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Chapter 2 

Elements of Probability Theory 

\ 

2.1 Introduction 

Probability theory is a branch of mathematics. Its uses are in all 
fields of sciences, from physics and chemistry, to biology and soci
ology, to economics and psychology; in short, it is used everywhere 
and anytime in our lives . 

It is an experimental fact that in many seemingly random events, 
high regularities are observed. For instance, in throwing a die once 
one cannot predict the occurrence of any single outcome. However, 
if one throws the die many times, then one can observe that the 
relative frequency of occurrence, of say, the outcome 3 is about !· 

Probability theory is a relatively new branch of mathemat
ics. It was developed in the 15th and 17th centuries. The theory 
emerged mainly from questions about games of chances addressed 
to mathematicians . 

A typical question (hat is said to have been addressed to Galileo 
Galilei (1564- 1642) was the following: 

Suppose that we play with three dice and we are asked to bet on 
the sum of the outcomes of tossing the three dice simultaneously. 
Clearly, we feel that it would not be wise to bet our chances on 
the outcome 3, nor on 18; our feeling is correct (in a sense dis
cussed below). The reason is that both 3 and 18 have only one way 
of occurring; 1:1:1 and 6:6:6 respectively, and we intuitively judge 
that these events are relatively rare. Clearly, choosing the sum 7 is 
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36 Statistical Thermodynamics Based on Information 

to define the term probability. As it turns out, each definition has its 
limitations. But more importantly, each definition uses the concept 
of probability in the very definition, i.e., all definitions are circular. 
Nowadays, the mathematical theory of probability is founded on an 
axiomatic basis , much as Eucledean geometry or any other branch 
of mathematics. 

The concept of probability is considered to be a primitive concept 
that cannot be defined in terms of more primitive concepts, much 
like a point or a line in geometry are considered to be primitive 
concepts. Thus , even without having a proper definition of the term, 
probability is a fascinating and extremely useful concept. 

Probability theory was developed mainly in the 17th century by 
Fermat (1601- 1665), Pascal (1623- 1705), Huyghens (1629-1695) 
and by J. Bernoulli (1654-1705). The main motivation for develop
ing the mathematical theory of probability was to answer various 
questions regarding games of chance. A classical example is the 
problem of how to divide the stakes when the game of dice must 
be stopped (we shall discuss this problem in Section 2.6). In this 
chapter, we shall start with the axiomatic approach to probability 
theory. We shall discuss a few methods of calculating probabilities 
and a few theorems that are useful in statistical mechanics . 

2.2 The Axiomatic Approach 

The axiomatic approach to probability ~as developed mainly by 
Kolmogorov in the 1930s. It consists of the three elements denoted 
as {D, F, P}, which together define the probability space. The three 
elements of the probability space are the following . 

2.2.1 The sample space, denoted n 

This is the set of all possible outcomes of a specific experiment 
(sometimes referred to as a trial). 

Examples: The sample space of all possible outcomes of tossing a 
coin consists of two elements D = {H, T}, where H stands for head 
and T stands for tail. T he. sample space of throwing a die consists 
of the six possible outcomes D = {1, 2, 3, 4, 5, 6}. These are called 
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simple events or "points" in the sample space. In most cases, simple 
events are equally probable, in which case they are referred to as 
elementary events. 

Clearly, we cannot write down the sample space for every experi
ment. Some consist of an infinite number of eYements (e.g., shooting 
an arrow on a circular board), some cannot even be described (e.g., 
how the world will look like next year). We shall be interested only 
in simple spaces where the counting of the outcomes referred to as 
elementary events is straightforward. 

2.2.2 The field 'of events , denoted F 

A compound event, or simply an event, is defined as a union, or a 
sum of elementary events. Examples of events are: 

(a) The result of tossing a die is "even"; consists of the elementary 
events {2, 4, 6}, i.e., either 2 or 4 or 6 have occurred, or will occur 
in the experiment of tossing a die. 

(b) The result of tossing a die is "larger than or equal to 5"; con
sists of the elementary events {5, 6}, i.e., either 5 or 6 have occurred . 

In mathematical terms, F consists of all partial sets of the sample 
space D. Note that the event D itself belongs to F. Also, the empty 
event denoted ¢ also belongs to F. 

We shall mainly discuss finite sample spaces. We shall also apply 
some of the results to infinite or even continuous spaces by using 
arguments of analogy. More rigorous treatment requires the tools 
of measure theory. 

For finite sample space, each partial set of D is an event. If there 
are n elementary events in D, then the total number of events in F 
is 2n. 

f 
This can be seen by straightforward counting2 : 

(~), one event denoted by¢ (the impossible or the empty 

event) 

2 The symbol (';;) meiins rm~~l!n!. By definition O! = 1, hence (';) = 1. 
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better. Why? Because there are more partitions of the number 7 
into three numbers (between 1 and 6), i.e., 7 can be obtained as a 
result of four possible partitions: 1:1:5, 1:2:4, 1:3:3, 2:2:3. We also 
feel that the larger the sum, the larger the number of partitions, up 
to a point, roughly in the center between the minimum of 3 to the 
maximum of 18. But how can we choose between 9 to 10? A simple 
count shows that both 9 and 10 have the same number of parti
tions , i.e., the same number of combinations of integers (between 
1 and 6), the sum of which is 9 or 10. Here lire all the possible 
partitions: 

For 9: 1:2:6, 1:3:5, 1:4:4, 2:2:5, 2:3:4 , 3:3:3 

For 10: 1:3:6, 1:4:5, 2:2:6, 2:3:5, 2:4:4, 3:3:4 

At first glance, we might conclude that since 9 and 10 have the 
same number of partitions, they must have the same chances of 
winning the game. That conclusion is wrong, however. The correct 
answer is that 10 has better chances of winning than 9. The reason 
is that, though the number of partitions is the same for 9 and 10, 
the total number of outcomes of the three dice that sum up to 9 
is a little bit smaller than the total number of outcomes that sum 
up to 10. In other words, the number of partitions is the same, but 
each partition has different "weight," e.g., the outcome 1:4:4 can be 
realized in three different ways: 

1:4:4, 4: 1:4, 4:4,: 1 
~, 

Since the dice are distinguishable, these three outcomes are 
different events. Therefore, they contribute the weight 3 to the 
partition 1:4:4. 

This is easily understood if we use three dice having different 
colors, say blue, red and white, the three possibilities for 1:4:4 are: 

blue 1, red 4 and white 4 

blue 4, red 1 and white 4 

blue 4, red 4 and white 1 

When we count all possible partitions and all possible weights, 
we get the following results: 

f 
le: 
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For 9: 1:2:6, 1:3:5, 1:4:4, 2:2:5 , 2:3:4, 3:3:3 
Weights: 6 6 3 3 6 1 (total 25) 

For 10: 1:3:6, 1:4:5, 2:2:6, 2:3:5, 2:4:4, 3:3:4, 
Weights: 6 6 3 6 '3 3 ( total 27) 

Thus, the total distinguishable outcome is 25 for the sum of 9, and 
is 27 for the sum of 10. Therefore, the relative chances of wimi.ing 
with 9 and 10, is 25:27, i.e., favoring the choice of 10. Note that 10 
and 11 have the same chances of winning. 

But what does it mean that 10 is the best choice and that this is 
the "correct," winning number? Clearly, I could choose 10 and you 
could choose 3 and you might win the game. Does our calculation 
guarantee that if I choose 10, I will always win? Obviously not. So 
what does the ratio 25:27 mean? 

The theory of probability gives us an answer. It does not predict 
the winning number, and it does not guarantee winning; it only 
says that if we play this game many times, the probability that the 
choice of 9 wins is 25/216, whereas the probability of the choice of 
10 wins is slightly larger at 27 /216 (216 being the total number of 
possible outcomes, 63 = 216). How many times do we have to play 
in order to guarantee my winning? On this question, the theory is 
mute. It only says that in the limit of infinite number of games, 
the frequency of occurrence of 9 is 25/216 , and the frequency of 
occurrence of 10 is 27 /216. But an infinite number of games cannot 
be realized. So what is the meaning of these probabilities? At this 
moment, we cannot say anything more than that the ratio 27:25 
reflects our degree of belief or our degree of confidence that the 
number 10 is more likely to win than the number 9. 1 

In the aforementioned discussion , we have used the term proba
bility without defining it. In fact, there hav~ been several attempts 

1 The usage of the word "belief" in the context of the definition of probability 
has led many to deem probability as a subjective concept. This is partially 
true if we use the term probability colloquially. However, it is not true when 
probability is used in the sciences. It should be stressed that the probability 
of an event does not depend, on the number of trials; exactly as a mass of a 
piece of matter doe1. not depend on the number of measurements caried out to 
determine it. 
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n = (~') simple (or elementary) events 

(;) events consisting of two simple events 

( ; ) events consisting of three simple events 

(:) one event, consists of all the space D (the certain event). 

(2.2.1) 

Altogether, we have 2n events, i.e., 

( ~) + ( 7) + (;) + · · · + (:) = ( 1 + 1 t = 2n. (2.2.2) 

We have used the Newton Binomial theorem in perform
ing the summation. A more general form of the theorem is 
(see Appendix A) 

(x + Yt = t (7)xiyn-i_ 
i=O 

(2.2.3) 

An alternative method of calculating the total number of events is 
as follows. 

We denote the simple events of D by the numbers (1, 2, 3, .. . , n). 
This is a vector of n dimensions. Each com.pound event can also be 
described as a vector of n dimensions. For instance, t he event that 
consists of the three elementary events (3,5, 7) can be written as an 
n-dimensional vector of the form 

(No, No, Yes, No, Yes, No, Yes, No, No, ... , No), 

i.e., components one and two are not included, the component three 
is included, four is not included, five is included, and so on. 

A compound event is a partial set of D. Therefore, we can describe 
the compound event simply by referring to the list of simple events 
that are included in that event. The components of the compound 
events are Yes or No according to whether or not a specific simple 
event is included or not. Thus, each event can be uniquely written 
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as an n-dimensional vector consisting of Yes's and No's or "l" and 
"O." Clearly, since the length of the vector is n, and each component 
can be either "Yes" or "No," altogether we have 2n such vectors 
corresponding to all the possible compound events. In this notation , 
the impossible event is written as 

f 

(No, No, ... , No) 

and the certain event as 

(Yes , Yes, ... , Yes). 
' 

' At this stage, we introduce some notation regarding operations 
between events. 

The event AU B (or A+ B) is called the union (or the sum) of 
the two events. This is the event: "either A or B has occurred." 

The event A n B ( or A · B) is called the intersection ( or the 
product) of the two events. This is the event: " both A and B have 
occurred." 

The complementary event, denoted A (or D - A), is the event: 
"A did not occur." 

The notation AC B means: A is partial to B, or A is included in 
the event B, i.e., the occurrence of A implies the occurrence of B . 

These relations between events are described in F igure 2.1. 

2.2.3 The probability function , denoted P 

For each event A 'belonging to F, we assign a number P called 
the probability of the event A. This number fu lfi lls the following 

·'.~ ~A· 1001! • II CU II @ I 
(a) (h) (c) (ct) (e) 

Figure 2.1. Some relations between events (sets): (a) event A and its comple
mentary event A, (b) disjoint events An B = ¢;, ( c) union of overlapping events 
AU B,,(d) intersection of overlapping events An B , and (e) event A is included 
in the event B , AC B.. ' 
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properties: 

a: P(fl) = 1, 

b: 0 :S P(A) :S 1, 

c: If A and Bare disjoint events (or mutually 

exclusive), then 

P(A U B) = P(A) + P(B). 

(2.2.4) 

(2.2.5) 

(2.2.6) 

The first two conditions define the range of numbers for the prob
ability function . The first condition simply means that the event n 
has the largest value of the probability. By definition, we assume 
that some result has occurred, or will occur, hence, the event n is 
also referred to as the certain event, and is assigned the value of 
one. The impossible event, denoted ¢, is assigned the number zero, 
i.e., ?(¢) = 0. 

The third condition is intuitively clear. Two events A and B are 
said to be disjoint, or mutually exclusive, when the occurrence of 
one event excludes the possibility of the occurrence of the other. In 
mathematical terms, we say that the intersection of the two events 
(An B) is empty, i.e. , there is no simple event that is common to 
both A and B. As a simple example, consider the two events 

A= {the outcome of throwing a die is even}, 

B = { the outcome of throwing a die is odd} . 

Clearly, the events A and B are disjoint; the occurrence of one 
'!\. excludes the occurrence of the other. Now; define the event 

C = { the outcome of throwing a die is larger than or equal to 5}. 

Clearly, A and C, or B and Care not disjoint. A and C contain 
the elementary event 6. B and C contain the elementary event 5. 

The events, "greater than or equal than 4," and "smaller than 
or equal to 2," are clearly disjoint or mutually exclusive events. In 
anticipating the discussion below, we can calculate the probability 
of the first event { 4, 5, 6} being 3/6, and the probability of the 
second event {1, 2} being 2/6; hence, the combined (or the union) 
event {1, 2, 4, 5, 6} has the probability 5/ 6, which is the sum of 2/6 

and 3/ 6. 
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(a) 

(b) 

.... 

(c) 

(d) 

Figure 2.2. Venn diagrams. 

If the two events are not disjoint, say "greater than or equal to 
4" and "even," then the rule (c) should be modified [this can be 
proven from the PfOperties listed in (2.2.4) and (2.2.5)]: 

d: P(A u B) = P(A) + P(B) - P(A n B). (2.2.6a) 

A very useful way of visualizing the concept of probability and 
f 

the sum rule is the Venn diagram (Figures 2.1 and 2.2). 
Suppose we throw a dart on a rectangular board having a total 

area of n. We assume that the dart must hit some point within 
the area of the board. We now draw a circle within the board 
(Figure 2.2a), and ask what the probability of hitting the area 
withir'i this circle iti . We assume, by plain common sense, that the 

.... 
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probability of the event "hitting inside the circle," is equal to the 
ratio of the area of the circle to the area of the entire board, 3 

Two regions drawn on the board are said to be disjoint if there 
is no overlapping between the two regions (Figure 2,2b), It is clear 
that the probability of hitting either region or the other is the ratio 
of the ;:i,rea of the two regions and the area of the whole board, 

This leads directly to the sum rules stated in the axioms above, 
The probability of hitting either one of the regions is the sum of 
the probabilities of hitting each of the regions, 

This sum rule (2,2,6) does not hold when the two regions overlap , 
i,e, , when there are points on the board that belong to both regions, 
like the case shown in Figure 2,2c, 

It is quite clear that the probability of hitting either of the regions 
A or Bis, in this case, the sum of the probabilities of hitting each of 
the regions, minus the probability of hitting the overlapping region, 

Exercise: Show that if each pair of the three events A1, A2 and A3 
are mutually exclusive, then the three events are mutually exclusive, 
Show an example that the reverse of this statement is not true. 

Solution: Given that A1 , A2 = </>, A1 · A3 = </> and A2 · A3 = </>, it 
follows directly from the definition that A1 · A2 · A3 = </>. If, however, 
it is known that A1 · A2 · A3 = </>, it does not necessarily follow that 
the events are mutually exclusive in pairs. An example is shown in 
Figure 2.2d. 

On this relatively simple axiomatic foundation, the whole edifice 
of the mathematical theory of probability has been erected. It is 
not only extremely useful but is also an essential tool in all the 
sciences and beyond. 

In the axiomatic structure of the theory of probability, the prob
abilities are said to be assigned to each event. These probabilities 
must subscribe to the three conditions a, b and c. The theory does 
not define probability, nor provide a method of calculating or mea
suring these probabilities. In fact, there is no way of calculating 

3We exclude the possibility of hitting a specific point or a line - these have 
zero probability. We also assume that we throw the dart at random, not aiming 

at any particular area. 
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probabilities for any general event. It is sti ll a quantity that mea
sures our degree or extent of belief of the occurrence of certain 
events. As such, it is a highly snbjective quantity. However, for 
some simple experiments, say tossing a coin or throwing a die, we 
have some very useful methods of calculating probabilities. They 
have their limitat ions and they apply tel "ideal" cases, yet these 
probabilities turn out to be extremely useful. vVhat is more impor
tant , since these are based on common sense reasoning, we should 
all agree that these are the "correct" probabilities, i.e., these prob
abilities turn from subjective quantities into objective quantities. 4 

They "belong" to the events as much as mass belongs to a piece of 
matter. We s~all describe two very useful "definitions" that have 
been suggested and commonly used for this concept. 

2.3 The Classical Definition 

This is sometimes referred to as the a priori definition,5 Let 
N( total) be the total number of outcomes of a specified experiment , 
e.g., for throwing a die N(total) is six, i.e. , the six outcomes (or six 
elementary events) of this experiment. We denote by N( event), the 
number of outcomes (i.e., elementary events) that are included in 
the event in which we are interested. Thus, the probability of the 
"event," in which we are interested, is defined as the ratio 

N(event) 
P(event) = N(total) · (2.3.7) 

4 There exists a voluminous literature discussing the definition and the meaning 
of the concept of probability. In this book we shall assume that the reader has 
an intuitive understanding of the meaning of probability. Denbigh and Denbigh 
(1985) make a distinction between a weak and a strong sense of objectivity. The 
former refers to objects that "can be publically agreed"; the latter refers to an 
object that has "a reality quite independent of man 's presence in the world. " 
Personally, I believe that even a weaker sense is sufficient for objectivity of 
probability. It suffices that all those who use the theory agree upon the values 
of probability assigned to the events. 
5 A priori here is only in the sense of contrasting the a posteriori sense of prob
ability. The former refers to the case that no experiment should be carried out 
to determine the probabilitu. 

' 
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We have actually used this intuitively appealing definition when 
calculating the probability of the event "greater than or equal to 4." 
The total number of elementary events (outcomes) of tossing a die 
is N ( total) = 6. The number of elementary events included in 
the event "greater than or equal to 4" is N (event) = 3, hence, 
the probability of this event is 3/6 or 1/2, which we all agree is the 
"correct" probability. 

However, care must be used in applying (2.2.7) as a definition of 
probability. First, not every event can be "decomposed" into ele
mentary events, e.g., the event "tomorrow it will start raining at 
ten o'clock." But more importantly, the above formula presumes 
that each elementary event has the same likelihood of occurrence. 
In other words, each elementary event is presumed to have the 
same probability; 1/6 in the case of a die. But how do we know 
that? We have given a formula for calculating the probability of 
an event based on the knowledge of the probabilities of each of the 
elementary events. This is the reason why the classical definition 
cannot be used as a bona fide definition of the concept of probabil
ity; it is a circular definition. In spite of this, the "definition" ( or 
rather the method of calculating probabilities) is extremely useful. 
Clearly, it is based on our belief that each elementary event has 
equal probability: 1/6. Why do we believe in that assertion? The 
best we can do is to invoke the argument of symmetry. Since all 
faces of a die are presumed equivalent, their probabilities must be 
equal. This conclusion should be universally agreed upon, as much 
as the axiomatic assertion that two stra~ht lines will intersect at, 
at most, a single point. Thus, though the probability of the event 
"it will rain tomorrow" is highly subjective, the probability that 
the outcome of the event "even" in throwing a die is 1/2, should 
be agreed on by anyone who intends to use probabilistic reasoning, 
as much as anyone who adopts the axioms of geometry, if he or she 
intends to use geometrical reasoning. 

Feller ( 195 7), in his classical text book on probability writes: 

"Probabilities play for us the same role as masses in mechan
ics. The motion of the planetary system cr;n be discussed with
out knowledge of the individual mass and without contemplating 
methods for their actual measurement." 
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Feller also refrained from discussing probabilities that one deemed 
to be a matter of "judgments," and limited himself to discussing 
what he calls "physical," or "statistical probability." 

"In a rough way we may characterize this concept by saying that 
our probabilities do not refer to judgments. but to possible out
comes of a conceptual concept " - "Ther~ is no place in our sys
tem for speculations concerning the probability that the sun will 
rise tomorrow." 

Similarly, Gnedenko (1962) asserts that probability expresses acer
tain objective property of the phenomenon that is studied, and 
adds: "It should be perfectly clear that a purely subjective defini
tion of mathematical probability is quite untenable." 

' As in geometry, all of the probabilities as well as all theorems 
derived from the axioms strictly apply to ideal cases: a "fair" die, 
or a "fair" coin. There is no definition of what a fair die is. It is 
as "ideal" a concept as an ideal or Platonic circle or cube. All real 

dice, as all cubes or spheres, are only approximate replicas of ideal 
Platonic objects. In practice, if we do not have any reason to suspect 
that a die is not homogenous or symmetrical, we can assume that 
it is ideal. 

In spite of this limitation, this procedure of calculating probabil
ities is very useful in applications. One of the basic postulates of 
statistical mechanics is that each of the microstates constituting a 
macrostate of a thermodynamic system has the same probability. 
Again, one cannot prove that postulate much less than one can 
"prove" the assertion that each outcome of throwing a die is 1/6. 
We shall further discuss this postulate in Chapter 5. This brings 
us to the second "definition," or better, the second procedure of 
calculating probabilities. 

2.4 The Relative Frequency Definition 
I 

This definition is referred to as the "a posteriori" or the "experi
mental" definition, since it is based on actual counting of the rela
tive frequency of occurrence of events . 

The simplest example would be tossing a coin. There are two 
possible outcomes; head (H) or tail (T). We exclude the rare events 

J 
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that the coin will fall exactly perpendicular to the floor, or break 
into pieces during the experiment, or even disappear from sight so 
that the outcome is undeterminable. 

We proceed to toss N times. The frequency of occurrence of heads 
is recorded. This is a well-defined and feasible experiment. If n(H) 
is the number of heads that occurred in N ( total) trials, then the fre
quency of occurrence of a head is n( H) / N (total). The probability of 
occurrence of the event "H" is defined as the limit of the frequency 
n(H) / N(total) when N(total) tends to infinity. The frequency def

inition is thus 

Pr(H) = lim n(H) 
N(total)-->oo N(total) 

(2.2.8) 

This limit may be interpreted in two different ways. Either one 
performs a sequence of experiments in time, and measures the limit 
of the relative frequency when the number of experiments is infinity, 
or throws infinite coins at once and counts the fraction of coins 

which turned out to be H . 
Clearly, such a definition is not practical. First, because we can

not perform infinite trials. Second, even if we could, who could 
guarantee that such a limit exists at all? Hence, we only have to 
imagine what this limit will be. We believe that such a limit exists, 
and that it is unique, but, in fact, we cannot prove it. 

In practice, we use this definition for very large N. Why? Because 
we believe that if N is large enough ant!i, if the coin is fair, then 
there is a high probability that the relative frequency of occurrence 
of head will be 1/2. We see that we have used again the concept of 
probability in the very definition of probability. 

This method could be used to "prove" that the. probability of 
each outcome of throwing a die is 1/6. Simply repeat the experiment 
many times and count how many times the outcome 4 (or any other 
outcome) has occurred. The relative frequency can serve as "proof" 
of the probability of that event. This is not a mathematical proof. 
As in any other branch of science, this reasoning rests on the our 
experience that if N is large enough, we should get the frequency of 
one out of six experiments. We cannot tell how many experiments 
are sufficient to determine the probability of an event. So, how do 
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give is that we believe in our common sense. 'Ne use common sense 
to judge that because of the symmetry of the die (i.e., all faces 
are equivalent), there must be equal probability for the outcome 
of any specific face. Likewise , when we record the number of times 
an H ( or a T) occurs in many throws of a coin and see that the 
frequency of occurrence tends to some constant, we conclude that 
that constant is the probability of the evetit H. 

It should be noted, however, that the actual decision of which 
events are the elementary events is not always simple or possible. 
We present one famous example to demonstrate this. Suppose 
we have N particles (say electrons) and l\d boxes (say energy 
levels). There are differ,,mt ways of distributing the N particles in 

J 

the NI boxes. I.f we have no other information, we might assume 
that all possible configurations have equal likelihood. Figure 2.3 
shows all the configurations for two particles (N = 2) and four 
boxes (NI= 4). 

We can assign equal probabilities to all of these 16 configurations. 
This is referred to as the "classical statistics" - not to be confused 
with the "classical" definition of probability. This would be true for 
coins or dice distributed in boxes. It would not work for molecular 
particles distributed in energy levels. 

1-·-·----·--. I 

'tB !t=E till EE Im· ,:rn 5@ rn 
I e e e e 
I : rn :---rn ______________________ rn ______________________ EE ___________ _ 
I • • • • 

• • i • I • 

irn 1 tE rn rn I I • • 

: . • • ! • • • • : 
L--·- ·-·- ·-· - ·-·-·- ·L ___________________________ ____ ______ __ ________ ___________ _ 

Fie:ure 2.3. All nossihlP r:ontii:rnrn.t.ions for t.wo rliffPrPnt. n:cirt.irlPs in fnnr hn,Ps 

' 



48 Statistical Thermodynami cs Based on Information 
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Figure 2.4. Bose- Einstein configurations. 

It turns out that Nature imposes some restrictions as to which 
configurations are to be counted as elementary events. Nature also 
tells us that there are two ways of counting the elementary events 
depending on the type of particles. For one type of particles (such 
as photons or helium, 4He atoms) called Bosons, only ten out of 
these configurations are to be assigned equal probabilities. These 

are shown in Figure 2.4. 'I., 

The second group of particles (such as electrons or protons), 
referred to as Fermions, are allowed only six of these configura
tions. These are shown in Figure 2.5. 

In the first case, Figure 2.4, we say that the particles obey the 
Bose- Einstein statistics, and in the second case, Figure 2.5, we say 
that the particles obey the Fermi- Dirac statistics. In Figure 2.4, 
we have eliminated six configurations (within the dashed rectangle 
in Figure 2.3). Each of these were counted twice in Figure 2.3 , 
when the particles are indistinguishable. In Figure 2.5 , we have 
further eliminated four more configurations within the dash-dotted 
rectangle in Figure 2.3. For Fermions, two particles in one box is 
forbidden. (This is called Pauli's Exclusion Principle) . . It turns out 
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that these rules follow from symmetry requirements on the wave 
function of the f,ystem of particles. The general counting procedure 

J 

for the different,statistics is discussed in Appendix B. 
The example presented above demonstrates another method of 

determination of probabilities frequently used in statistical mechan
ics. It is often the case that neither the classical nor the frequency 
definitions of probability can be applied. In such cases, one guesses 
a plausible distribution based on whatever we know about the sys
tem, then proceeds to calculate average quantities , based on the 
guessed distribution. The resulting computed averages can then 
be compared with the experimentally measurable quantities. The 
extent of agreement between the calculated :werages and the cor
responding quantities serve as an indication , but short of a proof, 
of the "correctness" of the guessed distribution. 

In the next chapter, we shall discuss another method for assigning 
probabilities which is based on the maximum uncertainty ( or 
entropy) principle. This is also the method we shall use in con
structing the fundamental probabilities in statistical mechanics in 
Chapters 4 and 5. 

To conclude this section, it should be mentioned that the ques
tion of subjective versus objective probabilities is far from being 
settled. Some authors believe that probabilistic judgment has to 
do only with the state of knowledge, or th~ state of ignorance of 
the observer , and that there exists no such thing as an objective 
or a "physical" probability. Others believe that the purely sub
jective view of probability is utterly untenable, that probabilities 
belong to events as much as mass belongs to a piece of matter. 
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We shall adopt t he latter view, i.e., recogrnzmg the probabilities 
of the events as being physical and objective quantities. Without 
th is recognition, the theory of probability could not have been so 
successfu l in physics as well as in all other sciences. 

2.5 Independent Events and Conditional Probability 

The concepts of dependence between events and conditional prob
ability are central to probability theory and have many uses in 
sciences. 6 Two events are said to be independent, if the occurrence 
of one event has no effect on the probability of occurrence of the 
other. Mathematically, two events A and B are said to be indepen
dent, if and only if 

Pr(A · B) = Pr(A) Pr(B). (2.5.1) 

For example, if two persons who are far apart from each other 
throw a fair die each, the outcomes of the two dice are independent 
in the sense that the occurrence of, say, "5" on one die, does not 
have any effect on the probability of occurrence of a result, say, 
"3" on the other. On the other hand , if the two dice are connected 
by an inflexible wire, the outcomes of the two results could be 
dependent. Similarly, if we throw a single die consecutively, and at 
each throw, the die is deformed or damaged , the outcomes would 
not be independent . Intuitively, it is clear that whenever two events 
are independent, the probability of the occurrence of both events, 
say, "5" on one die and "3" on the othe,i;, is the product of the 
two probabilities. The reason is quite simple. By tossing two dice 
simultaneously, we have altogether 36 possible elementary events 
(the first die's outcome "i" and the second die's outcome " j"). 
Each of these outcomes has equal probability of 1/36 which is also 
equal to 1/ 6 times 1/6, i. e., the product of the probabilities of each 
event separately. 

A fundamental concept in the theory of probability is the condi

tional probability. This is the probability of the occurrence of an 

6 Note also that until now we have discussed relations between events that are 
relations between sets, as in set theory. Dependence or independence of events 
are concepts that originated in probability theory. That is what makes proba
bility theory divert from set and measure theory. 
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event A given that an event B has occurred. V•./e write this as 
Pr{A/ B} (read: probability of A given the occurrence of B) ,7 and 
define it by 

Pr(A/ B) = Pr(A · B)/ Pr(B). (2.5.2) 

Clearly, if the two events are independent, then the occurrence of 
B has no effect on the probability of the occ7irrence of A. Hence , 
from (2.5. 1) and (2.5.2), we get 

Pr(A/ B) = Pr (A). 

We can define the correlat ion between the two events as8 

Pr(A · B) 
g(A, E}) = Pr(A) Pr(B). 

' 

(2.5.3) 

(2 .5.4) 

We say that the two events are positively correlated when 
g(A, B) > 1, i.e., the occurrence of one event enhances or increases 
the probability of the second event. We say that the two events are 
negatively correlated when g(A, B) < 1, and that they are uncor
related (sometimes referred to as indifferent) when g(A, B) = l. 

As an example, consider the following events: 

A = {The outcome of throwing a die is "4"}, 

B = {The outcome of throwing a die is "even"} (i.e., it is 

one of the following: 2, 4, 6), 

C = {The outcome of throwing a die is "odd" } (i.e. , it is 

one of the following: 1, 3, 5). (2.5.5) 

We can calculate the following two conditional probabilities: 

1 1 
Pr{of A/ given B} = 3 > Pr{of A}= 

6
, 

1 
Pr { of A/ given C} = 0 < Pr { of A} = 6. 

(2.5.6) 

(2.5 .7) 

7
This definition is valid for Pr(B) -f=. 0. Note also tltat Pr(B) is sometimes 

interpreted as the probability that the proposition B is true, and Pr (A/ B) as 
the probability that the A is true given the ev idence B. 
8 In the theory of probability, correlat ion is normally defined for a random vari
able (and its values range between -1 and + l ) . Here , we define the correlation 
differently; the values of g range from zero to infinity (see Section 2. 7) . 
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In the first example, the knowledge that B has occurred increases 
the probability of the occurrence of A. Without that knowledge, 
the probability of A is 1/6 (one out of six possibilities). Given the 
occurrence of B, the probability of A becomes larger: 1/3 (one of the 
three possibilities). But given that Chas occurred , the probability 
of A becomes zero, i.e., smaller than the probability of A without 
that knowledge. 

Exercise: It is known that Mrs. A has two children. You meet her 
in the street walking with a boy. She introduces the boy as her 
child. What is the probability that she has two boys? 

Solution: The sample space contains four elementary events 

BB, BG, GB, CG, 

B for boy and G for girl (the order is important). These events 
are equally probable. We are given that there is at least one boy 
(we do not know if this is the first or the second). Therefore, the 
event CG is excluded. We are left with three possibilities BB, BG 
and GB. The probability of having two boys is one of these three 
equally likely possibilities, hence the probability is 1/3. In terms of 
conditional probability 

Pr( BB · at least one boy) 
Pr(BB/ at least one boy) = (. l b . 

Dr at east one oy 

Pr[BB n (BB u BG u GB)] 1/4 1 
Pr[BB U.~G U GB] - 3/4 = 3 

Exercise: It is known that Mrs. A has three children. She is seen 
with one of her boys. Calculate the probabilities: 

( 1) that she has three boys , 
(2) that she has one boy and two girls, 
(3) that she has two boys and one girl. 

Answers: (1) 1/ 7, (2) 3/7, (3) 3/7. 

It is important to distinguish between disjoint (i.e., mutually 
exclusive) and independent events. Disjoint events are events that 
are mutually exclusive; the occurrence of one excludes the occur
rence of the second. The events "even" and "5" are disjoint. In 
f-or"l'Y":' l'"\f , ronn ,-l;'lfTT'OTY'I C f-n rl'"\ rOfl';f"YnC f-h<:lf- orO Yl/"\l""\_("'\"HOr l onniYHT <::lrO 
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Figure 2.6. A roulette with 12 outcomes. with two regions A (blue) am! B 
(yellow); see Section 2.5. 

disjoint. If the dart hits one region, say A, in Figure 2.2b, then we 
know for sure that it did not hit the second region B. 

Disjoint events are prnperties of the events themselves (i.e., 
' the two events have no common elementary event). Independence 

between events is not defined in terms of the elementary events 
that are contained in the two events but is defined in terms of their 
probabilities. If the two events are disjoint , then they are strongly 
dependent. In the above example, we say that the two events are 
negatively correlated. In other words, the conditional probability of 
hitting one circle, given that the dart hit the other circle, is zero 
(which is smaller than the "unconditional" probability of hitting 
one circle) . 

If the two regions A and B overlap (i.e., they are not disjoint) , 
then the two events could be either dependent or independent . In 
fact, the two events could either be positively or negatively corre
lated. The followipg two examples illustrate the relation between 
dependence and the extent of overlapping. The reader is urged to 
do the exercise carefully. We first present a simple example with a 
finite number of outcomes. 

Let us consider the following case. In a roulette, there are alto
gether 12 numbers {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 , 12} . 

Each of us chooses a sequence of six consecutive numbers; say I 
choose the sequence 1 

A= {1,2,3,4,5 , 6}, 

and you choose the sequence 

B = {7,8, 9, 10 , 11,121. 
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The ball is rolled around the ring. We assume that the roulette 
is "fair ," i.e., each outcome has the same probability of 1/12. If the 
ball stops in my "territory," i.e., if it stops at any of the numbers I 
chose {l, 2, 3, 4, 5, 6}, I win. If the ball stops in your territory, i.e., if 
it stops at any of the numbers you chose {7, 8, 9, 10, 11, 12}, you win. 

Clearly, each of us has a probability 1/2 of winning. The ball has 
equal probability of 1/ 12 of landing on any number, and each of us 
has six numbers in each "territory." Hence, each of us has the same 
chance of winning. 

Now, suppose we run this game and you are told that I won. 
What is the probability that you will win if you chose B? Clearly, 
Pr{B /A } = 0 < 1/ 2, i.e., the conditional probability of B given 
A is zero, which is smaller than the unconditional probability; 
Pr{B} = 1/2. 

Exercise: Calculate the following conditional probabilities. In each 
example, my choice of the sequence A = {l, ... , 6} is fixed. Calcu
late the conditional probabilities for the following different choices 
of your sequence: 

Pr{7, 8, 9, 10, 11, 12/A}, Pr{6, 7, 8, 9, 10, 11/A}, 

Pr{5, 6, 7, 8, 9, 10/A}, Pr{ 4, 5, 6, 7, 8, 9/A}, 

Pr{3, 4, 5, 6, 7, 8/A} , Pr{2, 3, 4, 5, 6, 7 /A}, Pr{l, 2, 3, 4, 5, 6/A} . 

Note that in this game, both of us can win, or lose. 
'11, 

Figure 2. 7. Different choices of the event B. The intersection of B and A is 

shown in green. 
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Solut ion: In all of these problems, my choice of a sequence is 
fixed: {l, 2, 3, 4, 5, 6} and it has the probability of 1/2 of winning. 
If you choose the disjoint event {7, 8, 9, 10, 11 , 12} , the conditional 
probability is 

Pr{B/A} = Pr{7 , 8, 9, 10 , 11 , 12/A} = 0, 

since knowing that A occurs excludes the occurrence of B . This 
is the case of extreme negative correlation. In the first example of 
choosing an overlapping sequence, we have 1 

1 1 
Pr{B/ A} =Pr{6,7,8,9,10,ll,/A} = 6 < 2. 

Knowing that A occurred means that your winning is possible 
only if the ball landed on "6," and hence the conditional probability 
is 1/6, which is smaller llhan Pr{B} = 1/2, i.e. , there is negative 

' correlation. 
Similarly, 

2 1 
Pr{B/A} = Pr{5, 6, 7, 8, 9, 10/A} = - < -. 

6 2 

Here, "given A," you win only if the ball lands on either "5" or 
"6," and hence the conditional probability is 2/6, still smaller than 
Pr{B} = 1/2, i.e., negative correlation. 

In the third case, 

3 1 
Pr{B/A} = Pr{4,5,6, 7,8,9/A} = 6 = 2. 

Here, t he conditional probability is 1/2, exactly the same as the 
"unconditional" 1probability Pr(B) = 1/2, which means that the 
two events are independent, or uncorrelated. (The terms indepen
dence and uncorrelated are different for random variables. They 
have the same meaning when applied to events; see Section 2. 7.) 

Next, we have three cases of positive correlations: 

4 1 
Pr{B/A} = Pr{3,4,5,6, 7,8/A} = 6 > 2, 

- \ , s 1 
Pr{B/r1} =Pr{2,3,4,5,6,7/A} = 6 > 2, 

6 1 
Pr{B/A} = Pr{l , 2,3,4 , 5,6/A} = 6 = 1 > 2. 
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In the last example, knowing that A occurs makes the occurrence 
of B certain . In these examples, we have seen that overlapping 
events can be either positively correlated, negatively correlated, or 
non-correlated. 

Note how the correlat ion changes from extreme negative ( "given 
A" certainly excludes your winning in the first example), to extreme 
positive ( "given A" assures your winning in t he last example). At 
some intermediate stage, t here is a choice of a sequence that is 
indifferent to the information "given A ." 

The second example of negative and positive correlations is shown 
in F igure 2.8 for a continuous sample space. 

Consider the two rectangles A and B having the same area. 
Since A and B have the same area, the probability of hitting 

A is equal to the probability of hitting B. Let us denote that by 
Pr{ A} = Pr{ B} = p, where p is the ratio of the area of A to the 
total area of the board, say, p = 1/ 10 in this illustration . 

When the two rectangles are separated, i.e., there is no overlap
ping area, we have 

Pr{A/ B} = 0. 

This is t he case of an extreme negative correlation. Given that 
the dart hit B, the probability that it hit A is zero (i.e., smaller 
than p). 

The other extreme case is when A and B become congruent, i.e., 
t he overlapping area is total. In this case., we have 

Pr{A/ B} = 1. 

. This is the case of an extreme positive correlation. Given that the 
dart hit B , the probability that it hit A is one (i.e., larger than p) . 

When we move B towards A, the correlation changes continuously 
from maximal negative correlation (non-overlapping) to maximal 
positive correlation ( total overlapping). In between , there is a point 
when the two events A and B are independent . Assume for simplic
ity that the total area of the board is uni ty, then t he probability of 
hitting A is simply t he area of A. The probability of hitting B is the 
area of B. Let p = Pr{A} = Pr{B} . The condit ional probability is 
calculated by Pr{A/ B} = Pr{A ·B} / Pr{B} , where Pr{A ·B} is the 

' 
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Figure 2.8. Various degrees of overlapping between two rectangular regions, 
and their correspoI)(Jing extent of correlat ions . 

probability of hitting both A and B. Denote this probability by x . 

The correlation between the two events, "hitting A," and "hitting 
B," is defined as g = Pr{A · B} / Pr{A}Pr{B} = x/p2

, when the 
overlapping area is x = 0, g = 0 (i.e., extreme negative correla
tion) . When the overlapping area is x = p, we have g = p/p2 = l /p 
or Pr{A/ B} = p/ p = l (i.e., extreme positive correlation) . When 
x = p2 , we have g = p2 /p2 = 1 or Pr{A/B}'= Pr{A} ; in this case, 
there is no correlation between the two events, i.e., the two events 
are independent . 
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Finally, we note t hat the concept of independence between 
n events A1, A2, ... , An is defined by the requirement that 

n 

Pr(A1,A2, . .. ,An) = IJ Pr(Ai). 
i=l 

It should be noted that independence between the n events does 
not imply independence between pairs, triplets, etc. For example, 
independence between three events A1, A2, A3 does not imply inde
pendence between pairs and vice versa. An example is shown in 

Appendix C. 

2.5.1 Conditional probability and subjective probability 

There is a tendency to refer to "prol:iability" as objective, and 
to conditional probability as subjective. These assertions are, in 
general, not true. First, note that probability is always conditional. 
When we say that the probability of the outcome "4" of throwing 
a die is 1/6, we actually mean that the conditional probability of 
the outcome 4 given that one of the possible outcomes 1,2,3,4,5,6 
has occurred, or will occur, 9 and that the die is fair and that we 
threw it at random, and any other information that is relevant. We 
usually suppress this given information in our notation and refer to 
it as the unconditional probability. This unconditional probability 

is considered as an objective probability. 
Now, let us consider the following two ,Rairs of examples: 

01: 

02: 

S1: 

S2: 

The conditional probability of an outcome "4," given that 

Jacob knows that the outcome is "even," is 1/3. 
The conditional probability of an outcome "4," given that 
Abraham knows that the outcome is "odd," is zero . 
The conditional probability that the "defendant is guilty," 
given that he was seen by the police at the scene of the crime 

is 0.9. 
The conditional probability that the "defendant is guilty," 
given that he was seen by at least five persons in another city 

at the time of the crime's commission is nearly zero. 

9When we ask for Pr(A), we actually mean Pr(A/rl), i.e., that one of the events 
: .~ n t.. -- - - --· ··--.J 

Elements of Probability Theory 50 

In all of the aforementioned examples, there is a tendency (such 
statements are sometimes made in textbooks) to refer to condi
tional probability as a subjective probability. The reason is that, in 
all the abovementioned examples, we involved personal knowledge 
of the conditions. Therefore, we judge that it is highly subj ective. 
However, that is not so. The two probabilities, denoted 0 1 and 02 , 
are objective probabilities. The fact that we mention the names 
of the persons who are knowledgeable of the conditions does not 
make the conditional probability subjective. We could make the 
same statement as in 01, but with Rachel iristead of J acob. The 
,conditional probability of an outcome "4," given that Rachel knows 
that the outcome is even, is 1/3. The result is the same. The appar
ent subjectivity of this statement is a result of the involvement of 
the name of the person who "knows" 10 the condition . A better way 
of phrasing 0 1 is: the concjitional probability of an outcome "4," 
given that we know that the outcome is even, is 1/3, or even bet
ter; the conditional probability of an outcome "4," given that the 
outcome is "even," is 1/3. 

In the last two statements, it is clear that the fact that J a.cob, 
Rachel, or anyone of us knows the condition does not have any effect 
on the conditional probability. In the last statement, we made the 
condition completely impersonal. Thus, we can. conclude that the 
given condition does not, in itself, convert an objective (uncondi
tional) probability into a subjective probability. 

To the best of my knowledge , the probabilities used in all cases 
in the sciences are objective. The reason is that the knowledge of 
the probabilities is bsually explicitly or implicitly given. This is in 
accord with Laplace's statement: "\i\Then probability is unknown , 
all possible values of probability between zero to one should be 
considered equally likely." 

There is a general agreement that there a.re essentially two dis
tinct types of probabilities. One is referred to as the judgmental 
probability which is highly subjective, the two examples S1 and 

I 
10This kind of argument is often used in connection with the use of information 
theory in the interpretation of entropy. "Information" is associated with "knowl
edge" and knowledge is deemed to be subjective. We shall discuss this in the 
•• • • I 
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S2 fall into this category. The second is the physical or scientific 
and is considered as objective probability. Here, we shall use only 
the scientific probability. Scientists might disagree on the meaning 
of probabilities, but when probabilities are used, they all agree on 
their numerical values. The reason is that in all cases, the "cor
rect" answer to a probability question is the answer you either 
already know, or at least you know a method of how to calcu
late it. 

In using probability in all the sciences, we always presume that 
the probabilities are given either explicitly or implicitly by a 
given recipe on how to calculate these probabilities . Sometimes, 
these are very easy to calculate, sometimes extremely difficult, but 
you always assume that they are "there" in the event as much as 
mass is attached to any piece of matter. 

Note also that at the most fundamental level, probability is based 
on our belief. Whether it is a belief that the six outcomes of a 
die are equally likely, or that the laws of quantum mechanics are 
correct and will be correct in the future, or that the tables of 
recorded statistics are reliable and that the same statistics will be 
maintained. If any of the conditions, or the given information, are 
changed, then the method of calculating probabilities must also be 
changed accordingly. 

We have already quoted Callen (1983) on page 16. We repeat the 
beginning of that quotation here: 

,.,_ 
"The concept of probability has two distinct interpretations in 
common usage. 'Objective probability' refers to a frequency, or 
a fractional occurrence; the assertion that 'the probability of 
newborn infants being male is slightly less than one half' is a 
statement about census data. 'Subjective probability' is a measure 
of expectation based on less than optimum information." 

As I have explained in Chapter 1 (see page 16), my views dif
fer from Callen's in a fundamental sense. Both examples given by 
Callen could be subjective or objective depending on the given 

amount of information or on the given relevant knowledge. 
An extra-terrestial visitor who has no information on the recorded 

gender of newborn infants would have no idea what the probabilities 
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for a male or female are, and his assignment of probabilities would 
be totally subjective. 11 

On the other hand, given the same information and the same 
knowledge including the frequencies of boys and girls, including 
the reliability of all the statistical medical records, the assignment 
of probabilities will inevitably be objective. 

Let us go back to the question regarding the gender of a new 
born, and reformulate the questions with an increasing amount of 
given information . 

(1) What is the probability that the newborf1 is a boy (given only 
that a child was born , this condition is usually suppressed)? 

(2) What is the probability that the newborn is a boy, given the 
census data on the ratio of boys and girls is about 1: 1, and 
assuming that these statistics are reliable and will also be main
tained in the future? , 

(3) What is the J)robability that the newborn is a boy given the 
information as in (2), and in addition, it is known that the ultra
sound test shows a boy, and that this test is quite reliable, and 
it is known that in 9 out of 10 cases, the predictions are correct. 

(4) What is the probability that the newborn is a boy given the 
information as in (2) and (3), and in addition, the level of some 
maternal hormones indicates that it is a boy, and that this is a 
very sensitive test, and that 10 out of 10 predictions based on 
this test are correct. 

Clearly, the answer to question (1) can be anything. If nothing is 
known on the cen~us data, we cannot give·any "objective" estimate 
of the probability. This is a highly subjective probability though it 
is formulated as an unconditional probability (in the sense that the 
only information given is that the experiment has been performed, 
i.e., a child is born). 

The answer to question (2) is 1/2, to (3) is 9/10 and to (4) is l. 
These answers are objective in the sense that everyone who is given 
this information will necessarily give the same answer, again in 

11 The same is true for an extra-terrestial visitor who 
1
has never seen a die or a 

coin and is asked about the probability of a specific outcome of a die or a coin. 
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contrast to Callen's statement . The fact that the question is cast in 
the form of a conditional probability does not make the probability 
subjective. What makes a probability estimate subjective is when 
we have no sufficient information to determine the probabilities, or 
when different subjects have different information. This conclusion 
is far more general and also applies for dice or coins. 

Thus, an extra-terrestial visitor who never saw or heard of toss
ing a coin would not know the answer to the ("unconditional") 
probability of outcome H. Any answer given is necessarily subjec
tive. However, if he or she knows that the coin is fair, and knows 
that many experiments carried out by many gamblers show that the 
frequency ratio of H and Tis nearly one, then the extra-terrestrial 
could correctly give the answer about the probability of H and T. 

2.5.2 Conditional probability and cause and effect 

The "condition" in the conditional probability of an event may 
or may not be the cause of the event. Consider the following two 
examples: 

(1) The conditional probability that the patient will die of lung 
cancer, given that he or she has been smoking for many years 
is 0.9. 

(2) The conditional probability that the patient is a heavy smoker 
given that he or she has lung caJiJ.~er is 0.9. 

Clearly, the information given in the first case is the cause ( or the 
very probable cause) of the occurrence of lung cancer. In the sec
ond example, the information that is given - that the patient has 
cancer - certainly cannot be the cause for being a heavy smoker. 
The patient could have started to smoke at age 20, far earlier, in 
time than his cancer developed . 

Although the two examples given above are clear, there are cases 
where conditional probability is confused with causality. We per
ceive causes as preceding the effect in the time axis. Similarly, con
dition in conditional probability is conceived as occurring earlier in 

the time axis. 
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Consider the following simple and very illustrative example that 
was studied in great detail (Falk 1979). You can view it as a simple 
exercise in calculating conditional probabilities. However , I believe 
this example has more to it. It demonstrates how we intuitively 
associate conditional probability with the arrow of time, confusing 
causality with conditional probabilistic argument. 

The problem is very simple. An urn contains four balls, two whites 
and two blacks. The balls are well mixed and we draw one ball , 
blindfolded. 

First we ask: What is the probability of the event "White ball on 
first draw"? The answer is immediate: 1/2. There are four equally 
probable outcomes; two of them are consistent with "white ball" 
event, and hence the probability of the event is 2/4 = 1/2. 

Next we ask: What is the conditional probability of drawing a 
white ball on a second draw, given that in tfie first draw we drew a 
white ball ( the first ball is not returned to the urn) . We write this 
conditional probability as Pr{ Whited Whitei}. The calculation is 
very simple. We know that a white ball was drawn on the first trial 
and was not returned. After the first draw, three balls are left; two 
blacks and one white. T;he probability of drawing a white ball is 
simply 1/3. We write this conditional probability as 

1 
Pr{ White2/ Whitei} = 3. 

Now, the more tricky question: What is the probability that we 
drew a white ball in the first draw, given that the second draw was 
white? Symbolic~lly, we ask for 

Pr{ Whited White2} =?. 

This is a baffiing question. How can an event in the "present" 
(white ball at the second draw), affect the event in the "past" (white 
drawn in the first trial)? 

These questions were actually asked in a classroom. The students 
easily and effortlessly answered the question about Pr{ White2 / 
Whitei}, arguing that drawing a white ball in the first draw has 
caused a change in the urn, and therefore has influenced the prob
ability of drawing a second white ball. 
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Example: Consider the outcomes of throwing a die. Define the 
events 

A1 = {even outcome}= {2,4,6}, 

A2 = {odd and larger than one}= {3,5}, 

A3 = {1}. (2.6.3) 

Clearly, these three events are disjoint and their union covers the 
entire range of possible outcomes. 

Exercise: Show that for any n events A1 , A2, ... An; if they are 
pairwise mutually exclusive (i.e., Ai· Aj =¢for each pair of i -:f. j), 
then it follows that each group of events are mutually exclusive. 
The inverse of this statement is not true. For instance, events A, B 
and C can be mutually exclusive (i.e., A·B·C =¢)but not pairwise 
mutually exclusive. 

For the second example, we use again the squared board of unit 
area and any division of the area into several mutually exclusive 
areas, as in Fig. 2.9a. 

Clearly, by construction, each pair of events consists of mutually 
exclusive events, and the sum of the events is the certain event, i.e., 
hitting any place on the board (neglecting the borderlines) is unity. 

Let B be any event . We can always write the following equalities: 

n n 

B = B. n = B. LAi = LB ·A. 
i=l \ i=l 

(2.6.4) 

The first equality is evident (for any event B, its intersection with 
the total space of events D, gives B). The second equality follows 
from the assumption (2.6.2). The third equality follows from the 
distributive law of the product of events. 13 

From the assumption that all Ai are mutually exclusive, it also 
follows that all B · Ai are mutually exclusive. 14 Therefore, it follows 
that the probability of B is the sum of the probabilities of all the 

13Show that A· (B + C) = A· B +A· C for any three events A, B, C and by 
generalization B · I.: A; = I: B · A;. 
14 This follows from the commutative property of the product of events i.e., 

B · A; · B · Ai = B 2 
· A; · Ai = B · </> = ¢. 

' 
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A2 
As 

(a) (b) 

Figure 2. 9. (a) Five mutually exclusive events, the union of which is the certain 
event. (b) A region B intersects the events A;. 

B · Ai, (see Figure 2.9b): 

( 

n ) n n 
P(B) = p LB . Ai = L P(B. Ai)= L P(Ai)P(B/Ai). 

i = l i = l l = l 
(2.6.5) 

The last equality follows from the definition of conditional 
probabilities. , 

Theorem (2.6.5) is very simple and intuitively clear. '-Ne have 
started with n events that cover the entire space of events D. \Ve 
took an arbitrary "cut" from D that we called B. The total prob
ability theorem states that the area of B is equal to the sum of 
the areas that we have cut from each Ai as shown in the shaded B 
areas in Figure 2_.9b. ' 

From the definition of the conditional probability and theorem 
(2.6.5), it follows immediately that 

P(AjB) = P(Ai · B) = 
11

P(Ai)P(B/Ai) . 
t P(B) Lj=l P(Aj)P(B/Aj) 

(2.6.6) 

This is one formulation of Bayes ' theorem. It is a very simple 
theorem, but as we shall soon see, it is extremely useful for solving 
problems that seem intractable. 

The events Ai are sometimes referred to as a priori events. Sup
pose we know the probabilities of all the events A; and also all 

the conditional probabilities (B/Ai)- Then (2.6.6) allows us to cal
culate the ( a posteriori) probabilities P(Aj B). The assignments 
of the terms a priori and a posteriori should not be regarded as 

ordered in time. The reason will be clear from the examples that 

we shall work out. 
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A, 

A2 

A3 

A4 

Figure 2.10. The four events described in the example. 

Example: Suppose that our board of unit area is divided into four 
equal and mutually exclusive areas (see Figure 2.10). Clearly, the 
probability of hitting any one of these areas is 

P(Ai) = P(A2) = P(A:;) = P(A4) = 1/ 4. (2.6.7) 

Now, suppose each of the areas Ai has a shaded part. Let us 
denote all the shaded areas in Figure 2.10 by S. (S does not need 
to be a connected region , as in Figure 2.10.) 

We are given all the conditional probabilities 

1 
P(S/ Ai) = 20 ' 

1 
P(S/ A4) = 10' 

1 
P(S/ A2) = 10 ' 

2 
P(S/ A3) = 5' 

(2.6.8) 

i. e., P( S / Ai ) is the ratio of the shaded area to the total area of 
each Ai. 

Bayes' theorem simply states that if we know all the areas Ai, 
and all the fractions of the shaded area in each of the Ai (2.6.8), 
then given that we hit the area S, we can calculate the probability 
that we have hit a specific area Ai. Clearly, time does not play any 
role in this theorem. '1t, 

Solution of the urn problem discussed in Section 2.5.2. 
We are asked to calculate the probability Pr( Whited White2), 

i.e., given that the outcome on the second draw is white, what is 
the probability that the outcome of the first draw is wltite? 

Using Bayes' theorem, we write 

P ( Wh. / W . ) _ Pr(White1 · White2) 
r ite 1 hite2 - p ( Wh. ) 

r ite2 

Pr( Whited White 1 ) Pr( Whitei) 
- Pr( White2/ White 1 ) Pr( White 1 ) + Pr( White 2/ Black 1 ) Pr(Black 1 ) · 

(2.6.9) 

.... 
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Note that on the right-hand side of (2 .6.9) , all the probabili
ties are known. Hence, we can calculate the required conditional 
probability 

. . 1/ 3 X 1/2 
Pr(WhitedWhite2) = / / / / = 1/3. (2 .6.10) 

13x12+23xl2 

This is the same as the conditional probability Pr(White2/White1 ), 
as in Section 2.5.2. 

Exercise: Generalize the urn problem as in Section 2.5.2 for n 
white balls and m black balls. Calculate Pr( White2/ White1) and 
Pr( Whited White2) in the general case . 

We shall further discuss this problem from the information
theoretical point of view in Section 3. 7. 

An important application of the Bayes' theorem is the following. 
Suppose we have a test for a virus which gives a positive result 
( +) if a person is a carrier with probability 0.99, this means that 
for each hundred carriers (C) who are t~sted , 99% show positive 
results. The test also shows false positive results, i.e., a non-carrier 
tests positive, say with probability 10- 4 . This sounds like a reliable 
and valuable test. 

Denote by C the event "being a carrier of the virus." Suppose 
that P(C) is the proqability of carriers in a given country (i.e. 
the fraction of-.carriers in a given population). Denote by P( + /C) 
the conditional probability that the test is positive given that the 
person is a carrier. We are given that P(+/C) = 0.99. On the other 
hand, it is known that a false positive result occurs in one out of . -
10,000, which 'means that given that a person is not a carrier C, 
the probability of having a positive result is very low, i.e. , 

P(+/C) = 10-4
. (2.6.11) 

Clearly, the closer P( + / C) is to unity, and the smaller the false 
positive results P( + /C), the more reliable the test is. Yet, some 
unexpected and counterintuitive results can be obtained. 

Suppose a person chosen at random from the population takes 
the test and the result is positive, what is the probability that the 
person is actually a carrier? The question is thus, what is P( C / + )? 
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According to Bayes' theorem 

P _ P (+/C) P(C) 
(C/+) - P(C)P(+ /C) + P(C)P(+ /C) 

(2.6 .12) 

This is a straightforward application of (2.6.6). In our example, 
we know P( +/C) = 10-4, and P( +/C) = 0.99 and we need to know 

P(C/ ) = 0.99P ( C) 
+ 0.99P(C) + (1 - P(C))lQ-4 . 

(2.6. 13) 

As can be seen from this equation and from Figure 2. 11 , the 
probability t hat a person who tested positive is actually a car
rier, depends on P(C), i. e., on the percentage of the carriers in 
the population. Intuitively, we feel that since P( + /C) = 10- 4 and 
P( + /C) = 0.99, the test is very sensit ive and we should expect a 
high value for P (C/+), and a small value of P(C/+). Indeed, if 
the population of carriers is larger than, say, P ( C) = 0.001 then 
P( C / +) is nearly one. However, if the population of carriers is 
very low, say, P(C) = 0.0001, then P(C/+) can be about 0.5. 
This is understandable. If t he population of carriers is extremely 
small , then testing positive becomes a rare event ; in the case of 
P(C) = 0.0001, the denominator of (2.6. 13) is 

P (+) = P(+/C)P(C) + P(+/C)P(C) = 0.00019899. 

Hence, the ratio in (2.6.13) is 

0.99 X 10- 4 

P(C/+) = 0.00019899
1

~ 
0·5· 
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(2.6.14) 

(2 .6.15) 
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(a) (b) 

Figure 2.11. Plot of the fun ction P( C / +) a.s a function P ( C) for low and high 
fractions of the population P( C). 
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As Figure 2.11 shows, the conditional probability P (C/+) 
is a monotonic increasing function of P( C). For large P( C) 
(Figure 2.llb), the value of P (C/+) is nearly one. However , for 
very small P(C) (Figure 2.lla), the values of P(C/+) could be 
very small , which means P( C / +) is very large, i.e., nearly one. 

The reason that we are surprised to see such a relatively small 
value of P( C / +) or a large P( C / +) is that intuitively we confuse 
the given conditional probability, P ( + / C), with the calculated 
conditional probability, P( C / +), the latter of which can be any 
number between O to 1. In an extreme case when the population of 
carriers is extremely low, say P(C) = 10-6 , then P (C/+) ~ 0.01 , 
or P( C / +) = 0.99. An even more extreme case is when P( C) = 0, 
i.e., given that none in the population is a carrier. In this case, 
given a positive test, the probability of being a carrier must be 
zero, and the probability of being a non-carrier is one! We shall 
further analyze t his problem from the informational point of view 
in Section 3.6. 

A slightly different interpretation of (2.6 .11'2 ) is the following. 
P( C) is the fraction of the population which is known to be carri
ers. Therefore, prior to any test, we can judge that the probability 
that a person selected at random from the population is found to 
be a carrier is P(C). This is sometimes called the prior probability. 
Now we perform the test and find that the result is positive. Equa
tion (2.6.12) tells us how t~ modify our prior probability P( C) to 
obtain the posterior probability P( C / +) , given the new informa
tion. Similarly, one can extend the same reasoning whenever more 
information is avaihble (say additional tests) to assess and modify 
our probabilities given the new information. It should be stressed 
that the terms prior and posterior, or "before" and "after ," as used 
in the aforementioned reasoning, do not necessarily imply events 
that are ordered in time. 

Exercise: Consider the following problem. A metal detector in ah 

airport goes off in 999 out of a 1,000 of the cases when a person 
carrying metal objects passes through (i.e., P(+ /C) = 1

9tt0 ) . There 
are also false alarm cases, i.e. , where the detector goes off even if the 
passenger is not carrying any metallic objects, i.e., P(+/C) = 10-6

. 

Given that the detector went off, what is the probability that the 
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2.6.1 A challenging problem 

The following is a problem of significant historical value. It is con
sidered to be one of the problems the solution of which has not only 
crystallized the concept of probability, but has also transformed 
the reasoning about chances taken in gambling saloons into math
ematical reasoning occupying the minds of mathematicians. This 
problem was addressed to Blaise Pascal by his friend Chevalier de 

Mere in 1654. 15 

Two players bet $10 each. The rules of the game are very simple. 
Each one chooses a number between one and six. Suppose Dan chose 
4 and Linda chose 6. They roll a single die and record the sequence 
of the outcomes. Every time an outcome "4" appears, Dan gets a 
point. When a "6" appears, Linda gets a point. The player who 
collects three points first wins the total sum of $20. For instance, a 

possible sequence could be 

1,4,5,6,3,2,4,6,3,4 (2.6.16) 

Once a "4" appears for the third time, Dan wins the entire sum 

of $20 and the game ends. 
Now, suppose the game is started and at some moment the 

sequence of outcomes is the following: 

1,3,4,5,2, 6,2,5, 1,1 ,5, 6,2, 1,5. (2.6.17) 

At this point, there is some emergency and the game must be 
stopped! The question is how to divide M).e sum of $20. 

Note that the problem does not arise if the rules of the game 
explicitly instruct the player on how to divide the sum should the 
game be halted. But in the absence of such a rule, is it not clear 

how to divide the sum. 
Clearly, one feels that since Dan has "collected" one point, and 

Linda "collected" two points, Linda should get the larger portion 
of the $20. But how much larger? The question is, what is the 
.fairest way of splitting the sum, given that sequence of outcomes? 
But what does it mean, the fairest splitting of the sum? Should 

15 The historical account of these and other earlier probabilistic problems can 

be found in David (1962). 
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Linda get twice as much as Dan because she has gained twice as 
many points in her favor? Or perhaps, simply split the sum into two 
equal parts since the winner is undetermined? Or perhaps, let Linda 
collect the total sum because she is "closer" to winning than Dan. 

A correspondence between Blaise Pascal and Pierre de Fermat 
ensued for several years. These were the seminal thoughts which 
led to the theory of probability. Recall that in the 17th centiiry, 
the concept of probability was far from being crystallized yet. The 
difficulty was not only of finding the mathematical solution to the 
problem. It was not less difficult to clarify what the problem was, 
i.e., what does it mean to find a fair method of splitting the sum? 

The answer to the last question is the following: 
Having no specific rule on how to divide the sum in case of halting 

the game, the "fairest" way of splitting the sum is according to the 
ratio of the probabilities of the two players winning the game, had 
the game continued. 

In stating the problem in terms of probabilities, one hurdle was 
overcome. We now have a well-formulated woblem. But how do 
we calculate the probabilities of either player winning? We feel that 
Linda has a better chance of winning since she is ·'closer" to col
lecting three points than Dan. 

We can easily calculate that the probability of Dan winning, on 
the next throw is zero. The probability of Linda winning on the next 
throw is 1/6, and the probability of neither one of them winning on 

' the next throw is 5/6. One can calculate the probabilities of winning 
after two throws, three throws, etc. The calculations become very 
complicated for tht fourth, fifth and larger number of throws. Try 
calculating the probability of each player winning on the next two 
throws, and for the next three throws and see just how messy it gets. 
There is a simple solution based on the theorem of total probability 
that involves a one-unknown equation. 

The solution to the problem is this. Denote by X the probabil
ity of Linda winning. Clearly, in the next throw after the game is 
halted, there are three mutually exclusive possibilities: 

(I) outcome {6} with probability 1/6, 
(II) outcome { 4} with probability 1/6, (2.6.18) 
(III) outcome {1, 2, 3, 5} with probability 4/6. 
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Let us denote the event "Linda wins" by LW. Using the theorem 
of total probability, the following equation holds: 

X = Pr(LW) = Pr(J) Pr(LW /I)+ Pr(II) Pr(LW / II) 

+ Pr(III) Pr(LW / III) 

= 1/ 6 X 1 + 1/6 X 1/ 2 + 4/6 XX. (2.6.19) 

This is an equation with one unknown 6X = 3/ 2 + 4X . The 
solution is X = 3/4. Note that the events (I), (II), and (III) refer to 
the possible outcomes on the next throw. However, the event "LW" 
refers to Linda wins, regardless of the number of subsequent throws. 
Equation (2.6.19) means that the probability of Linda winning is 
the sum of the three probabilities of the three mutually exclusive 
events. If (I) occurs, then she wins with probability one. If (II) 
occurs, then she has a probability 1/ 2 of winning (since in this case 
both will have two points). If (III) occurs , then the probability of 
her winning is X , the same as at the moment of halting the game. 
Therefore, the two players should divide the total sum in such a 

way that Linda gets 3/ 4 and Dan gets 1/ 4. 

Exercise: Solve the same problem for the following two cases: 

( 1) Dan has collected two points and Linda zero points. 
(2) Dan has collected one point and Linda zero points. 

2.6.2 A more challenging problem: The three prisoners' 

problem 
\ 

This problem is important, interesting, challenging and enjoyable. 
Going through the solution should be a rewarding experience for 

the following reasons: 

(1) It is a simple problem having a counter-intuitive solution. 
(2) It illustrates the power of Bayes' theorem in solving probabilis

t ic problems. 
It involves the concepts of "information" in making a "proba-
bilistic decision" but in a very different sense from the way this 

(3) 

term is used in information theory. 

This problem could be justifiably referred to as the prisoner 
dilemma. As we shall present it, it does involve a very serious 
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dilemma. However, the term "prisoner dilemma" is already used 
in game theory for quite a different problem. Therefore, we have 
chosen the title of: "The three prisoner problem." This problem is 
equivalent to the problem sometimes referred to as the Monty Hall 
problem, which arises in connection with the TV show "Let 's Make 
a Deal." 16 We shall describe here the more dramatic version of the 
problem involving a matter of life and death. 

The problem 

Three prisoners on death row, named A , B. and C await their 
execution scheduled for the first of January. A few days before the 
said date, the king decides to free one of the prisoners. The king 
does not know any of these prisoners , so he decides to throw a die, 
the result of which will determine who shall be set free. On the faces 
of this die are inscribed the letters A,A,B,B,C,C. The die is fair. 
The probability of each of the letters appearing is 1/ 3. The king 
then instructs the warden to free the prisoner bearing the name 
that came up on the face of the die. He waii1s the warden not to 
divulge to the prisoners who the lucky one is until the actual clay 
of the execution. 

The facts that the king has decided to free one prisoner , that the 
prisoner was chosen at random with a 1/3 probability, and that 
the warden has full knowl~dge of the results but is not allowed to 
divulge to anyone~ are known to the prisoners. It is also common 
knowledge that the warden is indifferent to the prisoners. \i\Thenever 
he has to make a ~hoice, he would toss a coin. A day before the 
execution, prisoner A approaches the warden and asks him: "I know 
you are not allowed to tell me or anyone else, who shall be freed 
tomorrow, however, I know that two of the three prisoners must 
be executed tomorrow. Therefore, either B or C must be executed. 
Please tell me which one of these two will be executed. 

Clearly, by revealing to prisoner A the identity of one prisoner 
who will be executed, the warden does not reveal the name of the 
one who will be freed. Therefore, he can answer prisoner A's query 

16See Falk (1993). 
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without defying the king's order. The warden tells prisoner A that 
B is going to be executed the next day. 

The problem is this. Originally, prisoner A knew that the three 
prisoners have 1/3 probability of getting freed. Now, he got some 
more information. He knows that B is doomed to die. Suppose A 
is given the opportunity to exchange names with C (note that the 
king decided to free the prisoner , who on the day of the execution 
carries the name that appeared on the face of the die). Prisoner 
A's dilemma is this: Should he switch names with C ( to render it 
more dramatic, we could ask: should A offer C, say $100 to swap 
their names?) In probability terms, the question is the following: 
Initially, prior to asking the warden, A knows that the probabil
ity of his survival is 1/3. He also knows that the warden says the 
truth, and that the warden is not biased (i.e., if he has to make a 
choice between two answers, he will choose between the two with 
equal probability) . After receiving the information , the question 
is: "What is the conditional probability of A's survival given the 
information supplied by the warden?" 

Intuitively, we feel that since initially A and C had · the same 
probability of being freed, there should be the same probability for 
A and C to be freed after the warden informed A that B will be 
executed. 

This problem can be easily solved using Bayes' theorem. The solu
tion is counter-intuitive. The reader is urged to solve the problem 
before reading the solution in Appendix p. 

"' 
2.7 Random Variables, Average, Variance and Correlation 

A random variable ( rv) 17 is a real-valued function defined on a 
sample space. If fl = {w1, ... ,wn}, then for any Wi E n, the 
quantity X(wi) is a real number. 18 Note that the outcomes of the 

17 The term "random variable" is somewhat misleading. Arv is actually a func
tion over the domain D, i.e. , the variables ware the outcomes of the experiment 
and X has a real value for each w E D. 
18 We shall use capital letters X, Y for the random variables, but use X(w) or 
Y(w) when referring to the components of these functions, or the value of the 
function X at the point w. 
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experiment, i.e., the elements of the sample space, are not nec
essarily numbers. The outcomes can be colors, different objects , 
different figures, etc. For instance, the outcomes of tossing a coin 
are {H, T}. Another example: suppose we have a die, the six faces 
of which have different colors, say white, red, blue, yellow, green 
and black. In such a case, we cannot plot the function X(w) , but 
we can write the function explicitly as a table. For example, 

X(w = white) = 2, 

X(w = red) = 2, 

X(w = blue) = 2, 

X(w =yellow)= 1, 

X(w =green)= 0, 

X(w =black)= 1. 

Note that we always have the equality 

P(O) = L P(w) = L P[X(w) = x1] = 1. 
wE!1 

' 

(2.7.1) 

(2.7.2) 

The first sum is over all the elements w E 0. The second sum is 
over all values of rv, Xi. 

In general, even when Wi are numbers, the values of X ( wi) are not 
necessarily equal to Wi. For instance , the outcomes of an ordinary 
die are the numbers 1, 2, 3, 4, 5, 6. An rv X can be defined as 

' 
X'(wi) = wf or Y(wi) = exp(wi)- (2 .7.3) 

Clearly, in these l;ases X(wi) and Y(wi) differ from Wi . 

In the general case when the outcomes Wi are numbers and their 
corresponding probabilities are Pi, we can define the average out
come of the experiment as usual. For instance, for the ordinary die, 
we have 

6 1 6 

LWiPi = 6 LWi = 3.5. 
i=l i= l 

(2.7.4) 

However , it is meaningless to talk of an average of the outcomes 
of an experiment when the outcomes are not numbers. For instance, 
for the six-colored die described above, there is no "average" 
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outcome that can be defined for this experiment. However, if an 
rv is defined on the sample space, then one can always define the 
average ( or the mean value) of the rv as 19 

X = (X ) = E(X) = I: x P{w: X(w ) = x} 
X 

= L P(w)X(w). (2.7.5) 
w 

The first sum in (2.7.5) is over all possible values of x; the second 
sum is over all possible outcomes w E 0.. 

The term { w : X ( w) = x} is an event, 20 consisting of all the 
outcomes w , such that the value of the rv, X(w) is x. In the example 
(2.7.1), these events are 

{ w : X ( w) = 0} = {green}, 

{w: X(w) = l} = {yellow, black}, 

{w: X(w) = 2} = {white, red, blue}. (2.7.6) 

The corresponding probabilities are ( assuming the die is "fair") 

1 
P{X(w) = O} = 6, 

2 
P{X(w) = l} = 6, 

3 
P{X(w) = 2} = 6. (2.7.7) 

19 lit We shall use capital letters X, Y, etc., for tne TV and lower case letters x, y, 
etc. , for the values of the TV. We shall either use X or (X) for an average. In 
the mathematical theory of probability, the average is denoted by E(X) and 
referred to as the "expected value." This is a somewhat unfortunate term for 
an average. The value of the average is, in general, not an expected outcome. 
For instance, in (2 .7.4), the average value is 3.5; this is certainly not an eX'J)ected 
outcome. 
20 In the mathematical theory of probability, the distribution of an TV is 
defined by 

F(x) = P(X = x) 

and for a continuous TV , the density of the distribution is defined such that 

f(x) dx = P(x '.S X '.S x + dx). 

Sometimes we shall use the short hand notation for Pr{w : X(w) = x} as 
P(X = x) or even P(x). If we have several random variables, we shall use the 
notation Px(x) and Py(y) for the distribution of the TV X and Y, respectively. 
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Hence, the average of the rv is 
- 1 2 3 4 

X = 0 x - + 1 x - + 2 x - = -. 
6 6 6 3 

(2.7.8) 

There are many other examples of outcomes that are not numbers 
for which an average quantity is not defined. Consider the following 
example. Suppose that two drugs A and B when administered to a 
pregnant woman have the following probabilities for the gender of 
the child at birth: 

Drug A 
Drug B 

Boy 

1/2 
2/3 

Girl 

1/2 
1/3 

Which drug is better then? There is no ans,ver to this question 
because the outcomes are not numbers. All we can say is that if 
we used drug A, we shall have on average 50% boys and 50% girls. 
But there is no "average" outcome. On the other hand , if we assign 
numbers to the outcomes, say 

X(boy) = 10, 

X(girl) = 3, , 

then we can say that the average of the rv X for each of the two 
drugs is 

1 1 13 
- X 10 + - X 3 = - = 6.5 
2 2 2 
2 1 23 2 
-xlO+-X:3=-=7-
3 ' 3 3 3 

(for drug A), 

(for drug B). 

Thus, in a soriety where infant boys are more welcome, there is 
a higher value placed on the outcome "boy" rather than on the 
outcome "girl." In this case, we may say that drug B is "better" 
than drug A - better, only in the sense that the average of the rv 
X has a higher value for A than for B. 

In a different society, there might be different values assigned 
to boys and girls, and the corresponding average values of the rv 
would be different. For instance, if one defines a different rv on the 
same sample space {boy, girl} 

Y(boy) = 1, 

Y(girl) = 1, 
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then the average value of this rv would be 

1/2 X 1 + 1/2 X 1 = 1 

2/3 X 1 + 1/3 X 1 = 1 

(for drug A) , 

(for drug B) . 

In this case, the two drugs are considered equal. 

Exercise: Suppose that drugs A and B administered to preg
nant women produce the following number of offspring with 
probabilities: 

Number of offspring 0 1 2 3 4 5 

Probabilities for Drug A 0.5 0.1 0.2 0.1 0.1 0.0 
Probabilities for Drug B 0.0 0.2 0.1 0.2 0.2 0.3 

Which drug is better then? Clearly, t he answer to this question 
depends on the value we assign to the rv. Here, the outcomes are 
the number of offspring. We can calculate the average number of 
offspring expected for each drug. If more offspring are considered 
"better" than fewer, then the second drug, B, is "better. " However, 
if we consider a larger number of offspring to be a burden, then we 
shall judge drug A as the better one. 

A special, very useful random variable is the "indicator function," 
sometimes referred to as the characteristic function. This is defined 
for any event A as follows: 

JA(w) - { ~ if'-w EA, 

if w EA. 
(2.7.9) 

The distribution of this rv is: P(IA = 1) = P(A), P(IA = 0) 
1 - P(A) = P(A) . 

As a rv, IA(w) is defined for any point w E 0. An important 
property of this rv is 

(IA) = E(IA) = 0 x P(IA = 0) + 1 x P(IA = 1) = P(A), (2.7.10) 

i.e., the average, or the expected, value of IA is simply the proba
bility of the event A. 

The extension of the concept of rv to two or more rv is quite 
straightforward. Let X and Y be the two rv. They can be defined 
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' 
0.2 0.3 

0.3 0.2 

Figure 2.12. Joint probabilities; see Section 2.7. 21 

on the same or on different sample spaces. The joint distribution of 
X and Y is defined as the probability that X attains the value x 

and Y attains the value y, and is denoted P(X = .T, Y = y). The 
distribution 

P(X = x) = L P(X = x, Y =: y), (2.7.11) 
y 

is referred to as the marginal distribution of X. 21 Similarly, the 
marginal distribution of Y is defined as 

P(Y = y) = L P(X = x, Y = y), (2.7.12) 
X 

where the summation is over ally values in (2.7.11) and over all x 

values in (2.7.12). Similarly, for a continuous rv, we replace the dis-

' tributions by the densities of the distribution and instead of (2. 7.11) 
and (2.7.12), we have 

f x(x) = j f xy(x, y) dy, (2.7.13) 

Jy(y) = J Jx,y(x, y) d:r. (2.7.14) 

' Suppose we toss two connected coins, the outcomes of the two 
coins are dependent events. Define X(H) = 1, X(T) = 0, and sim
ilarly for Y. We write the distribution P(X = x, Y = y) in a table 
form, Figure 2.12. In this example, the marginal distributions are 

· (0.5, 0.5) for both X and Y. 
The average value could be different for different rv defined on the 

same sample space. For instance, for the outcomes of an ordinary, 

21 The marginal distributions are written on the margins of the table. Hence, 

the term "marginal." 
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fair die, the averages of X and Y defined in (2. 7.3) on the sample 

space O = {1,2,3,4,5,6} are 

6 6 - L 2 1 lL 2 X = W · - = - w = 15.167 
i 6 6 i ' 

i=l i=l 

(2.7.15) 

- 6 1 1 6 
Y = L exp(wi)-

6 
= - L exp(wi) = 106.1. 

. 6 . 
i=l i=l 

(2.7.16) 

For the continuous case, the probability density of the rv X is 

defined as 

fx( :r)dx = P{w: x::; X(w)::; x + dx}. (2.7.17) 

This is the probability of the event in the curly brackets, i.e., 
the set of all w such that X ( w) falls between x and x + dx. The 

corresponding average is now defined by 

X = 1-: xfx(x)dx. 

Some properties of the average are: 

(i) For any constant number c 

E(X + c) = E(X) + c 

(2.7.18) 

(2.7.19) 

(ii) For two rv X and Y, the sum X + Y is also an rv and 

E(X + Y) = E(X) !4.- E(Y) (2.7.20) 

(iii) For any real number c, we have 

E(cX) = cE(X) (2.7 .21) 

(iv) In general, for any number of random variables X1, ... , Xn, 

and real numbers a1, ... , an, we have 

E (taixi) = LaiE(Xi). 
i=l 

(2.7.22) 

This is called the linear property of the expectation functional or 
of the average. All the above properties are easily derived from the 

definition of the average quantity. A special average of a random 
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' 
variable is the variance denoted by a 2 , which measures how much 
the distribution is spread out or dispersed. This is defined as 

a 2 = Var(X) = (x-= .X)2 = E(X - E(X))2 = x2 - 2XX + X 2 

= x2 - x2 2: o. (2.7.23) 

For the continuous case, we have 

2 - 2 1
00 

a = _
00 

(x - X) fx(x)dx 2: 0. (2.7.24) 

The positive square root of a 2 is referred to as standard devi
·ation. Note that from its definition, it follows that a 2 is always 
non-negative. 22 For two random variables X and Y, one defines the 
covariance of X and Y as 

Cov(X, Y) = E[(X - E(X))(Y - E(Y))] 

= E(X, Y) - E(X)E(Y) = (X - X)(Y - Y) = XY - XY 
(2.7.25) 

and the correlation coefficient of X and Y as , 

R(X, Y) = Cor(X, Y) = Cov(X, Y) , 
J Var(X) Var(Y) 

(2.7.26) 

where the denominator is introduced to render the range of values 
of Cor(X, Y) between -1 and +l. 

Exercise: Prove that I Cor(X, Y) I ::; 1. See Appendix D. 
Two discrete ran~om variables are said to be independent if and 

only if for any value of x and y 

P(X = x, Y = y) = P(X = x) P(Y = y). (2.7.27) 

A similar definition for the continuous case in terms of the 
densities is 

fx,Y(x, y) = fx(x)jy(y) . (2.7.28) 

22 Important variances in statistical mechanics are the fluctuations in energy, in 
volume, and in the number of particles. 



M Statistical Th ermodynamics Based on Information 

When two rv are independent , then Cov(X, Y) = 0. This follows 

iom the definition of the average 

E(X · Y) = (X · Y) = L P(X = .-r, Y = y)xy 
x,y 

= LP(X = x)x LP(Y = y)y = E(X)E(Y) 
X y 

= (X )(Y). (2.7.29) 

Two rv for which E(X · Y) = E(X)E(Y) are called uncorrelated rv. 
Note, however , that if Cov(X, Y) is zero, it does not necessarily 

follow that X and Y are independent.23 The reason is that inde
pendence of X and Y applies for any value of x and y, but the 
non-correlation applies only to the average value of the rv, X · Y. 

Clearly, independence of rv implies that the rv are uncorrelated, 
but the converse of this statement is, in general, not true. 

For two uncorrelated random variables X and Y, we have 

Var(X + Y) = Var(X) + Var(Y). (2.7.30) 

It is clear that this relationship holds for two independent rv. 
Here, we show that (2.7.30) is valid under weaker conditions, i.e ., 
that the two rv are uncorrelated. To show this, we start from the 

definition of the variance: 

Var(X + Y) = E{[(X + Y) - E(X + Y)]
2

} 

= E[(X - E(X))2
] + E[(Y - E(Y))2

] 

+ 2E[(X - E(X))(Y'~ E(Y))] 

= Var(X) + Var(Y). (2.7.31) 

In the last equality, we used the condition (2.7.29) that the two rv 

are uncorrelated. 
The variance is not a linear functional of the rv . The following 

two properties are easily derived from the definition of the variance. 

231n the theory of probability, correlation is normally defined for random vari
ables. For random variables , "independent" and "uncorrelated events" are differ
ent concepts. For single events, the two concepts are identical. See Appendix D. 
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For any real number c, we have 

Var(cX) = c2 Var(X), 

f 

Var(X + c) = Var(X) + Var(c) = Var(X). 
J 
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(2 .7 .32) 

(2.7.33) 

' For n random variables that are mutually uncorrelated in pairs 
having the same average E(Xi) = µ and the same variance 
Var(Xi) = CT2 , we have for the arithmetic mean of the rv's: 

x = ( L~:1 xi) , 
Li Var(Xi) 

n2 

or equivalently 

Var(X) = Var ( ~ :1=1 Xi) 
n 

0'2 
(2.7.34) 

n 

O' 

CT(X) = Jn' (2.7.35) 

Exercise: X is the rv defined on the sample space of the outcomes 
of a fair die , i.e., P(X = i) = ! for i = 1, 2, ... , 6. X 1 and X2 are 
two rv defined on the same sample space, but for two independent 
fair dice thrown together. We define the new rv, Y = IX 2 - X 1 I- The 
possible outcomes of Y are {O, 1, 2, 3, 4, 5}. Write the joint proba
bilities of X = X 1 , and Y, the averages E(X), E(Y) and E(XY) 

and the covariance of X and Y. 
f 

Solution: The joint probabilities are given in Table 2.1. Each entry 

is P(X = i, Y = _j) . 

Table 2.1. 
• Ay 0 : 1 ~ 3 4 5 Ps(i) 

1 1/36 1/36 1/36 1/36 1/36 1/36 1/6 
2 1/36 2/36 1/36 1/36 1/36 0 1/6 

3 1/36 2/36 2/36 1/36 0 0 1/6 

4 1/36 2/36 2/36 1/36 0 0 1/6 
5 1/36 2/36 1/36 1/36 1/36 0 · 1/6 

6 1/36 1/36 1/36 1/36 1/36 1/36 1/6 

Py(j) 6/36 10/36 8/36 6/36 4/36 2/36 1 
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The marginal distributions Px and Py are shown at the right
hand column and the bottom row, respectively. The averages of X 
and Y are: 

6 

E(X) = L iPx(i) = 3.5, 
i=l 

5 
35 

E(Y) = L jPy(j) = 18, 
j=O 

35 665 
Var(X) = 12 , Var(Y) = 324 , 

245 
E(XY) = L ijPxy(i,j) = 36, 

t,J 

Cov( X, Y) = 0. 

(2. 7.36) 

(2.7.37) 

(2.7.38) 

(2.7.39) 

(2.7.40) 

Note: This is an example of two rv that are uncorrelated [see 
(2.7.40) ] but dependent. To show dependence , it is sufficient to show 
that in at least one case, the joint probability of the two events is 
unequal to the product of t he probabilities of the two events, e.g., 
Pxy(2, 5) = 0, but Px(2)Py(5) = i x }6 cf. 0. Hence, the two rv 
are dependent. 

2.8 Some Specific Distributions 

We shall discuss here very briefly three important distributions that 
are frequently used in statistical thermodynamics . 

'·"'-= 

2.8.1 The binomial distribution 

S~ppose we have a series of experiments, each with only two out
comes, say H or T in tossing a coin, or a particle being in the left 
or the right compartment, or a dipole moment pointing "up" or 
"down." Let p be the probability of the occurrence of one of the 
outcomes, say H , and q = l - pis the probability of the occurrence 
of other, say T. If the series of trials are independent, then the 
probability of any specific sequence of outcomes, say 

HTHHTTH (2.8 .1) 
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is simply the product of the probabilities of each of the outcomes, 
i.e., if P(H) = p and P(T) = 1 - p = q, we have for the specific 
sequence (2.8.1) of heads and tails, the probabi lity 

' 
pqppqqp = p4q3. (2.8.2) 

Similarly, if we have seven particles distributed in two compart
ments, say the right (R) and the left (L), the probability of finding 
exactly particles (1), (2), (4) and (7) in Rand particles (3), (5), 
and (6) in Lis also p4q3 . [In this case p = P(R) and q = P(L)] . 

In most cases, in statistical mechanics , we are not interested in the 
specific configuration, i.e., which particle is in which compartment, 
but only in the number of particles in each compartment. 

Clearly, we have many possible specific sequences of outcomes for 
which the number of particles in L is constant. A specific configura
tion is written as a sequence, say RLLR, which means first particle 
in R, second particle in L , third particle in L and fourth particle 
in R. For four particles in two compartments, we list all possil;ile 
specific configurations in the left-hand column of Table 2.2. There 

Table 2.2. 

Specific Number of Number of Specific 
Configuration Particles in L Events in Each Group 

RRRR 0 1 

LRRR 1 I 4 

RLRR 1 
RRLR 1 
RRRL 1 

LLRR , 2 6 
LRLR 2 
LRRL 2 
RLLR ' 

2 
RLRL 2 
RRLL 2 

LLLR 3 4 
LLRL 3 
LRLL 3 
RLLL 3 

LLLL 4 1 
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is only one configuration for which all particles are in R, four con
figurations for which one particle is in L, and three are in R, etc. 

Clearly, any two specific configurations are disjoint , or mutually 
exclusive events. Therefore, the probability of occurrence of all the 
four particles in R is p4

. The probability of occurrence of one par
ticle in L (regardless of which particle is in L) is simply the sum of 
the probabilities of the four events listed in the table, i.e., 

Similarly, 

P( one particle in L) = 4p3q. 

P ( two particles in L) = 6p2 q2 , 

P( three particles in L) = 4pq3 , 

P(Jour particles in L) = q4
. 

(2.8.3) 

(2.8 .4) 

(2.8.5) 

(2.8.6) 

In general, for N particles ( or N coins), the probability of occur
rence of the event "n particles in L" ( or n coins showing T), is 

PN(n) = (:)pnqN-n_ (2 .8.7) 

Note that in constructing the expression (2.8.7), we used the 
product rule for the probabilities of the independent events "R" 
and " L," and the sum rule for the disjoint events "n specific parti
cles in L" and N - n specific particles in R . The number of specific 
disjoint events is simply the number of ways of selecting a group 
of n particles out of N identical particles. The distribution (2.8. 7) 
is referred to as the binomial distribution . The coefficients (:) are 
the coefficients in the binomial expans,ion. For any a and b, the 
binomial expansion is24 

(a+b)N = t, (:)aN-n bn (2.8.8) 

Sometimes, the distribution PN ( n) is also referred to as the 
Bernoulli distribution (particularly in the case p = q = 1/2). 

Figure 2.13 shows the binomial distribution PN(n) defined in 
(2.8.7) for the case p = q = 1/2 for different values of N. Note that 

24 The normalization of PN(n) follows from (2.8 .8), i.e., I:~= D PN(n) = 1. 

Elements of Probability Theo1,Y 89 

0 4 O 2 OSo=S 025 
N=lO . 0.14 

0.12 
N=SO 

6 

0.1 I N: 

0.08 
.00 

A 
-03 •• 5015 

E ~ 01 z O 2 

o.. • • 0 05 

0 1 ~i""" ""' ' '' d 
l23456'- n 

n 

681012 

5o
0~~LJ o..z 0.06 

0.04 • • 
0.02 • • 

10 20 30 40 so 
n 

C 0.06 

o..~ 0.04 

0.02 

.. 
.. . . 
!' '!. 

20 40 60 80 100 

Figure 2.13. The binomial distribution PN(n) in (2.87) for different values 
of N. 

as N increases, the form of the curve becomes more and more sim
ilar to a bell-shaped curve, or the normal distribution (see below). 

Exercise: Show that the average and the variance of the binomial 
distribution are: 

N 

E(X) = (X) = L nPN(n) = Np, 
n=O 

~
2 = E(X2

) - [E(X)] 2 = Np(l - p). 

Solution: 

E(X) =ii= tnPN(n) = ~>(:)pnqN-n 

(2.8.9) 

(2.8.10) 

(2.8.11) 

where q = l - p. We now formally view p and q as two independent 
variables, and write the identity 

p ~ [~ (:)pnqN-n] = P ~ (:)'npn-lqN-n 

= ~ (:)npnqN-n_ 

Using this identity in (2.~.11) and (2.8.8), we get 
' 

(2.8.12) 

n = ~nPN(n) = p:p [ ~ (:)pnqN-n] 8 
=pop (p + q)N 

= pN(p + q)N-1 = pN. (2.8.13) 

Note that the identity (2.8.12) is valid for any p and q , whereas 
in (2.8.13), we used a particular pair of p and q such that p + q = 1. 
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For the variance, we can use the same trick as above to obtain 

N 

<J
2 = I)n - n) 2PN(n) = (n2) - (n)2, (2.8.14) 

n=O 

(n2) = L, n2 PN(n) = L, n2 ( :)pnqN- n 
n n 

o o [ (N) l o o = p Opp Op ~ n pnqN-n = p Opp Op[(p + q)N] 

= p 2 N(N - l)(p + q/N- 2
) + pN(p + q)(N- l). (2.8.15) 

For the particular case p + q = l , from (2.8 .15) , we get 

(n2 ) = N(N - l)p2 + Np. 

Hence, 

(2.8.16) 

0"2 = (n2) - (n) 2 = N(N - l)p2 + Np - (Np) 2 = Npq. (2.8.17) 

2.8.2 The normal distribution 

As we have seen in Figure 2.13 , when N is very large, the form 
of the distribution function becomes very similar to the normal, or 
the Gaussian distribution. We shall now show that for large N, we 
can get the normal distribution as a liqiiting form of the binomial 

~--distribution. · 

We start with the binomial distribution (2.8.7) and treat n as a 
continuous variable. 

The average and the variance are 

N 

n = (n) = L nPN(n) = pN, 
n=O 

0"2 = (n2) - (n)2 = Npq. 

(2.8.18) 

(2 .8.19) 

It is easy to show that the distribution PN(n) has a sharp maxi
mum at (n) (Figure 2.13). We expand ln PN(n) about the average 
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1 

fi = (n), and take the first few terms 

olnPN(n) 
ln PN(n) = In PN(n) + 

0 
I (n - fi) 

n -n=n 

' 18
2

InPN(n) I (n - fi) 2 · · · , 

+ 2 8n2 
n=fi 

where the derivatives are evaluated at the point n = f1,. 
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(2.8.20) 

At the maximum, the first derivative is zero. Therefore, we need 
to consider the expansion (2.8.20) from the second term. Taking the 
second derivative of In PN(n) and using the Stirling approximation 
(Appendix E), we get 

8
2 

ln PN(n) ln=n (2.8.21) 
1 

Npq 

Note that the second derivative is always negative , which means 
that PN(n) [or In PN(n)] has a maximum at n = n. 

We next rewrite Equation (2.8.20) (neglecting all higher order 
terms in the expansion that can be shown to be negligible for 
large N) as 

2] (n - fi) 
PN(n) = Cexp [- 2Npq . (2.8.22) 

Since we have introduced an approximation in (2.8.20) and 
(2.8.22), we need to normalize this function , i.e. , we require that 

1-: PN(n)dn = l. 1 (2.8.23) 

This integral is well-known. Thus, from (2.8.22) and (2.8.23), we 
get the normalization constant 

C = (21rNpq)- 1!2
. (2.8 .24) 

Substituting (2.8.~4) into 
1

(2.8.22), we get 

1 [ (n-n)2] PN(n) = exp - . 
'"-"'-- 2Npq 

(2.8.25) 

This is the normal, or the Gaussian distribution. 
Denoting 

a 2 = Npq, (2.8.26) 
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