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ISSN 0001-4346, Mathematical Notes, 2007, Vol. 81, No. 6, pp. 734–752. c© Pleiades Publishing, Ltd., 2007.
Published in Russian in Matematicheskie Zametki, 2007, Vol. 81, No. 6, pp. 816–837.

On the Hamiltonian of a Class
of Quantum Stochastic Processes*

R. Quezada-Batalla** and O. González-Gaxiola
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Abstract—Following the approach proposed by A. M. Chebotarev, we study the generator of a
strongly continuous unitary group associated with solutions of the Hudson-Parthasarathy quantum
stochastic differential equation (QSDE) in the case when the operators of the system of arbitrary
multiplicity (or operator-valued coefficients characterizing the quantum system) are unbounded and
noncommuting. We apply our results to the two-photon absorption and emission process.
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1. INTRODUCTION

In accordance with the fundamental result of the quantum stochastic calculus (see [1, Theo-
rem 27.8]), the solution V (t) of the quantum stochastic differential equation (the Hudson-Parthasa-
rathy equation)

dV (t) =
{ ∑

k,j∈J

(Wkj − δkj) dΛkj(t)−
∑

k,j∈J

L∗kWkj dAj(t)

+
∑

k,j∈J

Lj dA†j(t)−
(

iH +
1
2

∑

j∈J

L∗jLj

)
dt

}
V (t), V (0) = I

is unique in the class of adapted strongly continuous unitary processes V (t) whenever the system
operators H , Lj , and Wkj , acting in the separable Hilbert space H , satisfy the following conditions:

• H, Lj , Wk,j ∈ B(H ) for any k, j ∈ J , where J ⊂ N;

• H = H∗, L ∈ B(H , ζ ⊗H ), where Lh =
∑

j zj ⊗ Ljh;

• W ∈ U (ζ ⊗H ), where W =
∑

k,j |zk〉〈zj | ⊗Wk,j , (zj)j≥1 is an orthonormal basis of the sep-
arable Hilbert space ζ, dim(ζ) = |J |. In the case of multiquantum processes of creation and
annihilation, ζ is called the multiplicity space and U (ζ ⊗H ) denotes the space of unitary
operators acting in the Hilbert space ζ ⊗H .

There exists a unitary group of operators Ut which is canonically associated with the cocycle V (t).
To define Ut, it is necessary to consider the operator Θt, interpreted as the second quantization of the
strongly continuous unitary group of the shift operators θt on L2(R, ζ), acting in the Fock space

ΓL2(R,ζ) = ΓL2(R−,ζ) ⊗ ΓL2(R+,ζ).

∗The text was submitted by the authors in English.
**E-mail: roqb@xanum.uam.mx.
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The action of Θt is defined on the total set of exponential vectors

θtv(r) = v(r + t), Θtψ(v) = ψ(θtv) ∀ v ∈ L2(R), t ∈ R,

where ψ(v) is the exponential vector associated with the function v ∈ L2(R, ζ).
The above operators Θt can be uniquely extended to the entire Fock space ΓL2(R,ζ) ⊗H by

continuity. In terms of operators Θt, the cocycle property of V (t) reads

V (s + t) = Θ∗
sV (t)ΘsV (s) ∀ s, t ≥ 0,

and the strongly continuous unitary group Ut is the composition of Θt and V (t) (see [2]–[6]):

Ut =

{
ΘtVt, t ≥ 0,

V ∗
|t|Θt, t < 0.

The unitary equivalence between the families Ut and V (t) allows one to extend the uniqueness theorem
for cocycle solutions of QSDE to the evolution equation (the Schrödinger equation) for the group Ut.
This extension is possible when the existence and uniqueness theorem is proved for QSDE. A substan-
tial contribution to the theory of QSDE has been made by Appelbaum [7], Fagnola [8]–[10], Mohari and
Parthasarathy [11], Bhat and Sinha [12], [13], Lindsay and Wills [14], Ryzhakov [15]. On the other hand,
if the generator−iC of the unitary group Ut is given a priori and its essential self-adjointness is proved,
then the uniqueness of the unitary solution of the corresponding QSDE (see [16]–[20]) follows.

The problem of characterizing the infinitesimal generator −iC of the unitary group Ut (see Ac-
cardi [21]), was solved by Chebotarev [17] in the case |J | = 1 for QSDE with unbounded but com-
mutative operators of the system. In his first work on this topic, Chebotarev found an explicit analytic
expression for this generator and a nontrivial boundary condition that should be satisfied in the domain
of C . More recently, in [18], he extended some of his results to the case of unbounded, noncommutative
operators but still with the restriction |J | = 1. The case of bounded coefficients and arbitrary multiplicity
|J | was solved completely by Gregoratti in [19], [20], who described an essentially self-adjoint extension
of C . By using an alternative mathematical approach, von Waldenfels [16] obtained a different proof of
Gregoratti’s result and constructed a different representation of C .

In this work, being motivated by problems that cannot be treated by means of the results of the
above authors, we shall consider the case of unbounded and noncommuting operators of the system and
creation and annihilation processes of arbitrary multiplicity. This extension is a necessary complement
to the theory developed by Chebotarev and Gregoratti. Following the approaches of these authors, we
determine a densely defined and symmetric restriction of C to the linear span of pseudo-exponential
vectors. In the last section of this work, we apply our results to the two-photon absorption and emission
process.

2. PRELIMINARIES

Throughout this paper, all Hilbert spaces are complex and separable. Given two Hilbert spaces, H
and ζ, and an orthonormal basis {zj}j∈J in ζ, we consider the symmetric Fock space

ΓH =
∞⊕

n=0

L2(Rn; H ζ
n )

and the vectors ψ = {ψ0, ψ1(r1), ψ2(r1, r2), . . . } such that

‖ψ0‖2
H +

∞∑

n=1

∫

Rn

‖ψn(r)‖2
ζ⊗sn⊗H dnr < ∞.

The inner product of two vectors Φ, Ψ ∈ ΓH is equal to

〈Φ, Ψ〉ΓH
= 〈φ0, ψ0〉H +

∞∑

n=1

∫

Rn

〈φn(r), ψn(r)〉
H ζ

n
dnr,
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736 QUEZADA-BATALLA, GONZÁLEZ-GAXIOLA

where, for the simplicity of notation, we set H ζ
n = ζ⊗sn ⊗H . The tensor power ζ⊗sn = Snζ⊗n is the

n-tuple symmetric tensor product of ζ by itself, where Sn is the orthogonal projection on ζ⊗n defined by
the symmetrizing permutation operator

Sn =
1
n!

∑

σ∈Σn

σ,

Σn is the permutation group on n elements; the operator σ(zj1 ⊗ · · · ⊗ zjn) = zjσ(1)
⊗ · · · ⊗ zjσ(n)

can be

extended by linearity to a bounded operator on ζ⊗n. By L2(Rn;H ζ
n ) we denote the space of symmetric

functions on R with values in H ζ
n and the symbol W2,1(Rn∗ ;H

ζ
n ) stands for the Sobolev space of

symmetric functions on Rn∗ , with R∗ = R \ {0}. We call ζ the multiplicity space, and its multiplicity
(or dimension) 1 ≤ |J | ≤ ∞ is equal to the number of independent creation and annihilation processes,
A†j(t), Aj(t), in the Hudson–Parthasarathy equation.

Definition 2.1. Given a self-adjoint operator Λ ≥ I, we define the Hilbert space K with inner product

〈Φ,Ψ〉K = 〈Λ1/2Φ, Λ1/2Ψ〉H ∀Φ, Ψ ∈ K .

Notice that, for all k ∈ K , we have

‖k‖H = 〈k, k〉1/2 ≤ ‖Λ1/2k‖ = ‖k‖K ,

since Λ ≥ I. Hence the Hilbert space K = domΛ1/2 is densely and continuously embedded in H . We
also consider the Fock space ΓK defined by the narrower space K instead of H .

Remark 2.2. If K is as in the above definition, the following results are immediate consequences of the
fact that the topology of K is stronger than that of H :

(i) K ζ is densely and continuously embedded in ζ ⊗H ;

(ii) B(K ,K ζ) ⊂ B(K , ζ ⊗H ); more precisely, for every F ∈ B(K , K ζ), we have

‖F‖B(K ,H ζ) ≤ ‖F‖B(K ,K ζ);

in other words, the embedding is continuous;

(iii) for every n ≥ 1, we have L2(Rn, K ζ
n ) ⊂ L2(Rn,H ζ

n ) and this embedding is continuous;

(iv) the embedding ΓK ⊂ ΓH is continuous.

We suppose that the operators of the system are relatively bounded with respect to Λ in the following
sense.

Conjecture H-1. Suppose that K is as in Definition 2.1 and the following assumptions hold:

• Lj , L
∗
j ∈ B(K ; H ) for all j ∈ J , where L∗j denotes the adjoint of Lj in H ; it is also

assumed that LjK ⊂ K for any j ≥ 1 and
∑

j

L∗jLj ∈ B(K ,H );

• Wkj ∈ B(H ) for any k, j ∈ J , and

W =
∑

k,j

|zk〉〈zj | ⊗Wk,j ∈ U (ζ ⊗H );

• H : dom(H) → H is a self-adjoint operator, K ⊂ dom(H), and H ∈ B(K , H ).

MATHEMATICAL NOTES Vol. 81 No. 6 2007
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3. PSEUDO-EXPONENTIAL VECTORS
Following [17], [18], and [19], we shall construct a new class of pseudo-exponential vectors in ΓH .

Note that a similar construction was independently used by Ryzhakov in his recent paper [15].
With a function v ∈ L2(R, ζ), we associate the operator

V ∈ B(K , L2(R,K ζ)), V (r)h := v(r)⊗ h, ∀h ∈ K , r ∈ R.

The corresponding pseudo-exponential vector Ψ(V )h is defined by imposing a spatial operator
ordering: for r = (r1, . . . , rn), r1 < · · · < rn, we set

Ψn(V )h(r) =
1√
n!

(Sn ⊗ I)(I⊗n ⊗ V (rn)) · · · (I ⊗ V (r2))V (r1)h

=
1√
n!

(Sn ⊗ I)(I⊗n ⊗ V (rn)) · · · v(r2)⊗s v(r1)⊗ h =
1√
n!

v⊗sn(r)h.

The function Ψn(V )h is extended symmetrically outside of the simplex
{
(r1, . . . , rn) ∈ Rn

∗ : r1 < · · · < rn

}
.

Hence Ψ(V )h = ψ(v)⊗ h ∈ ΓK , where Ψ(v) = (v⊗sn)n≥0 is the symmetric exponential vector associ-
ated with the function v. Now we define the pseudo-exponential vector associated with a general element
F ∈ B(K , L2(R; K ζ)).

Definition 3.1. The coordinates of pseudo-exponential vectors are defined as follows: for any element
F ∈ B(K , L2(R; K ζ)), h ∈ K and r = (r1, . . . , rn) ∈ Rn∗ such that rn > · · · > r1, we set

(Ψn(F )h)(r) =





h if n = 0,

1√
n!

(Sn ⊗ I)(I⊗(n−1) ⊗ F (rn)) · · · (I ⊗ F (r2))F (r1)h if n ≥ 1.

For elements r ∈ Rn∗ outside of the simplex {r ∈ Rn∗ : r1 < · · · < rn}, we define

(Ψn(F )h)(r) = (Ψn(F )h)(rσ(1), . . . , rσ(n)),

where σ is the unique permutation of {1, · · · , n} such that rσ(n) > · · · > rσ(1).

The above definition is compatible with linear operations on the factors:

(I⊗k ⊗ F (r))(z1 ⊗ · · · ⊗ zk ⊗ h) := z1 ⊗ · · · ⊗ zk ⊗ F (r)h ∈ ζ⊗(k+1) ⊗K .

For any ϕ ∈ ζ⊗k ⊗K , k ≥ 1, we set

(I⊗k ⊗ F (r))ϕ = lim
n

(I⊗k ⊗ F (r))ϕn,

where (ϕn)n≥1 is the sequence of finite linear combinations of simple tensors converging to ϕ.

Lemma 3.2. The Hilbert space ζ ⊗ L2(R, K ζ
n−1) is isometrically isomorphic to the space

L2(R, K ζ
n ).

Proof. For any ϕ ∈ ζ ⊗ L2(R, K ζ
n−1), the function ϕ̃ : t → ϕ(t) is a measurable map from R to K ζ

n .
Moreover, if (ϕn)n is a sequence of finite linear combinations of simple tensor products converging to ϕ,
then one can prove that

‖ϕ‖
ζ⊗L2(R,K ζ

n−1)
= lim

n
‖ϕn‖ζ⊗L2(R,K ζ

n−1)
= lim

n
‖ϕ̃n‖L2(R;K ζ

n )
= ‖ϕ̃‖

L2(R;K ζ
n )

.

Proposition 3.3. If F is the same as in Definition 3.1, then

Ψn(F ) ∈ B(K , L2(Rn; K ζ
n )) for any n ≥ 0.

Hence, for any h ∈ K , the vector Ψ(F )h := {Ψn(F )h}∞n=0 belongs to the symmetric Fock
space ΓK .

MATHEMATICAL NOTES Vol. 81 No. 6 2007



738 QUEZADA-BATALLA, GONZÁLEZ-GAXIOLA

Proof. Notice that, for any h ∈ K , the following estimate holds:
∫ ∞

−∞
‖F (r)h‖2

K ζ = ‖Fh‖2
L2(R;K ζ) ≤ ‖F‖2

B(K ;L2(R;K ζ))‖h‖2
K .

By using Lemma 3.2, we obtain
∫ ∞

−∞
‖(I ⊗ F (r))(z ⊗ h)‖2

ζ⊗2⊗K dr = ‖(I ⊗ F )(z ⊗ h)‖2
ζ⊗L2(R;K ζ) ≤ ‖z‖2

ζ‖Fh‖2
L2(R;K ζ)

≤ ‖F‖2
B(K ;L2(R;K ζ))‖z ⊗ h‖2

K ζ .

In a similar way, one can prove that
∫ ∞

−∞
‖(I⊗(n−1) ⊗ F (r))(zi1 ⊗ · · · ⊗ zin−1 ⊗ h)‖2

K ζ
n

dr

≤ ‖F‖2n
B(K ;L2(R;K ζ))‖zi1 ⊗ · · · ⊗ zin−1 ⊗ h‖2

K ζ
n−1

.

Now, for the sequence (ϕm)m≥1 of finite linear combinations of simple tensor products such that
limm ϕm = ϕ ∈ K ζ

n−1, using the Fatou Lemma, we obtain the estimate
∫ ∞

−∞
‖(I⊗(n−1) ⊗ F (r))ϕ‖2

K ζ
n

dr =
∫ ∞

−∞
lim
m
‖(I⊗(n−1) ⊗ F (r))ϕm‖2

K ζ
n

dr

≤ lim inf
m

∫ ∞

−∞
‖(I⊗(n−1) ⊗ F (r))ϕm‖2

K ζ
n

dr

≤ lim inf
m
‖F‖2

B(K ;L2(R∗;K ζ))‖ϕm‖2
K ζ

n−1

= ‖F‖2
B(K ;L2(R∗;K ζ))‖ϕ‖2

K ζ
n−1

.

Using the above estimates, we have
∫

Rn∗
‖(Ψn(F )h)(r)‖2

K ζ
n

drn ≤ ‖F‖2n
B(K ;L2(R∗;K ζ)) · ‖h‖2

K .

This proves the proposition.

For any sequence {Lj}j∈J ⊂ B(K ,H ) and any h ∈ K , we set

L̂h =
∑

j∈J

zj ⊗ Ljh ∈ H ζ .

The action of this operator can be extended to ΓK by setting

L̂u =
(
(I⊗n ⊗ L̂)un

)
n≥0

for u ∈ ΓK . The order of the two steps composing the definition of L̂ may be chosen arbitrarily. Similarly,
any element of the sequence (L∗j )j≥1 can be defined on ΓK as follows:

L∗ju =
(
(I⊗n ⊗ L∗j )un

)
n≥0

, u ∈ ΓK .

Thus, we obtain the operator L̂∗ : ζ ⊗ ΓK → ΓK defined for z ⊗ u in the simplest case when z ∈ ζ and
u ∈ K , by the relationship

L̂∗(z ⊗ u) =
∑

j

〈zj , z〉ζL∗ju.

MATHEMATICAL NOTES Vol. 81 No. 6 2007
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The action of this operator can be extended by linearity and continuity to the entire tensor product
ζ ⊗ ΓK . Notice that, for any u ∈ ΓK , the following identity holds:

L̂∗L̂u = L̂∗
(∑

j

zj ⊗ Lju

)
=

∑

j,k

〈zk, zj〉ζL∗kLju =
∑

j

L∗jLju.

Further, we restrict our considerations to coefficients {Lj} satisfying the following assumption.

Conjecture H-2. The operators of the system {Lj} are such that
∑

j ‖Lj‖2
B(K ,H ) < ∞.

As an immediate consequences of this assumption, we have the following assertion.

Proposition 3.4. Suppose that Conjecture H-2 holds. Then

(1) the operator L̂ : ΓK → ζ ⊗ ΓH is bounded and ‖L̂‖ ≤ (∑
j∈J ‖Lj‖2

B(K ,H )

)1/2;

(2) the operator L̂∗ : ζ ⊗ ΓK → ΓK is bounded and ‖L̂∗‖ ≤ (∑
j∈J ‖Lj‖2

B(K ,H )

)1/2;

(3) L̂∗L̂ is a bounded operator acting from ΓK into ΓH .

Proof. If un = zj1 ⊗ · · · ⊗ zjn ⊗ h, then the following uniform estimate holds:

‖(I⊗n ⊗ L̂)un‖2
H ζ

n+1

=
∥∥∥∥zj1 ⊗ · · · ⊗ zjn ⊗

(∑

j

zj ⊗ Ljh

)∥∥∥∥
2

H ζ
n+1

= ‖zj1 ⊗ · · · ⊗ zjn‖2
ζ⊗n

∥∥∥∥
∑

j

zj ⊗ Ljh

∥∥∥∥
2

H ζ

= ‖zj1 ⊗ · · · ⊗ zjn‖2
ζ⊗n

∑

j

‖Ljh‖2
H

≤
(∑

j

‖Lj‖2
B(K ,H )

)
‖un‖2

K ζ
n
,

that can be extended by linearity and density to all un ∈ K ζ
n . Therefore, after simple computations, we

obtain

‖L̂u‖2
ζ⊗ΓH

=
∑

n

‖(I⊗n ⊗ L̂)un‖2
H ζ

n+1

≤
∑

n

∑

j

‖Lj‖2
B(K ,H )‖un‖2

H ζ
n
≤

(∑

j∈J

‖Lj‖2
B(K ,H )

)
‖u‖2

ΓK
.

Assertion (1) is proved. In a similar, way we obtain the estimate

‖L̂∗(z ⊗ u)‖ ≤
∑

j

|〈zj , z〉| ‖L∗ju‖ΓH
≤

( ∑

j

|〈zj , z〉|2
)1/2(∑

j

‖L∗ju‖2

)1/2

≤
( ∑

j

‖L∗j‖2
B(K ,H )

)1/2

‖z ⊗ u‖ζ⊗ΓK
,

and (2) follows. Finally, estimate (3) is a consequence of (1) and (2).

MATHEMATICAL NOTES Vol. 81 No. 6 2007
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4. THE OPERATOR C

In this section, we define the operator C , introduced by Chebotarev in the case of multiplicity |J | = 1,
(see [17], [19]). Consider the analytic expression defining C on symmetric vectors Ψ with components
continuous outside the coordinate hyperplanes: Ψn

C Ψ = i(∇+ G∗ − L∗a−)Ψ, (a±Ψ)n(x1, . . . , xn) =
√

n + 1 Ψn+1(x1, . . . , xn,±0).

The domain of C , which will be defined precisely later, consists of the vectors satisfying the boundary
condition

(a− −Wa+ − L̂)Ψ = 0.

The operator

G =
1
2
L̂∗L̂ + iH,

where H ∈ B(K , H ) and G∗ = (1/2)L̂∗L̂− iH , is widely used in the theory of irreversible quantum
evolution [1]. The domain of H can be extended to ΓK :

Hu =
(
(I⊗n ⊗H)un

)
n≥0

∀u ∈ ΓK .

Consider the subspace D ⊂ D(∇):

D =
{

u = (un)n≥1 ∈ ΓH : un ∈ W2,1(Rn
∗ ,H

ζ
n ), ‖u‖2

D(∇) =
∑

n

‖un‖2
W2,1(Rn∗ ,H ζ

n )
< ∞

}
,

where

‖un‖2
W2,1(Rn,H ζ

n )
= ‖un‖2

L2(R,H ζ
n )

+
∥∥∥∥

n∑

l=1

∂lun

∥∥∥∥
2

L2(R∗,H ζ
n )

.

Suppose that

HΣ
1 (Rn

∗ , H
ζ

n ) =
{

u ∈ L2(Rn, H ζ
n ) :

n∑

l=1

∂lu ∈ L2(Rn, H ζ
n )

}
.

The subspace

D(∇) =
{

u = (un)n≥1 ∈ ΓH :

un ∈ HΣ
1 (Rn

∗ , H
ζ

n ), ‖u‖2
D(∇) =

∑
n

‖un‖2
W2,1(Rn∗ ,H ζ

n )
< ∞

}
,

is the maximal domain of ∇. Notice that the elements of the subspace HΣ
1 (Rn∗ ,H

ζ
n ) must possess an

L2-integrable derivative in the direction e1 + · · ·+ en, where (en)n≥1 is the basis in Rn. Hence D is a
proper subspace of D(∇).

The connected components of Rn∗ will be denoted by Qm, m = 1, · · · , 2n. In agreement with
terminology proposed by Chebotarev in [18], the subsets Qm are called n-particle chambers; their
boundaries will be denoted by ∂Qm.

If v ∈ W2,1(Rn∗ , H
ζ

n ), its trace on the boundary, Ar
l v = v|{rl=r}, belongs to L2(R(n−1), H ζ

n ) for any

r ∈ {0−, 0+}. This fact does not necessarily hold for the elements of HΣ
1 (Rn∗ , H

ζ
n ); see [24]. By the

symbol v|∂Qm we will denote the trace of v on the boundary ∂Qm if this trace can be expressed in terms
of n traces of the type v|{rl=0±}.

For s ∈ {0−, 0+}, we consider the following subspace in ΓH :

Ns(D) = D(a(s)) ∩D =
{

u ∈ D :
∑

n≥0

n‖un|{rn+1=s}‖2
L2(Rn,H ζ

n+1)
< ∞

}

MATHEMATICAL NOTES Vol. 81 No. 6 2007
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and we simply write N0±(D) = N0−(D) ∩N0+(D).

For any u ∈ Ns(D) and s ∈ {0−, 0+}, we define the unbounded operator a(s) by the equations

(a(s)u)(n−1) =
√

nAs
l un ∈ L2(Rn−1,H ζ

n ) w ζ ⊗ L2(Rn−1, H ζ
n−1).

Since the function un is symmetric, any operator As
l , 1 ≤ l ≤ n, can be used in the above definition of

a(s) (see [18], [17]). We will simply write a± instead of a(0±).

Notice that the range of the operator a(s) belongs to the space

ζ ⊗ ΓH w
⊕

n≥0

ζ ⊗ L2(Rn,H ζ
n ) w

⊕

n≥0

L2(Rn,H ζ
n+1),

and L̂∗ : ζ ⊗ ΓK → ΓH . Hence the operator L̂∗a− is well defined on N0±(D) ∩ ΓK . Moreover, since
G∗ is well defined on ΓK , the analytic expression of the operator C is well defined on N0±(D) ∩ ΓK .
The boundary conditions are also well defined on N0±(D) ∩ ΓK , but the corresponding identity holds in
ζ ⊗ ΓH . Notice that the operator W ∈ U (H ζ) can be extended to U (ζ ⊗ ΓH ) by using the following
definition:

Wu = (W (ζ ⊗ un))n≥0, where z ⊗ un ∈ ζ ⊗ L2(Rn,H ζ
n ).

The exponential vectors of the form Ψ(V )h = ψ(v)⊗ h (where h ∈ K and v belong to a subset which
is dense in L2(R, ζ)) do not satisfy the boundary condition and consequently they do not belong to the
domain of the operator C . For this reason, it is necessary to consider a wider class of pseudo-exponential
vectors. For the particular case |J | = 1, this class belongs to the domain introduced in [18]. In this paper,
we define the corresponding class for arbitrary multiplicity |J |.

Consider the class of functions

vε(r) := V (r)
(

1− ξ

(
r

ε

))
+ ξ

(
r

ε

){
cI(−∞,0)(r) + I(0,∞)(r)(I ⊗ e−Λr/ε)W ∗(cI − L̂)

}
,

where ε > 0 and h ∈ K , V (r)h = v(r)⊗ h, v ∈ S ⊂ W2,1(R∗; ζ), S is dense in L2(R, ζ), ξ ∈ C∞
0 (R),

ξ(0) = 1, |ξ(r)| ≤ 1 for all r ∈ R, and, for c ∈ ζ, we have ch = c⊗ h.

In the next Proposition, we prove that vε ∈ B(K , L2(R, ζ ⊗K )). Hence, by Proposition 3.3, we
can conclude that the corresponding pseudo-exponential vectors Ψ(vε)h belong to ΓK for any h ∈ K .
Later on, in Proposition 4.2, we shall prove that Ψ(vε)h ∈ D for any h ∈ K . In Proposition 4.3, we shall
prove that the linear span of pseudo-exponential vectors from this class is dense in ΓK .

Proposition 4.1. The inclusion

vε ∈ B(K , L2(R,K ζ))

holds for any ε > 0. Hence Ψ(vε)h ∈ ΓK .

Proof. The following chain of inequalities holds for any h ∈ K :
∫ ∞

−∞
‖vε(r)h‖2

ζ⊗K dr

≤
∫ ∞

−∞

∣∣∣∣
(

1− ξ

(
r

ε

)∣∣∣∣
2

‖V (r)h‖2
ζ⊗K dr + 2

∣∣∣∣(1− ξ

(
r

ε

)∣∣∣∣‖V (r)h‖ζ⊗K

∣∣∣∣ξ
(

r

ε

)∣∣∣∣

× ∥∥{
cI(−∞,0)(r) + I(0,∞)(r)(I ⊗ e−Λr/ε)W ∗(cI − L̂)

}
h
∥∥

ζ⊗K
dr

+
∫ ∞

−∞

∣∣∣∣ξ
(

r

ε

)∣∣∣∣
2∥∥{

cI(−∞,0) + I(0,∞)(r)(I ⊗ e−Λr/ε)W ∗(cI − L̂)
}
h
∥∥2

ζ⊗K
dr
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≤ 4
∫ ∞

−∞
‖v(r)‖2

ζ‖h‖2
K dr + 4

∫ ∞

−∞
‖v(r)‖ζ

∥∥∥∥ξ

(
r

ε

)∥∥∥∥‖h‖K ‖c⊗ h‖ζ⊗K I(−∞,0) dr

+ 4
∫ ∞

−∞
‖v(r)‖ζ‖h‖K |I(0,∞)|

∥∥(I ⊗ e−Λr/ε)W ∗(cI − L̂)h
∥∥

ζ⊗K
dr

+
∫ ∞

−∞

∣∣∣∣ξ
(

r

ε

)∣∣∣∣
2

‖c‖2
ζ‖h‖2

K dr

+
∫ ∞

−∞

∥∥I(0,∞)(r)(I ⊗ e−Λr/ε)W ∗(cI − L̂)h
∥∥2

ζ⊗K
dr + 0

≤ 4‖v‖2
L2(R,ζ)‖h‖2

K + 4ε1/2‖c‖ζ‖v‖L2(R,ζ)‖ξ‖L2(R)‖h‖2
K

+ 4‖h‖K ‖v‖L2(R,ζ)

∥∥I(0,∞)( · )(I ⊗ e−Λ( · /ε))W ∗(cI − L̂)h
∥∥

L2(R,ζ⊗K )

+ ε‖ξ‖2
L2(R)‖c‖2

ζ‖h‖2
K +

∥∥I(0,∞)( · )(I ⊗ e−Λ( · /ε))W ∗(cI − L̂)h
∥∥2

L2(R,ζ⊗K )
.

The Schwartz inequality and the fact that
∫ ∞

−∞

∣∣∣∣ξ
(

r

ε

)∣∣∣∣
2

dr = ε‖ξ‖2
L2(R)

were used in proving the above inequalities.
According to our assumptions, the right-hand side of the previous inequality is finite if

∥∥I(0,∞)( · )(I ⊗ e−Λ( · /ε))W ∗(cI − L̂)h
∥∥

L2(R,ζ⊗K )
< ∞.

Let us estimate the norm of the last summand:∥∥I(0,∞)( · )(I ⊗ e−Λ( · /ε))W ∗(cI − L̂)h
∥∥2

L2(R,ζ⊗K )

=
∫ ∞

0
‖e−(r/ε)(I⊗Λ)W ∗(cI − L)h‖2

K ζ dr

=
∫ ∞

0

〈
W ∗(cI − L)h, (I ⊗ Λ)e−(2r/ε)(I⊗Λ)W ∗(cI − L̂)h

〉
H ζ

=
∫ ∞

0
dr

∫ ∞

1
µ(dx) xe−(2r/ε)x,

where µ(dx) is the value of the quadratic form associated with the spectral measure of the self-adjoint
operator I ⊗ Λ. Computing the last integral, we obtain

∫ ∞

0
dr

∫ ∞

1
µ (dx) xe−(2r/ε)x =

ε

2

∫ ∞

1
µ(dx) =

ε

2
‖W ∗(cI − L̂)h‖2

ζ⊗H < ∞,

because the inclusion L̂ ∈ B(K ,H ζ) follows from Conjecture H-2. Hence we have the estimate

‖vε‖B(K ;L2(R,K ζ)) ≤ α(ε),

where

α(ε) = 4‖v‖2
L2(R,ζ) + 4ε1/2‖c‖ζ‖v‖L1(R,ζ)‖ξ‖L2(R) + 4‖v‖L2(R,ζ)

ε

2
‖W ∗(cI − L̂)‖B(K ,K ζ)

+ ε‖ξ‖2
L2(R)‖c‖2

ζ +
ε2

4
‖W ∗(cI − L̂)‖2

B(K ,K ζ).

This completes the proof of the proposition.

Conjecture H-3. Suppose that the system operators are such that

(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2 ∈ B(K ; ζ ⊗H )
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Proposition 4.2. If Conjecture H-3 holds, then

(i)
∫
R∗ ‖v′ε(r)h‖2

H ζ dr ≤ λ(ε)2‖Λ1/2h‖2
K for any ε > 0, where λ(ε) is a constant;

(ii) Ψn(vε)h ∈ W2,1(Rn∗ , H
ζ

n ) for any n ≥ 1; moreover,

∇Ψ(vε)h :=
( n∑

k=1

∂kΨn(vε)h
)

n≥0

∈ ΓH ;

Thus, Ψ(vε)h ∈ D.

Proof. (i) Suppose that h ∈ dom(Λ). According to the definition of the tensor product, we can use the
identity

(I ⊗ Λ)e−t(I⊗Λ) = I ⊗ Λe−tΛ;

hence ∫ ∞

−∞

∥∥(I ⊗ Λe−tΛ)I(0,∞)(t)W ∗(cI − L̂)h
∥∥2

ζ⊗H
dt

=
∫ ∞

−∞

〈
(I ⊗ Λe−tΛ)I(0,∞)(t)W ∗(cI − L̂)h, (I ⊗ Λe−tΛ)I(0,∞)(t)W ∗(cI − L̂)h

〉
ζ⊗H

dt

=
∫ ∞

−∞
dt

∫ ∞

1

µ (dx) x2e−2txI(0,∞)(t) =
∫ ∞

1

µ (dx) x2

∫ ∞

−∞
e−2txI(0,∞)(t) dt

=
∫ ∞

1

µ (dx)x2

∫ ∞

0

e−2tx dt =
∫ ∞

1

µ (dx) x2

(
1
2x

)
=

1
2

∫ ∞

1

xµ (dx),

where µ(dx) is the value on the vector W ∗(cI − L̂)h ∈ ζ ⊗H of the quadratic form associated with the
spectral measure of the self-adjoint operator I ⊗ Λ. Therefore,

1
2

∫ ∞

1
xµ (dx) =

1
2
〈
W ∗(cI − L̂)h, (I ⊗ Λ)W ∗(cI − L̂)h

〉
ζ⊗K

=
1
2

∥∥(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2Λ1/2h
∥∥

≤ ∥∥(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2
∥∥

B(K ;ζ⊗H )
‖Λ1/2h‖K < ∞,

since the assumption of Proposition 4.2 implies that

(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2 ∈ B(K ; ζ ⊗H ).

In a similar way, we obtain the estimate∫ ∞

−∞

∥∥I(0,∞)(r)(I ⊗ e−(r/ε)Λ)W ∗(cI − L̂)h
∥∥2

H ζ dr

=
∫ ∞

0

〈
W ∗(cI − L̂)h, e−(r/ε)(I⊗Λ)W ∗(cI − L̂)h

〉
ζ⊗H

=
∫ ∞

0
dr

∫ ∞

1
µ (dx) e−(2r/ε)x =

∫ ∞

1
µ (dx)

ε

2x

=
ε

2

∥∥(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2Λ1/2h
∥∥2

ζ⊗H

≤ ε

2
‖W ∗(cI − L̂)Λ−1/2‖2

B(K ,ζ⊗H )‖Λ1/2h‖2
K .

Consider the derivative

v′ε(r) = V ′(r)
(

1− ξ

(
r

ε

))
− Λ

ε
ξ

(
r

ε

)
I(0,∞)(r)(I ⊗ e−rΛ/ε)W ∗(cI − L̂)
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+
1
ε

ξ′
(

r

ε

){
cI(−∞,0)(r) + I(0,∞)(r)(I ⊗ e−Λr/ε)W ∗(cI − L̂)− V (r)

}
.

For h ∈ dom(Λ), we have the estimate

‖v′ε(r)h‖ζ⊗H ≤
(

2‖v′(r)⊗ h‖ζ⊗H

+ ε−1

∣∣∣∣ξ
(

r

ε

)∣∣∣∣
∥∥I(0,∞)(r)(I ⊗ Λe−(r/ε)Λ)W ∗(cI − L̂)h

∥∥
ζ⊗H

+ ε−1

∣∣∣∣ξ′
(

r

ε

)∣∣∣∣I(0,∞)(r)‖c⊗ h‖ζ⊗H

+ I(0,∞)(r)
∥∥(I ⊗ e−(r/ε)Λ)W ∗(cI − L̂)h− V (r)h

∥∥
ζ⊗H

)2

.

Computing the squares, applying the Schwartz inequality to several summands, and using the inequality

‖h‖H ≤ ‖Λ1/2h‖H ≤ ‖Λ1/2h‖K ,

we obtain the estimate ∫

R
‖v′ε(r)h‖2

ζ⊗H ≤ λ(ε)2‖Λ1/2h‖2
K ,

where

λ(ε)2 = 4‖v′‖L2(R,ζ) + ε−2
∥∥(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2

∥∥2

B(K ,ζ⊗H )
+ ε−1‖c‖2

ζ‖ξ′‖2
L2(R)

+
ε−1

2
‖W ∗(cI − L̂)Λ−1/2‖2

B(K ,ζ⊗H ) + ε−2‖v‖2
L2(R,ζ)

+ 4ε−1‖v′‖L2(R,ζ)

∥∥(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2
∥∥2

B(K ,ζ⊗H )

+ 2ε1/2‖c‖ζ‖v′‖L2(R,ζ)‖ξ′‖L2(R)

+ ‖v′‖L2(R,ζ)‖W ∗(cI − L̂)Λ−1/2‖B(K ,ζ⊗H ) + ‖v′‖L2(R,ζ)‖v‖L2(R,ζ)

+ ‖W ∗(cI − L̂)Λ−1/2‖B(K ,ζ⊗H )

∥∥(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2
∥∥

B(K ,ζ⊗H )

+ ε−2‖v‖L2(R,ζ)

∥∥(I ⊗ Λ)1/2W ∗(cI − L̂)Λ−1/2
∥∥

B(K ,ζ⊗H )

+ ε−2‖c‖ζ

(∫ ∞

−∞

∣∣∣∣ξ′
(

r

ε

)∣∣∣∣
4

dr

)1/2

‖v‖L2(R,ζ)

+
1
2

ε−3/2‖v‖L2(R,ζ)‖W ∗(cI − L̂)Λ−1/2‖B(K ,ζ⊗H ).

This proves (i).

To prove assertion (ii), we note that
∫

R
‖(I⊗(j−1) ⊗ v′ε(r))ϕ‖2

H ζ
j

dr ≤ λ(ε)2‖(I⊗(j−1) ⊗ Λ1/2)ϕ‖2
H ζ

j−1

for ϕ ∈ H ζ
j−1. The above estimate can be proved first for simple tensors and then for general elements

in H ζ
j−1 that can be uniformly approximated by simple tensor products.

For h ∈ dom(Λ),

∂jψn(vε)h(r1, . . . , rn) = (n!)−1/2(Sn ⊗ I)(I⊗(n−1) ⊗ vε(rn)) · · · (I⊗(j−1) ⊗ v′ε(rj)) · · · vε(r1);
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hence, for n ≥ 1, we have the following estimates:
∫

Rn

‖∇ψn(vε)h(r1, . . . , rn)h‖2
H ζ

n

≤
n∑

j=1

(n!)−1

∫

Rn

∥∥(I⊗(n−1) ⊗ vε(rn)) · · · (I⊗(j−1) ⊗ v′ε(rj)) · · · vε(r1)h
∥∥2

H ζ
n

≤ n(n!)−1‖vε‖2(n−j)
B(K ,L2(R,ζ⊗H ))λ(ε)2‖vε‖2(j−1)

B(K ,L2(R,ζ⊗K ))‖Λ1/2h‖2
K

≤ 1
(n− 1)!

λ(ε)2α(ε)2(n−1)‖Λ1/2h‖2
K .

We used the fact that both norms ‖vε‖B(K ,L2(R,ζ⊗H )) and ‖vε‖B(K ,L2(R,ζ⊗K )) are less than or equal to
the constant α(ε) from Proposition 4.1. Therefore,

‖∇ψ(vε)h‖2
ΓK

≤ ‖h‖2
K + λ(ε)2‖Λ1/2h‖2

K

∑

n≥1

α(ε)2(n−1)

(n− 1)!
< ∞

for any ε > 0, Ψn(vε)h ∈ W2,1(Rn∗ , ζ⊗sn ⊗H ), and n ≥ 0. This completes the proof of the proposition.

Proposition 4.3. (1) The linear span D0 of the subset
{
Ψ(vε)h : v, ξ ∈ C∞

0 (R∗, ζ), h ∈ dom(Λ), and ε > 0
}
,

is dense in ΓK , and hence also in ΓH .

(2) The elements of D0 belong to the subspace N0±(D) and satisfy the boundary condition
(a− −Wa+ − L̂)Ψ(vε)h = 0.

Therefore, D0 ⊂ N0±(D) ∩ ΓK ⊂ dom(C ), and the operator C is densely defined in ΓH .

Proof. For any function v ∈ C∞
0 (R∗, ζ), we have

∫

R
‖(vε − v)(r)h‖2

K ζ dr

≤ ε‖ξ‖2
L2(R)‖c‖2

ζ‖h‖2
K +

∫
‖I(0,∞)(r)(I ⊗ erΛ/ε)W ∗(cI − L̂)h‖2

K ζ dr

+
∫

R

∣∣∣∣ξ
(

r

ε

)∣∣∣∣
2

‖v(r)⊗ h‖2
K ζ dr

+ 2
∫ ∣∣∣∣ξ

(
r

ε

)∣∣∣∣
2

‖c⊗ h‖K ζ‖I(0,∞)(r)(I ⊗ erΛ/ε)W ∗(cI − L̂)h‖K ζ dr

+ 2
∫

R

∣∣∣∣ξ
(

r

ε

)∣∣∣∣
2

‖c⊗ h‖K ζ‖v(r)‖ζ‖h‖K dr

+ 2
∫

R

∣∣∣∣ξ
(

r

ε

)∣∣∣∣
2

‖v(r)⊗ h‖K ζ‖I(0,∞)(r)(I ⊗ erΛ/ε)W ∗(cI − L̂)h‖K ζ dr

≤ ε‖ξ‖2
L2(R)‖c‖2

ζ‖h‖2
K +

ε

2
‖W ∗(cI − L̂)‖B(K ,H ζ)‖h‖2

K

+ ε
(
sup

r
‖v(r)‖2

ζ

)‖ξ‖2
L2(R)‖h‖K + (2ε)1/2‖c‖ζ‖W ∗(cI − L̂)‖B(K ,K ζ)‖h‖2

K
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+ 2ε
(
sup

r
‖v(r)‖ζ

)‖ξ‖2
L2(R)‖c‖ζ‖h‖2

K

+ (2ε)1/2‖v‖2
L2(R,K ζ)‖W ∗(cI − L̂)‖B(K ,K ζ)‖h‖2

K = σ(ε)‖h‖K .

Then

‖vε − v‖B(K ,L2(R,K ζ)) = σ(ε)1/2 → 0 as ε → 0.

By using the same arguments as in the proof of Proposition 3.3, we obtain the following estimates:∫

Rn

‖(Ψn(vε)−Ψn(V ))h(r)‖2K ζn dr1 . . . dnr

≤
n∑

k=1

∫

R

∥∥∥∥
k+1∏

l=n

(I⊗(l−1) ⊗ vε(r))(I⊗(k−1) ⊗ (vε − v)(rk))
1∏

j=k−1

(I⊗(j−1) ⊗ v(rj))h
∥∥∥∥

2

K ζ
n

dr

≤
n∑

k=1

‖vε‖2(n−k)

B(K ,L2(R,K ζ))
‖vε − v‖2B(K ,L2(R,K ζ))‖v‖2(k−1)

B(K ,L2(R,K ζ))
‖h‖K

≤
n∑

k=1

α(ε)2(n−k)‖v‖L2(R,ζ)σ(ε)‖h‖K .

Notice that the equality
∫

R
‖v(r)h‖2

K ζ dr = ‖v‖2
L2(R,ζ)‖h‖2

K

implies that |v‖B(K ,L2(R,K ζ)) = ‖v‖L2(R,ζ). Since σ(ε) → 0 as ε → 0, D0 is densely embedded in ΓH ,
because the linear span of pseudo-exponential vectors of the form Ψ(V )h, where h ∈ K and v ∈
C∞

0 (R∗, ζ), is dense in ΓK .

In order to prove the second part of the proposition, we observe that, according to the definition of a−,
for any n ≥ 1, r ∈ Rn−1, we have the equality

(a−Ψ(vε)h)(n−1)(r) =
√

nA−n Ψn(vε)h(r)

=
√

n
1√
n!

(Sn ⊗ I)(I⊗(n−1) ⊗ vε(0−))(I⊗(n−2) ⊗ vε(rn−1)) · · · vε(r1)h

=
1√

(n− 1)!
(Sn ⊗ I)(I⊗(n−1) ⊗ c)(I⊗(n−2) ⊗ vε(rn−1)) · · · vε(r1)h

= (I⊗(n−1) ⊗ c)Ψn−1(vε)h(r),

where vε(0−) = c and the operators As
n and (Sn ⊗ I) commute (because they act in different spaces).

Then

‖a−Ψ(vε)h‖2
ζ⊗ΓH

=
∑

n≥0

∫

R(n−1)

‖(I⊗(n−1) ⊗ c)Ψn−1(vε)h(r1, . . . , rn)‖2
H ζ

n

≤
∑

n≥1

‖c‖2
ζ‖Ψn−1(vε)h(r1, . . . , rn)‖2

H ζ
n−1

< ∞,

where

‖I⊗(n−1) ⊗ c‖
B(H ζ

n−1,H ζ
n )

= ‖c‖ζ .

This proves that Ψ(0−)h ∈ N0−(D); similarly, Ψ(0−)h ∈ N0+(D).
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Now, using (1) and taking into account the equality vε(0+) = W ∗(cI − L̂), we obtain

(a−Ψ(vε)h)(n−1)(r) = (I⊗(n−1) ⊗ c)Ψn−1(vε)h(r)

= (I⊗(n−1) ⊗ (Wvε(0+) + L̂))Ψn−1(vε)h(r)

= ((Wa+ + L̂)Ψ(vε)h)n−1(r).

This proves that (a− −Wa+ − L)Ψ(vε)h = 0.

5. THE OPERATOR C IS SYMMETRIC

The integration by parts formula (or the Green formula) (see [22, p. 2]) holds on every chamber Qm.
So if ηm is the outer normal to ∂Qm, then, for any functions u, v ∈ W2,1(Rn∗ ; K

ζ
n ), we have the following

identity:
∫

Qm

〈
u,

n∑

l=1

∂lv

〉

K ζ
n

= −
∫

Qm

〈 n∑

l=1

∂lu, v

〉

K ζ
n

+
n∑

l=1

∫

∂Qm

〈ηm, el〉〈u/∂Qm , v/∂Qm〉K ζ
n
.

Notice that the inner product 〈ηm, el〉 differs from zero only on ∂Qm ∩ {rl = 0}; hence
∑n

l=1〈ηm, el〉 can
take only two values±1.

Now, for u, v ∈ W s
2,1(Rn∗ ; K

ζ
n ), summing over 2n n-particles chambers Qm ⊂ Rn∗ , we obtain the

following integration by parts formula:
〈

u,
n∑

l=1

∂lv

〉

L2(Rn;K ζ
n )

= −
〈 n∑

l=1

∂lu, v

〉

L2(Rn;K ζ
n )

+
2n∑

m=1

n∑

l=1

∫

∂Qm

〈ηm, el〉〈u/∂Qm , v/∂Qm〉L2(Rn−1;K ζ
n )

= −
〈 n∑

l=1

∂lu, v

〉

L2(Rn;K ζ
n )

+ n
〈
u/{rn=0−}, v/{rn=0−}

〉
L2(Rn−1;K ζ

n )

− n
〈
u/{rn=0+}, v/{rn=0+}

〉
L2(Rn−1;K ζ

n )
.

Lemma 5.1. For any s ∈ {0−, 0+}, there exists a family of operators

(aj(s))n≥1, aj(s) : N0±(D) → ΓH ,

such that, for any u, v ∈ N0±(D)∇,

(i) a(s)u =
∑

j zj ⊗ aj(s)u;

(ii) 〈a(s)u, a(s)v〉ζ⊗ΓH
=

∑
j〈aj(s)u, aj(s)v〉2ΓH

;

(iii)
∑

j〈Lju, aj(0−)v〉ζ⊗ΓH
=

∑
j〈u, L∗jaj(0−)v〉ΓH

= 〈u, L̂∗a−v〉ΓH
.

Proof. If (zj1 ⊗s · · · ⊗s zjn) is an orthonormal basis in ζ⊗sn and (hk)k≥1 is an orthonormal basis in H ,
then, for any u ∈ N0±(D), we have

(a(s)u)n(t1, . . . , tn) =
∑

j,j1,...,jn,k

αj,j1,...,jn,k(t1, . . . , tn)zj ⊗s zj1 ⊗s · · · ⊗s zjn ⊗ hk

=
∑

j

zj ⊗
∑

j1,...,jn,k

αj,j1,...,jn,k(t1, . . . , tn)zj1 ⊗s · · · ⊗s zjn ⊗ hk.
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Hence

(aj(s)u)n =
∑

j1,...,jn,k

αj,j1,...,jn,k(t1, . . . , tn)zj1 ⊗s · · · ⊗s zjn ⊗ hk,

where aj(s)u = ((aj(s)u)n). After standard computations, we see that

∞ > ‖(a(s))nu‖2
L2(Rn,H ζ

n+1)

=
∫

Rn

‖(a(s)u)n(t)‖2
H ζ

n+1

dnt

=
∫

Rn

∥∥∥∥
∑

j

zj ⊗ (a(s)u)n(t)
∥∥∥∥

2

H ζ
n

dnt

=
∑

j

‖zj‖2

∫

Rn

‖(a(s)u)n(t)‖2
H ζ

n
dnt

=
∑

j

‖(aj(s)u)n‖2
L2(Rn,H ζ

n )
=

∥∥∥∥
∑

j

zj ⊗ (aj(s)u)n

∥∥∥∥
2

ζ⊗L2(Rn,H ζ
n )

. (1)

This proves that the series in the right-hand side converges. Now, using estimate (1), we obtain

‖a(s)u‖2
ζ⊗ΓH

=
∑

n≥0

‖(a(s)u)n‖2
L2(R(n−1),H ζ

n )

=
∑

n≥1

∑

j

‖(aj(s)u)n‖2
L2(R(n−1),H ζ

n−1)
=

∑

j

‖aj(s)u‖2
ΓH

,

and assertion (ii) follows after application of the polarization identity.

To prove (iii), we observe that

〈u, L̂∗a−v〉ΓH
= 〈u, L̂∗

∑

j

zj ⊗ aj(0−)v〉ΓH

=
∑

j,k

〈zk, zj〉ζ〈u, L∗kaj(0−)v〉ΓH
=

∑

j

〈Lju, aj(0−)v〉ΓH
.

According to assertion (ii), the integration by parts formula holds for u, v ∈ N0±(D) and it has the
following form:

〈u,∇v〉ΓH
= −〈∇u, v〉ΓH

+ 〈a−u, a−v〉ζ⊗ΓH
− 〈a+u, a+v〉ζ⊗ΓH

= −〈∇u, v〉ΓH
+

∑

j

〈aj(0−)u, aj(0−)v〉ΓH
−

∑

j

〈aj(0+)u, aj(0+)v〉ΓH
. (2)

Theorem 5.2. The operator C0 is symmetric.

Proof. Let v = Ψ(vε)h and u = Ψ(uε)h be two elements from D0. Then the boundary condition
Wa+u = a−u− L̂u has the equivalent form

W
∑

j

zj ⊗ aj(0+)u =
∑

j

zj(aj(0−)− Lj)u.
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Therefore,∑

j

〈aj(0+)u, aj(0+)v〉ΓH
=

∑

j,j′
〈zj , zj′〉ζ〈aj(0+)u, aj(0+)v〉ΓH

=
〈

W

(∑

j

zj ⊗ aj(0+)u
)

,W

(∑

j′
zj′ ⊗ aj′(0+)u

)〉

ζ⊗ΓH

=
〈∑

j

zj ⊗ (aj(0−)− Lj)u,
∑

j′
zj′ ⊗ (aj′(0−)− Lj′)v

〉

ζ⊗ΓH

=
∑

j,j′
〈zj , zj′〉ζ〈(aj(0−)− Lj)u, (aj′(0−)− Lj′)u〉ΓH

=
∑

j

〈(aj(0−)− Lj)u, (aj(0−)− Lj)u〉ΓH
.

Using this identity and the integration by parts formula (2), after some computations we obtain the
following equality:

〈u,C0v〉 = i〈u, (∇+ G∗ − L∗a−)v〉

= −〈∇u, v〉ΓH
+ i

∑

j

〈aj(0−)u, aj(0−)v〉ΓH

− i
∑

j

〈aj(0+)u, aj(0+)v〉ΓH
+ i〈u,G∗v〉 − i〈u, L∗a−v〉

= −i〈∇u, v〉+ i
∑

j

〈aj(0−)u, aj(0−)v〉ΓH

− i
∑

j

〈(aj(0−)− Lj)u, (aj(0−)− Lj)u〉ΓH
+ i〈u,G∗v〉 − i〈u, L∗a−v〉

= −i〈∇u, v〉 − i
∑

j

〈Lju, Ljv〉+ i
∑

j

〈aj(0−)u, Ljv〉ΓH

+ i
∑

j

〈Lju, aj(0−)v〉ΓH
+ i〈u,G∗v〉 − i〈u, L∗a−v〉

= −i〈∇u, v〉+ i
∑

j

〈L∗jaj(0−)u, v〉ΓH
− i〈(G∗ + G)u, v〉+ i〈u,G∗v〉ΓH

= 〈i(∇− L∗a− + G∗)u, v〉 = 〈C0u, v〉,
where we used the fact that G + G∗ =

∑
j L∗jLj .

6. EXAMPLE: TWO-PHOTON ABSORPTION AND EMISSION PROCESS
The phenomenon of absorption and simultaneous emission of photons is one of the fundamental in-

teraction mechanisms between matter and energy. We consider here a simple model of this phenomenon.
In our example, |J | = 2, H = l2(N), and ζ = C2; we take J = {0, 1} and set Wj,k = δj,kI, j, k ∈ J .
The operators {Lj}j∈J are defined by the relations L0 = λ0a

2
0, L1 = λ1a

2
1, where a1 = a†, a0 = a are

the operators of creation and annihilation, respectively, λ0 > 0, λ1 ≥ 0 and λ1 ≤ λ0. In the recent paper
[23], the invariant states of the quantum Markov semigroup for this process where studied in the case
λ1 ≤ λ0.

Recall that these operators act on the elements (en)n≥1 of the canonical basis in l2(N) by the rules

a†en−1 = a1en−1 =
√

nen, aen = a0en =
√

nen−1;
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moreover, they satisfy the canonical commutation relation [a, a†] = 1. For any ω ∈ R, consider the self-
adjoint operator H defined by the following relationship:

H : dom(N2) → l2, H = ωa2
1a

2
0 = ωN(N − 1),

where N = a†a = a1a0 is the number operator, which is densely defined on

dom(N) =
{

x = (xn)∞n=1 ∈ l2 :
∞∑

n=1

n2|xn|2 < ∞
}

.

Since the operators L0, L1, and H are unbounded and noncommuting, this example cannot be treated
by the theory developed in [18]–[20].

Further, we use the notation

z0 = |0〉 =


1

0


 , z1 = |0〉 =


0

1




for the canonical basis in C2. It can readily be seen that

dom(Lj) = dom(N) ⊇ dom(N2) ⊇ dom(N3) ⊇ · · · .

Suppose that

K = dom(N2) =
{

x = (xn)∞n=1 ∈ l2 :
∞∑

n=1

n4|xn|2 < ∞
}

with norm ‖x‖K = ‖N2x‖H ; i.e., Λ = N4.

Proposition 6.1. (i) Lj ∈ B(K ;H ) for any j ∈ J ;

(ii) L∗jLj ∈ B(K ; H ) for any j, therefore,
∑

j L∗jLj ∈ B(K ; H );

(iii) H ∈ B(K ;H ).

Proof. (i) For x ∈ K , x =
∑

n≥1 xnen, the following equality holds:

L0x = λ0

∞∑

n=1

xn

√
n(n− 1)en−2;

hence

‖L0x‖2
l2 = λ2

0

∞∑

n=1

n(n− 1)|xn|2 ≤ λ2
0

∞∑

n=1

n4|xn|2 = λ2
0‖N2x‖2

l2 = λ2
0‖x‖2

K .

Therefore, L0 ∈ B(K ; H ); more precisely, ‖L0‖B(K ;H ) ≤ λ0. In a similar way, we can prove that
L1 ∈ B(K ; H ) and ‖L1‖B(K ;H ) ≤ λ1.

(ii) For x ∈ K , we have L0x, L1x ∈ domL∗0 = domL∗1 = domN and

L∗0L0x = λ2
0

∞∑

n=1

n(n− 1)xnen, L∗1L1x = λ2
1

∞∑

n=1

(n + 1)(n + 2)xnen;

hence

‖L∗0L0x‖2
H = λ4

0

∞∑

n=1

n2(n− 1)2|xn|2 ≤ λ4
0

∞∑

n=1

n4|xn|2 = λ4
0‖N2x‖2

H = λ4
0‖x‖2

K .
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It is also clear that

‖L∗1L1x‖2
H = λ4

1

∞∑

n=1

(n + 1)2(n + 2)2|xn|2

≤ λ4
1

∞∑

n=1

(n + 2)4|xn|2 < 81λ4
1

∞∑

n=1

n4|xn|2 = 81λ4
1‖N2x‖2

H = 81λ4
1‖x‖2

K .

Hence
∑

j L∗jLj ∈ B(K ;H ).

(iii) The proof of the inclusion H ∈ B(K ;H ), is similar to that for assertion (ii).

As a consequence of Proposition 6.1, we see that Conjectures H-1 and H-2 are fulfilled. Let us prove
that Conjecture H-3 holds.

Proposition 6.2. The operator

(I ⊗ Λ)1/2W ∗(cI − L)Λ−1/2 : K → C2 ⊗ l2

is well defined and bounded.

Proof. Suppose that x1 ∈ K and x = N−2x1 ∈ dom(N4), then

(I ⊗N2)(cI − L)N−2x1 = (I ⊗N2)(cI − L)x =
∑

j∈J

{cj |j〉 ⊗N2x− λj |j〉 ⊗N2a2
jx}.

Hence

‖(I ⊗N2)(cI − L)N−2x1‖C2⊗H =
∥∥∥∥
∑

j∈J

{cj |j〉 ⊗N2x− λj |j〉 ⊗N2a2
jx}‖C2⊗H

≤
∑

j∈J

{‖cj |j〉 ⊗N2x‖C2⊗H + ‖λj |j〉 ⊗N2a2
jx‖C2⊗H }

=
∑

j∈J

{|cj |‖N2x‖H + λj‖N2a2
jx‖H }.

Now, taking into account the commutation relation [a0, a1] = 1, one can see that N2a2
0 = a2

0(N − 2)2.
Using the fact that ‖a0‖B(K ;H ) ≤ 1, we obtain the estimate

‖N2a2
0x‖l2 = ‖a2

0(N − 2)2x‖l2 ≤ ‖(N − 2)2N−2x1‖K

≤ ‖x1‖K + 4‖N−1x1‖K + 4‖N−2x1‖K

≤ ‖x1‖K + 4‖N2x1‖l2 + 4‖x1‖K = 9‖x1‖K

and

‖N2a2
1x‖l2 ≤ ‖(N + 2)2N−2x1‖K ≤ 9‖x1‖K .

Thus,

(I ⊗N2)(cI − L)N−2 ∈ B(K ;C2 ⊗ l2)

and Theorem 5.2 can be applied to this model.

The essential self-adjointness of the corresponding operator C can be proved by using the construc-
tion of the minimal quantum dynamical semigroup associated with this operator [18].
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