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1. INTRODUCTION

In accordance with the fundamental result of the quantum stochastic calculus (see [1, Theo-

rem 27.8]), the solution V' (¢) of the quantum stochastic differential equation (the Hudson-Parthasa-
rathy equation)

dvV (t) = { > (Wij — 0ky) dAgs(t) — > LiWi; dA;(t)
k,geJ k,jed

o1 .
+ 3" LidAl() — (ZH + 2ZLij> dt}V(t), V(0)=1
k.jeJ jeJ

is unique in the class of adapted strongly continuous unitary processes V' (t) whenever the system
operators H, L;, and Wy, acting in the separable Hilbert space .77, satisly the following conditions:

o H LjWy ;€ B(H)Iloranyk,jec J, where J CN;
e H=H*"Lec B(AH, () where Lh = Zj 2j @ Ljh;

o We U @A), where W =37, . |21)(2j| @ Wy j, (25);>1 is an orthonormal basis of the sep-
arable Hilbert space ¢, dim(¢) = |J|. In the case of multiquantum processes of creation and

annihilation, ¢ is called the multiplicity space and % (¢ ® %) denotes the space of unitary
operators acting in the Hilbert space { ® 7.

There exists a unitary group of operators U; which is canonically associated with the cocycle V' (¢).
To define Uy, it is necessary to consider the operator O, interpreted as the second quantization of the
strongly continuous unitary group of the shift operators 6, on La(RR, ), acting in the Fock space

Lro®e) = Tro@o0) @ Uiy 0)-

“The text was submitted by the authors in English.
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734



ON HAMILTONIANS OF QUANTUM STOCHASTIC PROCESSES 735

The action of ©, is defined on the total set of exponential vectors
Oo(r) =v(r+t), ©Oub(v)=1(0w) Vo e Ly(R), teR,

where 1(v) is the exponential vector associated with the function v € Ly(R, ¢).
The above operators ©; can be uniquely extended to the entire Fock space 'y, g ¢y ® 7 by
continuity. In terms of operators ©y, the cocycle property of V' (¢) reads

V(s+1t) =05V (t)OsV(s) Vs, t >0,
and the strongly continuous unitary group Uy is the composition of ©, and V'(t) (see [2]-6]):

@tv;fa t 2 Oa
Ui =
V5O, t<O0.

It]
The unitary equivalence between the families Uy and V'(¢) allows one to extend the uniqueness theorem
for cocycle solutions of QSDE to the evolution equation (the Schrodinger equation) for the group Uy.
This extension is possible when the existence and uniqueness theorem is proved for QSDE. A substan-
tial contribution to the theory of QSDE has been made by Appelbaum [7], Fagnola [8]—[10], Mohari and
Parthasarathy[11], Bhat and Sinha[12],[13], Lindsay and Wills [14], Ryzhakov[15]. On the other hand,
if the generator —i%” of the unitary group Uy is given a priori and its essential self-adjointness is proved,
then the uniqueness of the unitary solution of the corresponding QSDE (see [16]—{20]) follows.

The problem of characterizing the infinitesimal generator —i% of the unitary group U; (see Ac-
cardi [21]), was solved by Chebotarev [17] in the case |J| =1 for QSDE with unbounded but com-
mutative operators of the system. In his first work on this topic, Chebotarev found an explicit analytic
expression for this generator and a nontrivial boundary condition that should be satisfied in the domain
of €. More recently, in [18], he extended some of his results to the case of unbounded, noncommutative
operators but still with the restriction |J| = 1. The case of bounded coefficients and arbitrary multiplicity
|.J| was solved completely by Gregoratti in [19], [20], who described an essentially self-adjoint extension
of ¥. By using an alternative mathematical approach, von Waldenfels [16] obtained a different proof of
Gregoratti’s result and constructed a different representation of €.

In this work, being motivated by problems that cannot be treated by means of the results of the
above authors, we shall consider the case of unbounded and noncommuting operators of the system and
creation and annihilation processes of arbitrary multiplicity. This extension is a necessary complement
to the theory developed by Chebotarev and Gregoratti. Following the approaches of these authors, we
determine a densely defined and symmetric restriction of & to the linear span of pseudo-exponential
vectors. In the last section of this work, we apply our results to the two-photon absorption and emission
process.

2. PRELIMINARIES

Throughout this paper, all Hilbert spaces are complex and separable. Given two Hilbert spaces, 5
and ¢, and an orthonormal basis {z;},c in ¢, we consider the symmetric Fock space

T =P La(R™; £5)
n=0
and the vectors ¢ = {to, ¥1(r1), ¥2(r1,72), ... } such that

oo
ol + 3 [ 1) Berng dr < 0.
n=1

The inner product of two vectors &, ¥ € T",» is equal to
@ W) = G0t + 3 [ (0n(r)o (1)
n=1 "
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736 QUEZADA-BATALLA, GONZALEZ-GAXIOLA

where, for the simplicity of notation, we set A = (®" @ . The tensor power (®" = S, (®" is the
n-tuple symmetric tensor product of ¢ by itself, where S,, is the orthogonal projection on ¢®¥" defined by
the symmetrizing permutation operator
1
Sn = a Z g,

’ O'EETL
¥, is the permutation group on n elements; the operator o (zj, ® -+~ ® 2, ) = zj,,) ® - @ zj,,,,, canbe
extended by linearity to a bounded operator on ¢*™. By La(R"; %f) we denote the space of symmetric

functions on R with values in %C and the symbol W2,1(RZ,};¢%’§§) stands for the Sobolev space of
symmetric functions on RY, with R, = R\ {0}. We call ¢ the multiplicity space, and its multiplicity
(or dimension) 1 < |J| < oo is equal to the number of independent creation and annihilation processes,

A;(t), A;(t), in the Hudson—Parthasarathy equation.
Definition 2.1. Given a self-adjoint operator A > I, we define the Hilbert space 22" with inner product
(®, W)y = (AV20, AV20),, VO, Tex.
Notice that, for all k € ", we have
Kl = (k, k)2 < (IAV2R] = (1K)

since A > I. Hence the Hilbert space #" = dom A'/? is densely and continuously embedded in .. We
also consider the Fock space I' » defined by the narrower space %" instead of J#.

Remark 2.2. [f ¢ is as in the above definition, the following results are immediate consequences of the
fact that the topology of %" is stronger than that of .77:

(i) ¢ is densely and continuously embedded in ¢ ® 47;
(i) B(H, #C) C B(H,( @ H); more precisely, for every F' € B(#, #C), we have
1 FN a0y < 1F |l zn )
in other words, the embedding is continuous;
(iii) for everyn > 1, we have Lo(R™, Ji/nc) C Lo(R™, %‘if) and this embedding is continuous;
(iv) the embedding I, C Ty is continuous.

We suppose that the operators of the system are relatively bounded with respect to A in the following
sense.

Conjecture H-1. Suppose that ¢ is as in Definition 2.1 and the following assumptions hold:

o Lj,L: € B(A ;) Jor all j € J, where L} denotes the adjoint of L; in J; it is also
assumed that L; % C J [orany j > 1and

> LiLj € B(KH,H);

J

o Wy € B(IH) Joranyk,j < J, and

W =" |a)(z]| @ Wiy € U (( @ H);
k7j

e H: dom(H) — 4 is a self-adjoint operator, # C dom(H), and H € B(H , ).

MATHEMATICAL NOTES Vol. 81 No.6 2007



ON HAMILTONIANS OF QUANTUM STOCHASTIC PROCESSES 737

3. PSEUDO-EXPONENTIAL VECTORS

Following [17], [18], and [19], we shall construct a new class of pseudo-exponential vectors in T ,».
Note that a similar construction was independently used by Ryzhakov in his recent paper[15].

With a function v € Lo(R, {), we associate the operator
VeRBH LR, #°), V)h:=v(r)®h, VYheH, reckR.

The corresponding pseudo-exponential vector W(V)h is defined by imposing a spatial operator
ordering: forr = (ri,...,ry),r1 < --- < 1y, We set

W (VIh(r) = (8, DU @ V() (19 V{ra))V(ra)h
- %(sn ® DI © V(1)) -+ v(ra) 84 v(r1) @ h = jﬁ V@ (r)h.

The function W,,(V)h is extended symmetrically outside of the simplex
{(Tl,...,rn) eERY g <”'<Tn}-

Hence U(V)h = ¢(v) @ h € Ty, where ¥ (v) = (v¥:™),,>¢ is the symmetric exponential vector associ-
ated with the function v. Now we define the pseudo-exponential vector associated with a general element
F € B(KH,Ly(R; #C)).

Definition 3.1. The coordinates of pseudo-exponential vectors are defined as follows: for any element
Fe B, Ly(R; ), h€ # andr = (r1,...,r,) € R?such thatr, > --- > 71, we set

h ifn=0,
(Un(F)h)(r) = {I(Sn @ 1)1 @ F(rp))--- (1@ F(ro))F(r))h ifn > 1.

Vn!

For elements r € R? outside of the simplex {r € R?: ry < --- < r, }, we define
(Wn(F)h)(r) = (Un(F)R)(To(1) - -5 Ton))s

where o is the unique permutation of {1, - - - ,n} such that r, () > -+ > 75().

The above definition is compatible with linear operations on the factors:
I*QF(M)) (21 Q- @2z ®@h) =21 Q- ® 2z ® F(r)h € ¢®Ft) @ 7
Forany ¢ € (®%F @ #, k > 1, we set
(1% @ F(r))p = im(I% © F(r))gn.
where (¢, )n>1 is the sequence of finite linear combinations of simple tensors converging to ¢.

Lemma 3.2. The Hilbert space ¢ ® L*(R, Jiff_l) is isometrically isomorphic to the space
LA(R, A7),

Proof. For any ¢ € ( ® L*(R, Ji{f_l), the function ¢: t — ¢(t) is a measurable map from R to g

Moreover, if (¢,,)n is a sequence of finite linear combinations of simple tensor products converging to ¢,
then one can prove that

H(’DHC®L2(R,J{T§_I) = li7an HSDnHC@LQ(R,Jfo_l) = hrrzn |’¢HHL2(R;%§) = HSBHL?(R;%nC)' O

Proposition 3.3. I F' is the same as in Definition 3.1, then
U, (F) € B(H,L*R"; . %°)) forany n > 0.

Hence, for any h e, the vector W(F)h :={¥,(F)h}, belongs to the symmetric Fock
spacel .

MATHEMATICALNOTES Vol.81 No.6 2007



738 QUEZADA-BATALLA, GONZALEZ-GAXIOLA

Proof. Notice that, forany h € %, the following estimate holds:
| 1P = VPRI ey < IF s raogm, ey Il

By using Lemma 3.2, we obtain

|0 P © Wl dr =10 © )@ 0 g ey < IARIFbE e,y

—0o0
— %(Jﬂ’;lﬂ(R;)ﬂ/C)) VA4S

In a similar way, one can prove that

/ I @ F(r) (2, @ - ® 24, @ D), c dr

—0o0

<IFI G e@acylzn ® - ®zi, 1 ® h||ign<71

Now, for the sequence (¢m)m>1 of finite linear combinations of simple tensor products such that
limy, py, =@ € Jifnal, using the Fatou Lemma, we obtain the estimate

/ H(I®(n—1>(X)F(T))Qp”i%< dr:/ lirgn||(]®(n—1)®F(T))80mHignc dr

—00

< liminf/ 10D @ F(r)pml, ¢ dr

m —0o0

. 2 2
< hml}?llf HFH%(X;L%R*;E%C))”S@mHl/né‘_l

2 2
= HFHL@(;{/;Lz(R*;J/CNH‘P”%f_l-
Using the above estimates, we have

[ B OIR, dr™ < I ey - [

*

This proves the proposition. O]

For any sequence {L;}jc; C B(, ) and any h € ., we set
Lh=> "z ® Lijh € A"
jed
The action of this operator can be extended to I by setting

Lu =((I®"® E)u”)nzo

foru € T' . The order of the two steps composing the definition of L may be chosen arbitrarily. Similarly,
any element of the sequence (L});>1 can be defined on I' - as follows:

Liu=(I*"® Lj-)un)nzo, uwel y.

Thus, we obtain the operator L*: (®T 4 — Ty defined for z ® u in the simplest case when z € ¢ and
u € A, by the relationship

L (z®u) = Z(zj, z)¢Liu.
J

MATHEMATICALNOTES Vol.81 No.6 2007



ON HAMILTONIANS OF QUANTUM STOCHASTIC PROCESSES 739

The action of this operator can be extended by linearity and continuity to the entire tensor product
¢ ®T ». Notice that, for any u € ' -, the following identity holds:

L*Lu=L* <z 2j ® Lju> = Z<Zk» zj)cLpLju = Z LiLju.
J

J Jk

Further, we restrict our considerations to coefficients {L;} satisfying the following assumption.

Conjecture H-2. The operators of the system {L;} are such that 3, HL]-H?@(% ) < 0.
As an immediate consequences of this assumption, we have the following assertion.
Proposition 3.4. Suppose that Conjecture H-2 holds. Then

(1) the operator L: Ty — ¢ @ Ty is bounded and | L|| < (Xjes HL]-H?@(% %ﬂ))l/Q;

(2) the operator L*: ¢ @ Ty — Ty is bounded and | L*|| < (s 15117 %,f))l/z;
(3) L*L is a bounded operator acting from Ty into T 4.

Proof. Ifu, = zj;, ® --- ® z;, ® h, then the following uniform estimate holds:

2y @ ® zj, ® <Z 2j ® Lj h>
sz®L h

J

— 2 ® - © 25, |2 3 ILshI%
J

< (Sl ) Il

J

I®n Z 2 _
57 © Eyunyc

HE

= |lzj, ® - ® 2, [ Zen

R4S

that can be extended by linearity and density to all u,, € %f. Therefore, after simple computations, we
obtain

E 2 — I®n Z 2
IEulfor,. = 310" @ Byl

< ZZ ||Lj|@3(x,yf)uun\@g§ < <Z \LjH%Lz(,;y,yf)>HU|’%x~
n

jeJ

Assertion (1) is proved. In a similar, way we obtain the estimate

~ 1/2 1/2
2 Geul < 316 Al 5, < (S lea?) (i)

J
1/2
(Z 5By ) 1 ®ulkare.
and (2) follows. Finally, estimate (3) is a consequence of (1) and (2). O

MATHEMATICALNOTES Vol.81 No.6 2007



740 QUEZADA-BATALLA, GONZALEZ-GAXIOLA

4. THE OPERATOR ¥

In this section, we define the operator ¢, introduced by Chebotarev in the case of multiplicity |J| = 1,
(see[17],[19]). Consider the analytic expression defining ¢ on symmetric vectors ¥ with components
continuous outside the coordinate hyperplanes: ¥,,

CV=i(V+G —La )V, (ax¥)p(x1,...,2n) =Vn+1V,1q1(z1,...,2n, £0).

The domain of €, which will be defined precisely later, consists of the vectors satisfying the boundary
condition

~

(a— —Way — L)¥ =0.
The operator
G= DT+l
where H € (¢, #) and G* = (1/2)L*L — iH, is widely used in the theory of irreversible quantum
evolution [1]. The domain of H can be extended to T,

Hu = ((I®"® H)uy) Vuel .

n>0

Consider the subspace D € D(V):

D = {u= ()21 € Tor s 1 € Waa (R, Julls) = S Wl s <o),

where
il gy = Nunl?, g, + Zalun s
Suppose that
HE(R?, 5) = {u € Ly(R"™, ) : f:alu € LQ(Rn,jf;f)}.
=1
The subspace

D(V) = {u = (un)nzl S ij .
o € HERE D), Ielfe) = 3 ol e ) < )

is the maximal domain of V. Notice that the elements of the subspace H{ (RZ, %’jf) must possess an
Lo-integrable derivative in the direction e; + - - - + e, Where (e, )n>1 is the basis in R™. Hence D is a
proper subspace of D(V).

The connected components of R} will be denoted by @,,, m=1,---,2" In agreement with
terminology proposed by Chebotarev in [18], the subsets @, are called n-particle chambers; their
boundaries will be denoted by 0Q),,.

If v € Wa1 (R, 25), its trace on the boundary, Ajv = v|{y,=y}, belongs to Lo(RD 545 for any
r € {07,0%}. This fact does not necessarily hold for the elements of Hi*(R?, HL); see [24). By the
symbol v|sq,, we will denote the trace of v on the boundary 9@y, if this trace can be expressed in terms
of n traces of the type v|g,, —o+y.

Fors € {07,0"}, we consider the following subspace in T

N.(0) = D) nD = {u € D+ T nltalirimal o e, < )
n>0

MATHEMATICALNOTES Vol.81 No.6 2007



ON HAMILTONIANS OF QUANTUM STOCHASTIC PROCESSES 741
and we simply write No+ (D) = Ny- (D) N Ng+ (D).
Forany u € Ny(D) and s € {0, 0"}, we define the unbounded operator a(s) by the equations
(a(8)0) (1) = VA un € LR, H5) = ¢ @ LR, #5).
Since the function u,, is symmetric, any operator A7, 1 <1 < n, can be used in the above definition of
a(s) (see[18],[17]). We will simply write a. instead of a(0%).
Notice that the range of the operator a(s) belongs to the space
(@l =P C® LR, ) = P La(R™, ),

n>0 n>0

and L*: (®T » — I' r. Hence the operator L*a_ is well defined on No=(D)NT . Moreover, since
G* is well defined on T, the analytic expression of the operator € is well defined on Ny+ (D) N T .
The boundary conditions are also well defined on Ny+ (D) NI, but the corresponding identity holds in

¢ ® T 5. Notice that the operator W € % (#¢) can be extended to % (¢ ® T ) by using the following
definition:

Wu=(W(®up))n>0,  Where z®u, € (® La(R", HL).

The exponential vectors of the form ¥(V')h = ¢ (v) ® h(where h € .# and v belong to a subset which
is dense in Ly(R, ¢)) do not satisfy the boundary condition and consequently they do not belong to the
domain of the operator %'. For this reason, it is necessary to consider a wider class of pseudo-exponential
vectors. Forthe particular case |.J| = 1, this class belongs to the domain introduced in[18]. In this paper,
we define the corresponding class for arbitrary multiplicity |.J].

Consider the class of functions

ve(r) = V(r) <1 - 5(2)) + g(i) (el 00.0) (1) + T(0.00) (r) (I ® e M/E)W* (eI — T},

wheree > 0andh € #,V(r)h =v(r)®@ h,v € ¥ C Wa1(Ry; (), isdense in Ly(R, (), £ € C*(R),
€00) =1, |¢(r)] < 1forallr € R, and, for ¢ € ¢, we have ch = ¢ ® h.

In the next Proposition, we prove that v. € Z(.#, L?(R,( ® #)). Hence, by Proposition 3.3, we
can conclude that the corresponding pseudo-exponential vectors W(v.)h belong to I"  for any h € 7.
Later on, in Proposition 4.2, we shall prove that U(v.)h € D forany h € 2. In Proposition 4.3, we shall
prove that the linear span of pseudo-exponential vectors from this class is dense in I .

Proposition 4.1. The inclusion
Ve € '@(‘%/7 LZ(RW/%/C))
holds for any € > 0. Hence ¥(v:)h € T .

Proof. The following chain of inequalities holds for any h € JZ":

/ e (B2 0 dr

<[ J0-<)

X e —o0.0) (1) + T(0.00) (r) (I ® e~ AEYW* (eI — L) b | co dr

o[

MATHEMATICALNOTES Vol.81 No.6 2007
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742 QUEZADA-BATALLA, GONZALEZ-GAXIOLA
> 2 2 > r
<4 [o(r)IENRN5 dr + 4 [v(r)llc||€ - [l lle @ hllces L(—o000) dr
—00 —00

4 [ el oo 17 @ €W (el = D] dr

—00

)]

+/ HI(O,OO)(r)(I@e*Ar/E)W*(CI—E)h}|§®%dr+o

clZlnlZ dr

< AllollZagr o) 1ol5 + 42 llelichol 2, 1€l L2y IRl

+ 4||h‘||%/HU||L2(IR,C) HI(O,OO)( ) )(I ® e_A(./a))W*(CI - E)hHLQ(R,CQ@J{)
CA(- /)N Tk ~ 2
Tl gy lel2IAIZ + [[Zio0) ()T @ e AN (el = DR o
The Schwartz inequality and the fact that

[JC)

were used in proving the above inequalities.
According to our assumptions, the right-hand side of the previous inequality is finite if

|’I(07m)(.)([®6—A('/5))W*(CI—E)hHLQ(R,@%) < 0.

2
dr = el|€|| 72 g

Let us estimate the norm of the last summand:
A N ~ 2
1 Z(0,00) () (I @ e 2N W* (el — LY 2 g con)

- /0 le=TTATENY* (eI — Lyh|%,c dr
= /0 (W*(cI — L)h, (I ® A)e”F/UENW* (e —T)h) .

:/ dr/ p(dz) ze=Crie)e,
0 1

where p(dx) is the value of the quadratic form associated with the spectral measure of the self-adjoint
operator I ® A. Computing the last integral, we obtain

r/e)xT € > € * T
/ dr/ (dx) xe™ @r/e)e 2/1 p(dx) = §HW (cI—L)thM < 00,

because the inclusion L € B(H , #°¢) follows from Conjecture H-2. Hence we have the estimate

vell ar Lo, ¢y < ale),

where
ale) = 4llvll7, @) + 42 llelicllvl L @ I€]l 2@y + 4llvl 2mic) *IIW*(cI L)llgor )
g2 . -~
+ellélfF 2 gy lleliZ + S Iw= (el - D)5 )
This completes the proof of the proposition. O

Conjecture H-3. Suppose that the system operators are such that

(I® AN)YPW*(el — L)AV? € B(H ;¢ @ H)

MATHEMATICALNOTES Vol. 81 No.6 2007



ON HAMILTONIANS OF QUANTUM STOCHASTIC PROCESSES 743
Proposition 4.2. [ Conjecture H-3 holds, then

(i) Jo. I0L(r)R|,c dr < M(e)?[AY2R||2, Jor any e > 0, where A(e) is a constant,

(ii) Wy (ve)h € Wg,l(RQ,%ﬁf) for any n > 1; moreover,

VU (v )h = (Zak\lln(ve)h> €T
k=1 n=>0

Thus, ¥(v:)h € D.
Proof. (i) Suppose that h € dom(A). According to the definition of the tensor product, we can use the
identity
(I® A)eit(l@A) =T @ Ae™ ™,
hence

(o]
[l e 8Ly (W (eI - Db,

—0Q0

- /_ (I @ Ae™ ) T(,00) (YW (eI = D)h, (T @ Ae ™) (g o) (WW™ (eI = D)D), o, dlt

:[ dt/1 u(dx) :1726727%[(0700)@) :/1 u(dx) IZ[ 672t11(0700)(t) dt

v [ [ uan (L)< [

where u(dz) is the value on the vector W*(cl — Z)h € ( ® S of the quadratic form associated with the
spectral measure of the self-adjoint operator I ® A. Therefore,
1

= /loo zp (d) = %(W*(cl —L)h, (I @ AW*(cI — L)h)

2 (RX

= %HU ® A)YV2W* (eI — L)A~1/2A12p|

< (T @ M)V2W*(el - L) AY2h| 4 < oo,

~1/2
ATY H,%‘(l/;{@%”) I
since the assumption of Proposition 4.2 implies that
(I @ AN)YV2W*(cI — L)AY? € B(H ;¢ @ ).

In a similar way, we obtain the estimate

/ 1 (0,00) () (I @ €~ C/OMYW* (eI — D), dr

= / (W*(eI — L)h, e~ /9UENW* (e — L)h)
0

I R e —<2r/a)x:/oo dr) &
/0 / i (d) e ) o

CRHA

€ 1/2757% TYA—=1/2A1/27 1|2

= 5l N)2W* (el = DATV2AY 2R
€ i irrs ~

< SIW*el = L)A Y2\ %0 com) AR

Consider the derivative
r

o (r) = V() <1 - g(g)) - ?g(i)f(om)(r)(f @ e MW (el — T)

MATHEMATICALNOTES Vol.81 No.6 2007



744 QUEZADA-BATALLA, GONZALEZ-GAXIOLA
+ é ¢ (Z) {CI(_OQO) (r) + T(0,00) (r)(I® e_AT/g)W*(cI — E) — V(r)}.
For h € dom(A), we have the estimate
e )blcsor < (2100 hlger

+et

¢(2) om0 @ eIt~ Dy

0

2
F s O @ L = - Vil ) -

-1

+e T(0,00)(7)|lc @ h|¢cg e

Computing the squares, applying the Schwartz inequality to several summands, and using the inequality
Ihlle < IAY2R]le < IAY?R]Le,

we obtain the estimate
/R [ ()] 2 < ME)ZIAY2R]2,,

where

A(E)? = 410 | Lymey + € 2| (T @ A)V2PWH(el — LA

—1 2 2
wr cony T NElCNE T, m)

—1
€ . S _
+ 5 [IW*(el = L)A V2| S comey + € 210 w0

_ N - 2
+ 47 [V oo (1 © ) PW (eI = L)ATY2)5 0 o

+ 251/2”CHC”UIHL2(R,C)Hf/HLz(R)
+ 10 oo W (eI = DA™Y g0 cory + 10 oo 0] Lo o)

+ W™ (eI — DA™Y g o)

(I @A) 2W* (eI - E)A_l/zHgg(,;{,@ff)

+ 20l Ly |(T @ M)W (el — DA

» o rr\|t 1/2
el ([le(5)] o) holamo

1 F(o] — TIA-
t+ 5 20l amo W (e = DA™l g0x goe).

B(H CROH)

This proves (i).
To prove assertion (ii), we note that

LI o0l dr < MEII0D 0 A2,
R J z

j—1

for p € %‘ﬁl The above estimate can be proved first for simple tensors and then for general elements
in t%”ﬁl that can be uniformly approximated by simple tensor products.
For h € dom(A),

Ojtbn(ve)h(ry,... ra) = () 7V2(S @ DI @ ve () - (120D @ 0l(ry)) - ve(r);
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hence, for n > 1, we have the following estimates:

LGN
< Z(n!)—l @ @ vera)) - (120D @l (rg)) - ve (e

2(n 2 1
<n<n'> ol 2 L conen MV el 2 oy 1A 2RI

1

< - 2 2(n—1) || AL/27,2,,
< Gy M etV

We used the fact that both norms [|ve || gz 1. (R co.z)) and [[vel| z(7 1. (R co.x)) are less than or equal to
the constant a(e) from Proposition 4.1. Therefore,

(n—1)
IV (ve)hllE . < IR1% + Ae)?| |A1/2hHJ£/Z <00

n>1

forany e > 0, ¥, (v-)h € Wo1(R?, (¥ @ ), and n > 0. This completes the proof of the proposition.
0

Proposition4.3. (1) The linear span Dy of the subset
{U(v)h: v, & € CF(R,, (), h € dom(A), and e > 0},

isdenseinl ,,and hence also inT .

(2) The elements of Dy belong to the subspace Ny« (D) and satisfy the boundary condition
(a— —Way — L)¥(v:)h = 0.
Therefore, Dy C Ny (D) NT » C dom(%), and the operator € is densely defined in T .

Proof. Forany function v € C§°(R,, ¢), we have

/ (ve — v)(r)hl%yc dr

< ellélZ,m lelZlnlZ + / 1 (0,00 (r) (I ® e"MYW* (I — L)hl|% dr
 [Je(2)

e fll(0)]

o 1f<>

w2 [Je ()

9 x -~
< ell€lL, @ lleliZIPlZ + SIW™ (eI = D)l aer e lIPI5

® h”)ﬂ/C dr

lle @ | el To.00) (1) @ €™M EYW* (eI — )R ¢ dr

<

(PllclPlla dr

™

) @ hl e 1 T(0,00) ()T @ €™M )W (eI = L)h|| < dr

+e(sup o) IV NNy 1l + (26)' 2 lelclIW* (eI = L)l por ) IRl
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+2¢(sup [lo(r) ) €7@ llelc I1AlI%
T

+ (26)1/2|\UII%Q(R%<)IIW*(CI — Dl a1kl = ole)llhllx-
Then
1/2

lve = vl Lo,y = 0(€) /" =0 as e—0.

By using the same arguments as in the proof of Proposition 3.3, we obtain the following estimates:

o ”(\Ijn(ve) - \I’n(v))h(r)”iggn dry ... d"r

n k+1 1 2
< / H(I®(l_1)®v5(r))(1®(k_1)® (ve — W) H I®(3 Dgw (rj)h dr
=17/ RIZ, j=k—1 ok
- (n—h) k1)
2(n 2( 1
< Z HUEHQ(%/,L,‘,(R,WC))”UE v”g& AL (R, %C))angg(gg La(R, ggc))HhH%
k=1
<Y al@? Pl Ly @eyo (@)1l -
k=1

Notice that the equality

/R lo(r)hlZyc dr = loll2, .o IR

implies that [v|| z(z 1,2 ¢) = |Vl Lor,¢)- Since o(e) — 0 ase — 0, Do is densely embedded in I,
because the linear span of pseudo-exponential vectors of the form WU (V')h, where h € ¢ and v €
CP (R, ¢), isdenseinI" 4.

In order to prove the second part of the proposition, we observe that, according to the definition of a_,
foranyn > 1,r € R"! we have the equality

(a-W(ve)h)(n—1)(r) = VnA, ¥y (ve)h(r)

— \/ﬁ\/l,r?(sn & I)([®(n71) ® UE(O*))([®(n72) ® Ue(rn_l)) o Ua(rl)h
— (nl—l)'(sn & I)(I®(n—1) ® c)([@(n—Q) ® Us(rn—l)) .. Us(rl)h

= (I D @ ¢)¥,,_1 (v2)h(r),

where v-(07) = ¢ and the operators A% and (S,, ® I) commute (because they act in different spaces).
Then

lo-WohlBor, =3 [ 00 0 B wh(rn g

n>0

< D lleliEn1 (o)A, .. )l <o,

n>1
where

120D © el ey = el
This proves that ¥(0™)h € Ny-(D); similarly, U(07)h € Ny+ (D).
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Now, using (1) and taking into account the equality ve(0T) = W*(el — f), we obtain

(a—P(ve)h) 1y (r) = (IZ"V @ €)Wy (ve) h(r)
= (1% © (Woe(07) + L)) U1 (ve)(r)
= (Was + L)¥(v)h)na (r). O
This proves that (a— — Way — L)¥(v-)h = 0. O

5. THE OPERATOR ¥ IS SYMMETRIC

The integration by parts formula (or the Green formula) (see [22, p. 2]) holds on every chamber Q,,.

So if nyy, is the outer normal to dQ,,, then, for any functions u, v € Wa 1 (R?; 48), we have the following
identity:

/m< Zaw> = /m<zazu v> —I—Z/an s €0 (U 0Qun > V/ 0Qun ) ;¢

=1

Notice that the inner product (7, ¢;) differs from zero only on 9Q., N {r; = 0}; hence > ;" | (nm, €;) can
take only two values +1.

Now, for u,v € WQSJ(RQ;%C), summing over 2™ n-particles chambers @,,, C R”, we obtain the
following integration by parts formula:

<U,Zn:al’0> <Z o, v> .
=1 L2(R™;.4,5)
+ ZZ/ (T, e1) U/an,U/an>L2 Rn—1,,5)

m=1 [=1

{Em)

L?(Rn;;%

n<u/{rn:0*}7 v/{rn:07}>L2(R”*1;%§)
L2(R";.4%)

— n<u/{rn:0+}a 'U/{rn=0+}>L2(R"*1;«%C)'

Lemmab.1. Forany s € {0~,0"}, there exists a family of operators
(aj(s))n>1,  a;j(s): Nox(D) — I,
such that, for any u,v € Ny (D)V,

(i) a(s)u=3_;2 @ a;(s)u;
(i) (a(s)u, a(s)v)car,e = 2;(ai(s)u, aj(s)v)p ,;
(iii) S0, (Lju, a;(07 w)car,, = 3 (u, Lia;(07)v)r,, = (u, L*a_v)r,,.

Proof. If (zj, ®, -+ ®; 2j,) is an orthonormal basis in (¥s™ and (hy)x>1 is an orthonormal basis in .77,
then, for any u € Ny« (D), we have

(@()Wn(tr - tn) = D g ekt t)2) @ 2, @5+ @ 2, © by
7]17 7.7717k

= Z 50 Y ekt te)Z @ @ 2, ® Dy
jlv“wjnyk'
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748 QUEZADA-BATALLA, GONZALEZ-GAXIOLA

Hence

E Qi sin tl,...,tn)Zjl Rs +++ Qs Zj, ®hk,
]17 7.7717k

where a;(s)u = ((a;(s)u),). After standard computations, we see that

0 > @Dl s
= [ a0l @
=L Zj:zj@@(a(s)u)n(t) p d"t
=§jjuzg-||2/w||< u)a(t)|Py
VORI POET

This proves that the series in the right—hand side converges. Now, using estimate (1), we obtain

2

2

€®L2(R",%ﬁ§ )

la(s)ullZgr,, =3 l(a o
n>0
- ZZ H a] L2 R(n—1) /f(: Z H%(S)UH%%,
n>1 j J

and assertion (ii) follows after application of the polarization identity.

To prove (iii), we observe that

(u, E*a_vh«% = (u, L* ZZj ®a;(07)v)r,,
J

= (22, Lia (07 )0)r,, = Y (Lju,a;(07 )o)r,,. O
ik i
]

According to assertion (ii), the integration by parts formula holds for u,v € Ny+(D) and it has the
following form:

(u, Vo)r,, = —(Vu,0)r,, + (a—u,a_v)¢er,, — (A+u, a4v)car,,
~(Vu,0)r,, + 3 a0 ) ay(0)0)r, — S (4,00 ua;(0 o, (2)
J J
Theorem 5.2. The operator € is symmetric.

Proof. Let v = ¥(v.)h and u = ¥(u.)h be two elements from Dy. Then the boundary condition
Wa,u = a_u — Lu has the equivalent form

Wsz ® a;(0)u = sz(aj(()_) — Lj)u.

J
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Therefore,
> (i (0w, a5(0")0)r,, =Y (25, 20 clag (07w, a;(07)v)r,,
J Jg’
=(W 2 ®a;(0N)u |, W zjr @ ajr 0 )u
(W (Zenom)w(Sarenon))

_ < 2 ® (aj<0_> — Lj)u, Z Zjr & (aj/(o_) - Lj/)v>(®f‘

= Z((aj(()_) — Lj)u, (a;(07) = Lj)u)r -
J

Using this identity and the integration by parts formula (2), after some computations we obtain the
following equality:

(u, 6ov) = i{u, (V+G* — L*a_)v)

(Vuvr%—i-zz a;(07)u,a;(07)v)r,,
j

- zz a;(00)u, a;(0M)v)r,, +i{u, G*v) —i{u, L*a_v)

<Vuv +’LZ a;(07)u,a;(07)v)r,,
J
—1 Z((aj(()_) — Lj)u, (a;(07) — Lj)u)r,, +i(u, G*v) —i{u, L a_v)
J
= —i(Vu,v) =i » (Lju,Ljv) +i» (a;(07)u, Lv)r,,
J J
+1 Z(Lju, a;(07)v)r,, +i(u, G*v) — i(u, L*a_v)
J
—i(Vu,v) +1 Y _(L3a;(07)u,v)r,, — i{(G* + G)u,v) +i{u, G*v)r
J
= (i(V—L"a- + G")u,v) = (6ou,v), O
where we used the fact that G + G* = 3, L7 L;. O

6. EXAMPLE: TWO-PHOTON ABSORPTION AND EMISSION PROCESS

The phenomenon of absorption and simultaneous emission of photons is one of the fundamental in-
teraction mechanisms between matter and energy. We consider here a simple model of this phenomenon.
In our example, |J| = 2, 2# = [*(N), and ¢ = C?; we take J = {0,1} and set W, = §;1, j,k € J.
The operators {L;};cs are defined by the relations Lo = /\oa%, Ly = )\la%, where a1 = af, ag = a are
the operators of creation and annihilation, respectively, A\g > 0, Ay > 0 and A\; < Ag. In the recent paper

[23], the invariant states of the quantum Markov semigroup for this process where studied in the case
A1 < Ao

Recall that these operators act on the elements (e;,),>1 of the canonical basis in [?(N) by the rules

alen_1 = aren—1 = Vney, aen = agen = v/nep_1;
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750 QUEZADA-BATALLA, GONZALEZ-GAXIOLA

moreover, they satisfy the canonical commutation relation [a, a!] = 1. For any w € R, consider the self-
adjoint operator H defined by the following relationship:

H: dom(N?) —1?,  H=wadla=wN(N —1),
where N = afa = ajaq is the number operator, which is densely defined on

dom(N) = {x = (2,)32, €17 ZnQIan < oo}.

n=1

Since the operators Lg, L1, and H are unbounded and noncommuting, this example cannot be treated
by the theory developed in [18]—[20].

Further, we use the notation

for the canonical basis in C2. It can readily be seen that
dom(L;) = dom(N) 2 dom(N?) D dom(N?) D - .
Suppose that

KX = dom(N?) = {x = (Tp)pey € 12 2:7”L4|95n|2 < OO}

n=1

with norm ||z|| » = ||N?z|»; i.e., A = N
Proposition 6.1. (i) L; € B( ;) forany j € J;
(i) LjL; € B(A;5€) [or any j, therefore, y ;L L; € B(H ' H);

(iii) H € B(H; ).

Proof. (i) Forz € %,z = Zn21 xnen, the following equality holds:

(o ¢]
Loz = )\o an‘/n(n — 1ep_o9;
n=1

hence
o0 o0
Lozl = XD  nln = Dlaal* < A5 n'aal® = NNzl = Al
n=1 n=1

Therefore, Lo € #(%; H); more precisely, || Lo|lzx,») < Xo. In a similar way, we can prove that
L € gg(Jf}b%?)aﬂd ”Ll”%“jﬁjf)E;Al.
(ii) Forz € ¢, we have Loz, L1z € dom L = dom L] = dom N and

oo o0
LiLox = M2 Z n(n — 1)xz,en, LiLiz = \} Z(n + 1)(n + 2)xnen;

n=1 n=1

hence

o0 [e.e]
IL§Lozll% = X6 D n?(n — 1)%anl® < AG Y n'fanl® = NIN?2]1% = Adlll%-

n=1 n=1
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It is also clear that

1L Laz]|Z = AT D (n+ 1) (0 + 2)% |2
n=1

o
<A (42w < 8IADY  nag P = 1M N2z, = 81A]||z[|% .

n=1 n=1
Hence >, LiL; € B(H ;).
(iii) The proof of the inclusion H € A (¢ ; 7), is similar to that for assertion (ii). O

As a consequence of Proposition 6.1, we see that Conjectures H-1 and H-2 are fulfilled. Let us prove
that Conjecture H-3 holds.

Proposition 6.2. The operator
(I® MNYV2W*(el — L)A™Y?: o — C? @1
is well defined and bounded.

Proof. Suppose that x; € # and z = N2z € dom(N*), then
(I®N?)(cl — L)N 22y = (I@ N?)(c] — L)z = > {¢;lj) ® Nz — \;|j) ® N?ajx}.
jed
Hence

I ® N?)(cI = L)N?z1|lc2ene = | D_{ejli) @ N2 = Xjlj) © Naja} |l

JjeJ

< S Hllesld) ® N2l 2o + [M15) © N?a2al|cogn }

> J C2p.# 317 iTllczer
jeJ

= {lglIN?zl e + NjlIN?aFz]| ).
jed

Now, taking into account the commutation relation [ag, a;] = 1, one can see that N?a3 = a3(N — 2)2.
Using the fact that [|ao || () < 1, we obtain the estimate

IN?agz ]2 = llag(N = 2)*z];2 < (N = 2)*N 21|
<zl +AINT 2]l + 4IN 221

< w1l + 4Nz ]li2 + 4|21 lle = 9|21 |2

and
IN?atz|lz < [[(N +2)°N 2215 < 9l
Thus,
(I ® N*)(cI — L)N? € B(#;C*®1?)
and Theorem 5.2 can be applied to this model. O

The essential self-adjointness of the corresponding operator ¢ can be proved by using the construc-
tion of the minimal quantum dynamical semigroup associated with this operator[18].
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