ

Here we have included, for systematic reasons, a term l(t)I. This
term should be negligible since it counts, e.g., those who leave
school while being infected with measles. For t > s the system is
equivalent with the following system for susceptible and incidence,

S0ðtÞ ¼ bðtÞ �wðtÞ � lðtÞSðtÞ;

wðtÞ ¼ bðtÞSðtÞ
Z s

0
e�
R a

0
lðrÞdrwðt � aÞda:

ð8:6Þ
Theorem 4. In case of demographic turnover and fixed exit time the
transmission rate as a function of incidence is given by

bðtÞ¼ wðtÞ

½e�
R t

0
lðrÞdrSð0Þþ

R t
0 e�

R t

s
lðrÞdrðbðsÞ�wðsÞÞds�½

R s
0 e�

R a

0
lðrÞdrwðt�aÞda�

:

ð8:7Þ

This formula can be simplified in two ways:

(i) We introduce the function R(t) as the demographic time
course of the susceptible in absence of the infection, i.e., R
is the solution of
R0 ¼ bðtÞ � lðtÞR; Rð0Þ ¼ Sð0Þ: ð8:8Þ
(ii) We ignore the (supposedly) few infected who leave school.
Then the formula becomes
bðtÞ ¼ wðtÞ

½RðtÞ �
R t

0 e�
R t

s
lðrÞdrwðsÞds�½

R s
0 wðt � aÞda�

: ð8:9Þ
Notice that R(t) can be considered as a given function andR t
0 expf�

R t
s lðrÞdrgwðsÞds as the weighted history of the incidence.
9. Discussion

A basic problem in epidemic parameter estimation is to
determine the transmission rate from incidence data during
the time course of an outbreak. In the simplest case loss of
immunity can be neglected and the recovery rate is assumed
constant, i.e., the length of the infected phase is assumed to be
exponentially distributed. For this situation we propose to use
the formula (2.5). The formula requires to know the time course
of the incidence w(t) in the interval [0,L] of observation, and the
prevalence at one suitably chosen instant T. In applications one
will typically encounter the situation that t = 0 is the time where
few infections have been first observed. Then one can assume
S(0) = 1 without committing a gross error. At this moment I(0)
is small and difficult to determine, even more so I0(0). Therefore
one will choose T close to maximum of prevalence where a bet-
ter estimate is available. One should not choose T too large, e.g.,
as a time when the epidemic wave has passed, because in that
case the first factor in the product I(T)eaT would be very small
and the second very large.

With S(0) = 1 the formula becomes

bðtÞ ¼ wðtÞ
½1�

R t
0 wðsÞds�½IðTÞeaðT�tÞ �

R T
t eaðs�tÞwðsÞds�

: ð9:1Þ

The formula appears convenient in many ways: Numerical differen-
tiation is not required, nor is it necessary to make a guess for b(0). If
we compare with the formula (3.4) from [8] it appears that, what-
ever approach one uses, one needs one additional data in excess
of w(t) or I(t), respectively, either I(T) or b(0).

Finally we ask what data would lead to a valid estimate. Either
data are correct or (most likely) underreporting occurs. ThenR t

0 wðsÞds < 1 and the first factor in the denominator is positive.
The second factor is positive if

IðTÞ >
Z T

0
easwðsÞds

saying that prevalence at time T must be compatible with the ob-
served incidence up to time T.

If we put T = 0 then the formula says

bðtÞ ¼ wðtÞ
½1�

R t
0 wðsÞds�½Ið0Þe�at þ

R t
0 e�aðt�sÞwðsÞds�

: ð9:2Þ

The second factor in the denominator is non-negative even for
I(0) = 0.
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