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Introduction

The ruin probability of the reserve of an insurance company, in finite and infinite horizon, when
there is the possibility to invest in a risky asset, has recently received a lot of attention. It is well
known that for the classical Cramér-Lundberg process (where there is no investment and the claims
have exponential moments), the ruin probability decreases exponentially with respect to the initial
wealth.

Hipp and Plum in 2000, see [HP00], assuming that the price of stock is modeled by the Geometric
Brownian Motion, determined the strategy of investment which minimizes the ruin probability using
the Hamilton-Jacobi-Bellman equation. In 2003, Gaier, Grandits and Schachermayer, see [GGS03],
under the same hypotheses as Hipp and Plum, obtained an exponential bound with a rate that
improves the classical Lundberg parameter. The optimal trading strategy they found consists in
investing in the stock a constant amount of money, independent of the current level of the reserve.
Hipp and Schmidli [HS04] showed that this strategy is asymptotically optimal.

In this paper we study the problem from a different point of view. We follow the approach done
by Ferguson, (1965) who conjectured that maximizing exponential utility from terminal wealth
is intrinsically related to minimizing the probability of ruin. Ferguson studied this problem for
a discrete time and discrete space investor. Browne (1995), verified the conjecture in a model
without interest rate, where the stock follows a Geometric Brownian Motion, and the Risk Process
is a Brownian Motion with drift, see [Fer65], [Bro95], and references therein. We consider the
wealth process of the reserve of an insurance company, with claims with exponential moments,
when there is investment in a bond and in a stock that follows a Geometric Brownian Motion
(see the formulation of the problem in Section 1). We first determine the optimal strategy that
maximizes an exponential utility function (—exp~7%) of the wealth process for a finite horizon
of time (7). Then we ask ourselves what the ruin probability is, for this strategy, in the interval
[0,T]. We obtain an exponential bound for the ruin probability that, when applied to the Classical
Cramér Risk Process, improves the classical Lundberg parameter for some values of ~. If we take
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the particular value v = 7, with 7 as in [GGS03] —their modified Lundberg parameter— and no
bond, our strategy is the same to the one obtained by Gaier, Grandits and Schachermayer, and
Hipp and Schmidli. Hence, we can conclude that there is a deep relationship between maximizing
the exponential utility function and minimizing the probability of ruin.

The organization of this paper is as follows: the first Section is devoted to describe the problem. In
Section 2 we have the verification theorem for the optimal problem, Theorem 2.1. In Section 3 we
give a closed solution for an exponential utility function and find, explicitly, the optimal strategy
in Theorem 3.1. In Section 4 we estimate a bound for the ruin probability in Proposition 4.1 and
show our results include those of other authors (see, in particular, Remark 4.4). Finally, in the last
Section, we discuss numerical results.

1. Formulation of the Problem

In this section we formulate an optimal investment problem for an insurance company which is
allowed to invest in the securities market. Let (£2, F, P) be the underlying probability space, where
a Brownian motion By, a Poisson process Ny with constant intensity A, and a sequence of indepen-
dent nonnegative random variables Y; with identical distribution v are defined. It is assumed that
(B)t>0, (Nt)¢>0 and (Y;);>1 are independent, and for each ¢ > 0 the filtration F; containing the
information up to time ¢ is defined by

Fi =0{Bs, Ns,Yjljj<n,, s<t, j>1}.

The market where the insurer can invest is composed by a bank account S and a risky asset Sy,
whose dynamics satisfy
Sp = Spe™,  Sp =1,

dSt = St(adt + O'dBt), S() =T,

where 7, a, and ¢ are constants.
On the other hand the risk process is the classical Lundberg model, using a compound Poisson
process for the claims. Given the initial surplus z and the premium rate ¢ > 0, the risk process

Ny
Rt:z+ct—ZY¢,
i=1

where Y; represents the claim amounts.

We are interested in the finite horizon problem. Then, at each time ¢t € [0, 7], with 7' > 0 fixed, the
insurer divides his wealth X; between the risky and the riskless assets and, if a claim is received at
that time, it is paid immediately. Let 7; be the amount of wealth invested in the risky asset at time
t, which takes values in IR, while the rest of his wealth X; — 7y is invested in the bank account.
Then, if at time s < T the surplus of the company is x, the wealth process satisfies the dynamics

Ny t
X0 = mtelt—s)— > Yj+/(a—n)7rrdr
J=Ns+1 s
t t
+/ an’x’”dr+/ omrdBr, (L.1)
s s

with the convention that Z?:l = 0. When s = 0, we write X[.
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Definition 1.1. We say that m = {m;} is an admissible strategy if it is a Fy-progressively measurable
process such that
Pllm| <A, 0<t<T]=1.

Note that the constant A may depend of the strategy, and the equation (1.1) has a unique solution.
We denote the set of admissible strategies as A.

A utility function U : IR — IR is defined as a twice continuously differentiable function, with
the property that U(-) is strictly increasing and strictly concave. We consider the optimization
problem consisting on maximizing the expected utility of the terminal wealth at time T, i.e. we are
interested in the following value function:

W(s,z) = sup E[U(XZ2"7)]. (1.2)
TeA
We say that an admissible strategy 7* is optimal if W (s, z) = E[U(X;x”*)]
The main results of this paper can be summarized as follows: when the risk preferences of the
insurer are exponential, the optimal investment problem described above can be solved explicitly
and, for the optimal investment strategy, it is possible to obtain an estimate of the associated ruin
probability.

2. Verification Theorem

In order to find a solution to the optimal investment problem formulated in (1.2) we will use
dynamic programming techniques. See, for instance, [FS93] for a general background in the theory
of optimal stochastic control. The Hamilton-Jacobi-Bellman (HJB) equation associated with the
optimal stochastic control problem is given by

o2 2
0 = %‘:(t, x) + %151)%( {27}2(?);;(75,3;) + (7(a—n) + nx)aa‘;(t,x)}
+C%(t’ x) + A /]R[V(t’ T — y) - V(t, IL‘)]I/(dy)’ (2'3)

with terminal condition V(T,x) = U(z). Next we establish a verification theorem, which relates
the solution of the HJB equation (when it exists) and the value function (1.2).

Theorem 2.1. Assume that there exists a classical solution V (t,z) € CY2([0,T] x IR) to the HJB
equation (2.3) with boundary condition V(T',z) = U(x). Assume also that for each m € A

T
/ / B[V (s, X — 1) — V(s, X)) 20(dy)ds < o (2.4)
0 R
and . 5
/ Elr, (s, X7 )]2ds < oc. (2.5)
0 ox

Then, for each s € [0,T], z € IR,
Vis,z) > W(s,x).

If, in addition, there exists a bounded measurable function 7* : [0,T] x IR — IR such that

* o ov
m(t,x) € argmax, < {277 W(t,x) + (m(a—n) + nx)%(t, 1:)} ,



then m} = W*(t,Xer) defines an optimal investment strategy in feedback form if (1.1) admits a
unique solution XJ and
Vs,z) =W(s,z) = EU[X ‘””].

In order to prove this theorem we need the following lemma. Its proof can be adapted from
[LL96, Lemma 7.2.2] and will be omitted.

Lemma 2.1. Let ¢(t,z,y) : Ry X R X IR — IR be a measurable function such that, for each y € IR,
the function (t,x) — ¢(t,z,y) is continuous and let X[, t > 0 be the left continuous process defined
in (1.1) for an admissible strategy w. Assume that for every t € [0,T]

(/ds/¢ (s, X™,y)v(d )><oo.

Then the process M; defined by

Ny
Mt:Z¢(Tja T ] )‘/ d3/¢5Xsay dy)
=1

where T, = inf{t > 0, Ny = n}, is a square integrable martingale and
)\/ ds/ (s, XT,y)v(dy),

Proof of Theorem 2.1. Given 1 € A, 0 < s < T and = € IR, Ito’s formula implies that, for any
rels,T),

18 a martingale.

V(r, X7%") =V (s,x +/ (t, X;7°T)dt

+/ (t, X" ) e+ (a —n)m- +n X" }dt
82 S,x,T 2
‘l‘? i a 2(75 X ) t,dS

+ Z tXtS$TI' o XS.Z’T( +/ 8V XS.Z’T( ﬂt—dBt

s<t<r

— tXSCﬂﬂ'd
sx —I-/ 6t
1%

[T X e+ X + (o= m)m- b
62V S,X,T
+?Sa2(tX )2 dt

3 [ WX =) Vi X udy)

D VEXDT) = V(X5 - A / /IR VX =) = VI X)) v (dy)
s<t<r $
" 8‘/ S,T,T

4 / (4 X} o, dBy. (2.6)



The last term is a martingale because it is an stochastic integral with respect to Brownian motion
and, defining
¢(t7 xz, y) = V(t7 L= y) - V(ta JI), (27)

the stopping times as 7;, we have that

> ol X STV = Y (VX -V XP),

i=Ns+1 s<t<r

From the previous lemma, the term
SOVt XT) - V(t XT) /\/ / V(t, XTI —y) — V(t, X )|u(dy)dt
t<r

is a martingale. Now, using the fact that V solves the HJB equation (2.3), and taking expectations
in both sides of (2.6), it follows that

BV(nX;"7) = V(sa)+E [ ATV (X" )de

T

< V(s,z)+E [ sup ATV (¢, X]")dt (2.8)
s melR
= V(s,x),
where AT is the operator
AT(V(t,x)) = ( z)(c+m(a—mn)+nx)
02 92V
+ oM +)\/ (t,x —y) — V(t,2)v(dy). (2.9)

Letting r =T, we get
Wi(s,z) < V(s,x).

To prove the second part, note that from hypothesis we know that 7*(¢,x) is measurable and,
together with the assumption that X7 is the unique solution of (1.1), imply that *(t, X7 ) is an
admissible feedback control. Repeating the above calculations with 7; = 7*(t, X™ ), it follows that
inequality in (2.8) becomes equality. Hence,

V(s,z) = EUXF"™ )] < W(s,x),
and together with the first part implies that
Vis,z) =W(s,x).
When s = T the theorem follows directly from the terminal condition V(T,z) = U(T, z).
O

Remark 2.1. In the next section a closed form solution to the HJB equation (2.3) will be find
when the insurer has exponential risk preferences. Also, an estimate for the ruin probability when
the optimal investment strategy is followed will be obtained.
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3. Explicit solutions for exponential utility function

In this section we will obtain an explicit solution to the HJB equation (2.3) when the utility function
is of exponential type, i.e.
U(z) =—e 7.

Also, using the verification theorem proved in the previous section, an explicit optimal strategy 7*
will be found.

In view of the form of the utility function and the dynamics of the wealth process X]', we propose
as solution to the HJB equation the function

W(t,z) = —K;exp {—yze" 0}, (3.10)

for some function K; which will be defined below.
From the definition of W (¢, z) we have that

égi/ = {—K} — Ki[yane" " D} exp {—yze" TV}, (3.11)
%’ — K () exp {—yae" T 1yenT=0), (3.12)
2
7%32/ = —KerQ”(T_t) exp{—’ya:e"(T_t)} (3.13)

and
A [ W@ =) = Wia)udy)
= —Koexp (=3O} | [ fexp (3ye ™)~ 1u(ay)|. (3.14)
R
Substituting expressions (3.11), (3.12), (3.13) and (3.14) in (2.3), we obtain
— K| — Kyyane"™ ™ + Ky (c + na)ye" T
1
+ max {—20'27T2Kt’}/262n(Tt) + Ky(a — n)ﬂe”(Tt)}
MK, [ [exp{yyen ™0}~ 1u(dy)
R
= —K|+ Keye" T
1
+ max {Kte”(T‘” [—50* e + 9 (a - n)ﬂ]}
K [ fexp{ayen ™0}~ Uv(dy),
R
(3.15)
and the maximum in the last expression is attained at

T (t,z) = a=n ;2?76_77(T_t).



Substituting 7* in (3.15), we obtain the following first order differential equation for K (t):

N2
K'(t) — K, E(az") — \G: + c'ye"(T_t)] =0, (3.16)
(o

where

By = /IR lexp{yye" ™D} —1]u(dy).

In view of (3.10), the terminal condition W (T,z) = —e™7* will be satisfied when K7 = 1. Hence,
the solution of the ODE (3.16) is given by

1(a—n)? c _ T
Kt:eXp {—2((3-2{’7)(T_t>+7’7y[1—677(T t)]‘i‘A/t /Bsds}.
Remark 3.1. When the interest rate n is zero, B¢ is independent of t. In this case its constant
value is denoted by [3.
Theorem 3.1. Assume that
exp{2yye™ Yv(dy) < oc.

R

Then, the value function defined in (1.2) has the form

a@—m)2
W(t,z) = —exp {—;( n)

cexp {—vyze! TV}, (3.17)

P T TC ) /T
= (T t)—l—n[l e ]—l—)\t Bsds

and
* a—"n _nT—t
t 2= U -n( )
m (7'7;) 0_26

s an optimal strategy.
In particular, when n =0 we have that

W(t,z) = —exp {—;:Q(T —t)+cy(T —t)+ 23(T — t)} e (3.18)
and a
T (t,x) = P

Proof. We have checked already that the function W (t,z) defined in (3.10) solves the HJB
equation (2.3). Now, we would like to apply Theorem 2.1 and, in order to do that, we shall verify
first that the assumptions of such theorem are satisfied. Let m € A be an admissible strategy. Next
we get an estimate which yields the first condition (2.4) when 7 = 0. Observe that substituting the
definitions of W (t,z) and X[ we get

B[ WEXE -y - WEXD)Pridy) = KiBesp{-2vX7} [ [ = 1Pu(dy)
_ K2 /IR €7 — 1)20(dy)E exp{ -2y XT } (3.19)

= K7 [ [ - Puld)e .
R
N

t t ¢
Eexp{72’ya/ 7Trd7“72’)/0'/ mrdBy + 2 E Y;}
0 0 ;
Jj=1

(3.20)



Now, define the following equivalent measure ) on Fr, with Radon-Nikodym derivative

dQ _ T Lo o [T
E—exp{—'ya/o WrdBr—§’}/O'/0 mdr}.

Notice that Novikov’s condition is satisfied in view of that strategy 7 is bounded (by constant
A), according with the definition of admissible strategies. Then, from the independence of N; and

Y;, j=1,2,..., and using the form of the moment generating function,
t t t— t Nt,
Eexp{—2’ya/ Tpdr — 270’/ T dBy + 27y Z Y;} = Eg exp{/ [—2yam, + 2v20%w2]dr + 2y Z Y;}
0 0 : 0 .
7=1 7j=1
N,
S 6[2’y|a|A+27202A2]TEQ eXp{Q’y Z Y]}
j=1
c[27lalA+2y2 02 A%T exp{)\t[/ e2u(dy) — 1]}
R
< 0.
In order to prove the second condition (2.5), notice that
E[r, W, (t, X[ )]? < Ay*Ee 1% (3.21)

Then, using the same arguments given after (3.19), it follows that the right hand side of (3.21) is
finite. Now, once we have verified the hypotheses of Theorem 2.1, it can be applied to derive the
results of the theorem.

When the interest rate 7 is non-zero, we apply the following argument. Given X[ the unique
solution of (1.1), set

XFo=e"TDXT &= e"T Ve, o(dy x dt) = "TDu(dy x dt), S, =e"TDg,,

where v(dy x dt) is the random Poisson measure associated with the Poisson process Ny and the
distribution v(dy) of the random variables Y;. Then, X[ solves the equation

~ t t t
X =z+ / [(a —n)m, + & ]dr + / omrdB, — / / yo(dy x dr),
0 0 0 JIR

which corresponds to the case when the interest rate is zero, with drift a — 1. Hence, the results
can be derived from the first part of the proof.

O]

4. Ruin Probability

In this section we shall estimate the ruin probability when the insurer follows the optimal strategy
obtained in the previous section, and we show our results include those on cf [GGS03].
Recall that the wealth process associated with the optimal investment strategy 7* is given by

N
X = z4ct— Zt:Y] + /t Me‘"(r[—’")dr
i=1 o 7o

t t _
+ / nX:dr + / @=n) ) gp. forn > 0. (4.22)
0 0 ’8}/0'



On the other hand, it is clear that

P[X} <0, for some s € [0,t]] = P[sup —X > 0]. (4.23)
s€[0,t]

The upper bound for the ruin probability will be proved with the aid of the following result, which
is Lemma 3.1 in [DFMO05]:

Lemma 4.1. Let Ri,t > 0 be the process defined by:

t t N
Ri=r —|—/ ogdBs +/ bsds + ZY,L»', t>0. (4.24)
0 0

=1

Assume that
(i) The law of the random variables Y, i > 1 admits a Laplace transform L(r) for 0 <r < K < cc.
(ii) There ezists 0 < 0 < K and a constant M;(5) > 0 such that for all s € [0,1],

s 2 s
5 / budu + % / a2du + As(L(8) — 1) < My(6), a.e. (4.25)
0 0

Then, for each § > 0, such that M(5) > 0 we have

Plsup R, > 0] < e 9+ Mi(9), (4.26)

s<t
Now we state our bound for the Ruin Probabilities.
Proposition 4.1. Assume that

1. The law of the random wvariables Y;, i > 1 admits a Laplace transform L(r) for 0 <r < K <
00, if K < 0o, lim,_,x L(r) = oo and that the following safety loading condition is satisfied
)2
(c+ %)e—ﬂ — XN >0, ifn>0, (4.27)
Yo
where E[Y1] = 0. Then, the ruin probability satisfies

Plsup—X; > 0] <e®*,
s<t

where §* is the positive root of the equation:

hn(8) = —8(c + (“V_O_Z)Z Ye T 4+ 522(:;02)2@2” FAL(S) —1) =0. (4.28)

2. In addition, if n =0, and % <y < %, where 8! is the root of the equation
Rl () = —dc + A(L(§) — 1) = 0, (4.29)

then
5t < &% (4.30)



Proof.

1. It is clear that for n > 0, we can not apply Lemma 4.1 to the process —X/,t > 0. We will use
two auxiliary processes Z;, Z}, t > 0 defined by:

Zy = Xje ™ (4.31)

z} = +(c+( o e Tt — ZY+/ exp "’ dBs. (4.32)

By the integration by parts formula we have

t Nt 2 t
Zy = z+/ e Medr = e Y] +/ e (@ =) e*"(Tfr)dr—i—/ ne” " X dr
0 = vo? 0
+ / P / ne™" X dr

— tq—
= z+/ e_m’cdr—Ze_ijj%—/ %eﬂﬁdr—k/ a ne_”TdBr. (4.33)
0 — 0o o 0o o

It follows that
~Zy < =7}, t>0

and since
X; <0 if and only if Z; <0,
then
P[sup —X, > 0] = P[sup —Z, > 0] < P[sup —Z! > 0].
0<s<t 0<s<t 0<s<t
For each 6 > 0 let M;(5) = th,(6). Note that
lim A, (8
Jim Ay (8) = oo,

since if K < oo by hypothesis lims_, g L(d) = oo, and if K = oo, we have a positive quadratic
term. Then, there exists § > 0 such that M;(d) > 0. Then, applying Lemma 4.1 to the process
—Z}, we obtain
P[sup —X, > 0] < P[sup —Z} > 0] < e %+Mel0),
0<s<t 0<s<t
The existence of a positive root follows from the continuity of h,(d) and the fact that h, () <0
in a neighborhood of 0 since for § > 0,

(0=, D@ o | ME®) 1)

= (et ~yo? 2 7202 )

and from the safety loading hypothesis (4.27) we have:

5—0 0 ’70’2
Then, there exists §* > 0 (the root of equation (4.28)) such that

)2
lim ha(0) _ —(c+ u)e_"T + A0 <0.

P[sup —X]<e*
0<s<T
If n = 0, we can apply directly Lemma 4.1 to the process X;.
10



2. Finally, to prove the second part of the Proposition we only need to verify that §' < §*.
Note that substituting d' in equation (4.28) for n = 0, we obtain:
2 sl 42
B (51 I
0() = ~yo? 2t 2 v202
Observing that ho(d') < 0 if and only if & 5 ~ < ~, the result follows.
]

Remark 4.1. Equation (4.29) corresponds to a Cramér Lundberg Process without investment, so
8! is the Classical Lundberg parameter, and (4.30) says we can have a better exponential rate.

Remark 4.2. The case n = 0 is simpler than n > 0, but it is important in view of (4.30). Here,
X = t — Y; —d —dB , 4.34
t =% +c Z + / 70_2 T+ 0 Yo r ( )

the safety loading condition becomes

2

C+—— =N >0, ifn=0, (4.35)
yo
and
a2 52 a?
Remark 4.3. For each v > 0, let 5(7) the root of ho( ) as in (4.28). If we let M(v) = o then
we have

a 2
0= o(3(3) = ho(62), M) = ~5(3) (e+ 220) 4 20 ar2 4 AL () - 11

Using the implicit function theorem, it can be shown that §(vy) is maximum when 0(7y) = .

Remark 4.4. In the particular case we chose 0(7y) = 7y, then 0(7) satisfies equation (14) in Gaier,
Grandits and Schachermayer [GGS03], which means that for this case, our § equals their 7.

Proposition 4.2. Assume that the random variables Y;, i > 1 are exponentially distributed with
mean 0 and

e’
0<y<— (4.37)
Then
B la—n cy n(T—t)] A 1—~0
Wi(t,z) = —exp {—2 = (T—t)Jr;[l—e ]_Elog 1= ~fenT=D
exp {—aen® 0},
In particular, if n =0, and
1
0 —
<Y<
then
Wte) = —ex {IG(T —1) + ey (T ) = As 1 t)} e
)= P17 252 7 — 70 '

11



Proof.
In this case the function G; is given by

1 o0
=13 /0 [exp {yye" ™} — 1] e Vi dy.

Then S, is finite if and only if

e_n(T_t)

0<vy< — for all t € 0,77,
which is equivalent to expression (4.37).

Under this condition

]_ erneﬁ(T—t)

e = El — ryen(T—1)

_ 717d61;g (1 _ ,Yeen(Tft)) 7

then

T 1 1—~6
/t /BSdS = 5 IOg <1 _ ’yeen(T_t)>

In particular if n = 0 we have

_ 19
/615 - 1— ’)/(9’
T
~0
sds = T—1).
/t Pads 1— 70( )
The proof is complete.
O
In the exponential case, for n = 0, ho(d) becomes
a’f a® a® a®
ho(8) = ——5-506% — —)0 4+ —5—)0 —— — O)). 4.38
0( ) 2,720_2 (<C+ ,YO_Q) + 2,}/202) +(C+ 720_2 ) ( )

For each 7 € (0,1/6) we obtain a positive root §(y) of h of the form

2,2 1 242 1\2 9 — \0)a2~2
3) = 2} +7++\/(CU’Y +7+) —<W+1>.

20 a? 20 0 a

5. Numerical examples

In order to illustrate the behavior of the ruin probability for infinite horizon when the optimal
strategy of investment m, = 7%‘:2 is applied, we present some numerical results for the case where the
claims are exponentially distributed, with the parameter values used by Hipp and Plum, see [HP00],
and for different values of v € (0,6). The parameters have the following values: a =0 =0 =X =1,
c=2,and n=0.

12



Modified Lundberg parameter:3(y)

0.75 -
0.65 —— —
0.55 /’*—

0.45

0.35 /

0.25 pod
0.15 : : : . i
0 0.2 0.4 0.6 0.8 1
) v ——5(y)
Graph 1

Graph 1 shows how the root () of ho(d) varies for different values of 7. For our data the
Lundberg parameter for the classical case ' is 0.5. The maximum value of §* is obtained at
0.640388 and for v € (.25,.9] the root is larger that 0.5.

Let
N t g2 toaq
St:ZYi—ct—/ —dr—/ —dB,, (5.39)
i1 0 Yo

denote the surplus; observe that S; = z — X;. Let 7(2) = info<t<oo{t > 0|S; > 2}, we are interested
on estimating
P[T(Z) < OO] = E(]lT(z)<oo)'

We use a Monte-Carlo method with importance sampling to estimate the ruin probability. These
problems can be handled if we change the probability measure to one that increases the probability
of occurrence of {7(z) < oo} (via importance sampling). Asmussen ([Asm00], chapter XI) used an
exponential change of measure for the classical case. In our case, we propose the probability P*
obtained from P by the Radon-Nykodin derivative

dP* 58, )—7(2)ho(d)

dpP ’
where ho(6) is given by (4.38). If we choose as §, the root §* of hg, the calculation of the ruin
probability reduces to

Bl (<o) = E* (€70 1 (1)< o0))-

With this method we obtain a considerable reduction of the variance (which implies a lesser number
of paths for Monte-Carlo). When § = §* the estimation is optimal in an asymptotic sense, and for
variance reduction, the variance is bounded by e=20"%.

Graph 2 compares the probability of survival, for values of z € [0, 6] for v = .9, v = 0.640388,
v = 0.3 and when there is no investment. As it can be seen, the ruin probability is almost the
same for the first two cases, but we need to invest in the risky asset a smaller amount of money for
v =".9.
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